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Abstract

This paper suggests that the models which try to explain the equity premium puzzle
underestimate rare economic events. The stochastic nature of the model increases
the probability of far-from the mean output levels. A multiplicative-additive ran-
dom walk formulation is considered, consistent with a fat-tail gaussian distribution.
Using Barro�s (2009) rate of return de�nition, the calibrated model yields an equity
premium of 5.8% and a risk-free rate of 1.3%. Taking into account the classical
de�nition, the solutions are 6% and 1.1% respectively. Adopting the utility formu-
lation of Epstein and Zin (1989), the coe¢ cient of relative risk aversion that best
performs is about 1.8 and the intertemporal elasticity of substitution is roughly 1.1.
Finally, there follows a calculation of the average probability of an economic con-
traction higher than 15% in the United States during the period between 1954-2004
by using the probability density function calibrated in the last model speci�cation
mentioned above and yields 0.06%.

1 Introduction

Over the last thirty years, attention has been drawn to explain why the twentieth-century
mean rate of return of a risky asset in United States is 5.6% higher than the rate of return
of the T-Bills. A second concern is to explain why the average risk-free return is small and
near to 1.3%. Until now, there is not a general accepted explanation about these puzzles.

The literature begun with Mehra and Prescott (1985), who calibrate a modi�ed version
of the Lucas�(1978) general equilibrium economy and compare the results with United

1 I owe special thanks to Enrique Kawamura for his guidance. I also wish to thank Daniel
Heymann, Martín Gonzalez Eiras and Martín Zimmermann for their helpful comments and
suggestions, and Fabian Castellari who provided me with a useful time series database.
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States data. The authors conclude that an Arrow-Debreu economy cannot explain the
risk spread between the S&P 500 index and the T-Bills nor the small average risk-free
return.

After this seminal work, many economists tried to improve the predictions of the general
equilibrium model. Rietz (1988), for example, proposed bringing in low-probability eco-
nomic disasters, such as the Great Depression, to the original model. After that, Epstein
and Zin (1989, 1991), modi�ed the simple power utility function supposed in the previ-
ous papers, and Constantinides and Du¢ e (1996) added agents heterogeneity in the form
of uninsurable, persistent and heteroscedastic labor income shocks. Despite these e¤orts,
the results added more evidence against Arrow-Debreu general equilibrium economy and,
hence, Mehra and Prescott conclusions were still correct. More references and di¤erent
solution ideas are surveyed and discussed by Kawamura et. al. (2010) and Mehra (2008)
in their books.

Robert Barro (2006), using Rietz (1988) idea, states that constructing a model that ex-
tending Lucas (1978) and Mehra and Prescott (1985), and taking into account rare eco-
nomic disasters, gets into the right ballpark for explaining the equity premium puzzle.
He calibrates a model where the output�s stochastic nature is a random walk with drift
modi�ed to pick up low-probability disasters. In these events, output jumps down sharply,
such as in a crisis. Also, he measures the frequency and sizes of the international economic
disasters that occurred during the twentieth century for 35 countries.

Barro uses a di¤erent rate of return de�nition to the previous literature, consistent with
a one-period equity claim. He obtains better results than previous models. He assumes
that the probability of a national economic crisis (with a GDP contraction higher than
15%) is 1.7% and gets an equity premium of 3.6% (where the rate of return of the risk
free rate is 3.5%). To calibrate the model, he assumes that economic disasters have always
the same impact over the economy (15%). Moreover, to estimate the probability of these
events, he supposes that it remains constant during the last century for the 35 countries
considered.

Following Rietz�s (1988) idea again, but changing the classical power utility speci�cation
for the Epstein and Zin (1989) utility formulation, Barro�s (2009) framework explains the
equity premium puzzle. As mentioned above, he assumes di¤erent rate of return de�nition
from the previous literature. Lately, Gabaix (2010) incorporates a time-varying severity
of disasters into the Barro (2006) hypothesis to solve the equity premium puzzle.

However, it is reasonable to think that previous models underestimate the probability
of rare economic events: not only downturns but also economic bonanzas. Barro (2005,
2009) considers abnormal events implying 15% output downturns, but clearly there are
more economic scenarios that should be considered. Moreover, it would be desirable to
consider Rietz (1988) idea to solve for the equity premium using the classical rate of return
de�nition, considered, for example, by Epstein (1988).

This work presents a general equilibrium model similar to Barro (2009) but suggests
assigning higher probability to abnormal events. Such rare economic turns considered are
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of both types: GDP shrinking and output bonanzas. It is not necessary to suppose a �x
economic downturn impact, nor a disaster�s probability.

The model suggests that the probability of a certain output level should be calculated
from a probability distribution with fatter tails than the Gaussian one. Thus, it is nec-
essary to consider a multiplicative-additive random walk formulation consistent with this
distribution.

First, this work considers Barro (2006) rate of return de�nition and calibrates the model
with a power utility function. The random walk formulation considered predicts an equity
premium of 5.8% and a risk-free rate of 1.3%. However, like Barro (2009), power utility
delivers a counterfactual prediction because an increase in uncertainty, ceteris paribus,
implies a lower rate of return on the risky asset. Apparently, this problem comes from the
restriction that the coe¢ cient of relative risk aversion must be equal to the intertemporal
elasticity of substitution (IES).

Secondly, Epstein and Zin (1989) utility speci�cation is considered to relax the restriction
before mentioned. The counterintuitive prediction disappears and the model explains an
equity premium of 5.7% and a risk free rate of 1.2%.

Third, Epstein (1988) rate of return de�nition is considered with a power utility function.
Even though this utility speci�cation delivers the counterfactual above-mentioned predic-
tion, the reasons to consider this model are twofold. In the �rst place, given the simplicity
of the equations, it is easy to explain the perturbation procedure used. Also, it can be seen
that the risk-free rate puzzle is solved but not the equity premium. This suggests that
increasing the probability of rare events is not enough to explain the di¤erence between
rates of returns.

But a combination of both the multiplicative-additive random walk and Epstein and Zin�s
(1989) formulation, which allows setting the coe¢ cient of relative risk aversion and the
IES separately, is the suggested explanation to solve both puzzles with the classical rate
of return de�nition. It is worth of mention that a perturbation argument, suggested by
Collatz (1966), is used to solve the models where this rate of return de�nition is used.

Finally, with the density function calibrated in the last model speci�ed, the probability
of an output contraction higher than 15% over the last 62 years is calculated, and yields
0.06%. Following Barro (2006) procedure, the chances of having a steep downturn during
the same period of time is 0.73%.

The paper proceeds as follows: Section 2 describes a power utility and Barro�s rate of
return de�nition environment, and calibrates the model. Section 3 assumes Epstein and
Zin�s (1989) preferences with its own calibration. Section 4 considers a power utility
formulation and the classical rate of return de�nition. A perturbation argument is used to
solve the model and then, it is calibrated. Section 5 changes the utility formulation used in
the previous section for the Epstein and Zin�s (1989) speci�cation. The calibrated density
function used in the previous section is used to calculate the probability of economic
downturns in Section 6. Finally, Section 7 presents the conclusions.
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2 Benchmark Case: Power Utility and Barro�s Rate of Return De�nition.

2.1 The Model

Following Barro (2005, 2009) studies, this paper presents, �rst, a version of Lucas�(1978)
representative-agent, fruit-tree economy developed to analyze the return on assets. The
output of fruit in period t, Yt, is exogenous and stochastic. The number of trees is �xed;
hence, there is neither investment nor depreciation. Since the economy is closed and all
output is consumed, consumption, Ct, equals Yt.

In equilibrium, the representative agent owns in period t, equity claims on period t+1 ´s
output. The price of this risky asset in units of period t�s fruits is denoted by Pt. Hence,
following Barro (2005, 2009) theory, the one-period gross rate of return on the asset is:

Rrn =
Yn+1
Pn

(1)

where t = n� . From now on, suppose that � = 1. Property right in this model is guaranteed
by the regulatory plexus, so an equity claim in period n, ensures ownership over next
period�s output, Yn+1. There is also a risk-free asset with a one-period gross rate of return
denoted, Rfn.

The representative consumer maximizes a time-additive utility function with iso-elastic
preferences:

Un = En
1X
i=1

e��i
(Cn+i)

1�� � 1
1� � (2)

In this utility function, � � 0, is the rate of time preference, and � � 0 represents
both the coe¢ cient of relative risk aversion and the reciprocal intertemporal elasticity of
substitution for consumption (IES). This double-meaning restriction generates probably
counterfactual predictions about rates of returns, as observed by Bansal and Yaron (2004)
and Barro (2009) 2 .

The �rst-order condition obtained from the representative agent�s maximization problem
may be written in the form:

(Cn)
�� = e��En[(Cn+1)

�� Rn] (3)

2 More precisely, the authors before mentioned suggest that this restriction matters for asset
prices predictions. But the relation between prices and rate of returns is straight forward.
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Where Rn is the one-period gross rate of return on any asset traded at date t. Substituting
Rn =

Yn+1
Pn

into equation (3) and taking into account that Cn = Yn for every period:

Pn = e
��(Yn)

�En[(Yn+1)
1��] (4)

Also, from equation (3) is easy to obtain the gross rate of return on the risk-free asset:

Rfn =
e�(Yn)

��

En[(Yn+1)
��]

(5)

A key di¤erence between the equity premium puzzle literature that takes into account
Rietz�s (1988) idea of rare economic disasters, and this paper, is the nature of the stochastic
output, Yn.

Anteneodo (2005), based on Tsallis 3 theory of non-extensive statistical mechanics, a
generalization of the standard Boltzmann-Gibbs formalism, investigated an additive-
multiplicative randomwalk 4 . This stochastic process is associated to a generalized gaussian
distribution which can have fatter or thinner tails than a Normal. In other words, the kur-
tosis can be higher or lower depending on the value of a parameter called �.

This paper assumes that the output behaves as a (2 � �) - Gaussian random walk with
an additive drift 
 > 0 expressed as follows:

ln (Yn+1) = 
 + ln (Yn) +
p
D� (f� [ln (Yn) ; n� ])

��1
2 �n (6)

The parameter 
 denotes the non-stochastic behavior of the output�s growth rate. The
stochastic process {�n} is Gaussian with h�ni = 0 and

D
�i�j

E
= �ij (where �ij is the

Kronecker�s delta function). The probability distribution function (PDF) time-and-output
dependent associated with equation (6), may be written as follows:

f� [ln(Yn); n� ] = (2�)
� 1
1+�

0B@�Dn�� (1 + �) �
�
1+�
2�2�

�2
(� � 1) �

�
1
1��

�2
1CA
� 1
1+�

(7)

 
1� 1

Dn�� (1 + �)
4(�

1
1+� )�

��1
1+� (� � 1)

0B@�Dn�� (1 + �) �
�
1+�
2�2�

�2
(� � 1) �

�
1
1��

�2
1CA

��1
�+1

(� ln (Yn) + n�k1 + ln (Y0))2
1CCA

1
��1

3 Tsallis (1996, 2003, 2004, 2009)
4 Called (2� �)-Gaussian Random Walk
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where k1 = 

�
: D represents the di¤usion of the (2 � �)-Gaussian PDF, and � denotes

the Gamma function. The parameter � regulates how likely the abnormal events of the
Random Walk�s distribution are. When � < 1, the (2 � �)-Gaussian distribution�s tails
are fatter than the Normal�s ones. Thus, far-from the mean events are more likely than
with a standard Gaussian. On the other hand, when � > 1, the support of the distribution
is more compact.

Given the stochastic output nature described in equation (6), it is possible to obtain the
expected gross rate of return of the risky asset and of the risk-free asset, and then calculate
the equity premium calibrating the model. Before this, the expected output and the price
of the equity claims should be computed.

First, to derive the equity claims�price, equation (6) may be written as:

Yn+1 = e

�

+ln(Yn)+

p
D�(f� [ln(Yn);n� ])

��1
2 �n

�
Yn (8)

Substituting this last expression in equation (4) gives:

Pn = e
��YnEn

"
e

�

+ln(Yn)+

p
D�(f� [ln(Yn);n� ])

��1
2 �n

�
(1��)

#
(9)

On the one hand, computing the fourth-order power series approximation, and taking the
expected value of the expression (9), the risky asset�s price in period n is:

Pn=
e��+
(1��)

�
8f� [ln (Yn) ; n� ]

2 +D2 (� � 1)4 � 2f� [ln (Yn) ; n� ]2�
�
Yn

8f� [ln (Yn) ; n� ]
2 +

e��+
(1��)4D (� � 1)2 �f� [ln (Yn) ; n� ]1+� Yn
8f� [ln (Yn) ; n� ]

2 (10)

On the other hand, the output�s expected value by power series to order four yields:

En [Yn+1] =
1

8
e

�
8 +D�f� [ln (Yn) ; n� ]

�2+� (4f� [ln (Yn) ; n� ] +D�f� [ln (Yn) ; n� ]
�)
�
Yn

(11)

Finally, substituting (10) and (11) into (1) yields the expected gross rate of return of the
risky asset:
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ln (Rn)= ln

 
En [Yn+1]

Pn

!
= ln

0@ e�+�

�
8f� [ln (Yn) ; n� ]

2 +D2� 2f� [ln (Yn) ; n� ]
2��

8f� [ln (Yn) ; n� ]
2 +D2 (� � 1)4 � 2f� [ln (Yn) ; n� ]2�

+4D�f� [ln (Yn) ; n� ]
1+�

�
+4D (� � 1)2 �f� [ln (Yn) ; n� ]1+�

� (12)

Substituting (8) into (5), computing the fourth-order power series approximation and
taking the expected value, it is possible to deduce the expected gross rate of return of the
risk-free asset:

ln
�
Rft
�
= (13)

ln

 
8e�+�
f� [ln (Yn) ; n� ]

2

8f� [ln (Yn) ; n� ]
2 +D2�4� 2f� [ln (Yn) ; n� ]

2� + 4D�2�f� [ln (Yn) ; n� ]
1+�

!

The expression ln (Rn)�ln
�
Rft
�
, is the equity premium. Some brief comments are in order

regarding (12) and (13). First, note that both equations are the analogues of the expected
rates of return (equations (10) and (11) obtained by Barro (2005). A clear di¤erence is
that the expressions in this paper depend on the output Yn. However, solving Barro�s
(2005) model and calculating the fourth-order power series approximation (instead of the
second-order one) yields rates of return expressions that depend on the level of Yn. Finally,
in order to calibrate this model taking into account the output dependency, and �nd the
numerical solution to the expected equity premium, the Yn series is needed.

2.2 Calibration

Calibration of this model, requires for 
; D; �; � and �. But �rst, some literature estimates
are worth pointing out for all the calibrations done in this paper.

First, for the output�s growth rate, Barro (2005, 2009) assumes 
 = 0:025. Second, the
variance (0.02) of the output series is represented by

p
D. The annual series used, as in

Barro (2005), is the United States real per capita GDP in 2004 dollars 5 . It covers the
period 1889 - 2004. It is necessary to determine when the model�s economy begins. As
the gathered data starts in the year 1889, it seems reasonable to set this date as the
beginning of the economy. But in order to make the results comparable to Barro (2005),
the calibration considers the period between 1954-2004.

From the perspective of risk aversion, Chetty (2006) �nds a mean estimate of � � 1. He
develops a method of estimating this coe¢ cient from data on labor supply. More speci�-
cally, he derives a formula for the coe¢ cient in terms of the ratio of the income elasticity

5 Extracted from Global Financial Data
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of labor supply to wage elasticity and degree of complementarity between consumption
and labor. Estimates of this parameter from portfolio choice and equity premiums exceed
10 (in the seminal work by Mehra and Presscott (1985)) and are estimated to be in the
range of 1 to 4 in Barro (2009).

From the standpoint of the intertemporal elasticity of substitution (IES) in consumption,
Kapoor and Ravi (2010) suggest that 1

�
� 2:2. They exploit a natural experiment where

a change in the Indian banking legislation authorized all deposit collecting institutions to
o¤er higher interest rates on deposits to citizens above 60 years of age. In Attannasio and
Weber (1995), � is estimated to be in the range of 0.6 to 0.7 while Mulligan (2002) and
Gruber (2006) estimate it to be greater than 1. Barro (2009) estimates the coe¢ cient to
be between .025 and 4.

This paper in fact deals with two di¤erent utility function speci�cations: a power util-
ity formula and the Epstein and Zin (1989) formulation. In the former case, the IES is
restricted to be equal to the coe¢ cient of relative risk aversion. Barro (2006) deals with
the same problem and his baseline calibration suggests that � = 4 gets into the right
ballpark for explaining the equity premium. Hence, the baseline calibration uses the same
parameter value. In the latter case, the IES will be near 1 and the coe¢ cient of relative
risk aversion near 1:9, both values consistent with Barro (2009) calibrations.

As Hubbard, Skinner & Zeldes (1995) and Barro (2005) suggest, it is supposed that the
rate of time preference is � = 0:03.

To complete the calibration, � must be determined. But �rst, the expected mean returns
are calculated. Equation (12) represents the expected rate of return of the risky asset for
the year n. The weighted mean expected rate of return (Rr) over the period 1954-2004 is
the sum of every year�s multiplication of ln (Rn) by its weight (given by the distribution
function (7)). Thus:

Rr =

PN
n=1 ln (Rn) f� [ln (Yn) ; n� ]PN

n=1 f� [ln (Yn) ; n� ]
(14)

Equation (14) delivers a conterfactual prediction (when � > 2) because an increase in
uncertainty (this means a higher D or a lower �), ceteris paribus, implies a lower Rr.
Bansal and Yaron (2004) make an analogous observation about the connection between
the volatility of consumption growth and the price-dividend ratio. Moreover, Barro (2009)
�nds the same di¢ culty in his model. The prediction of a negative relationship between
the extent of uncertainty and the weighted mean of the expected rate of return, con�icts
with the usual view that an increase in uncertainty yields higher returns. The reason for
this counterfactual prediction, mentioned in Barro (2009), is that with a power utility
formula, the reciprocal of the coe¢ cient of relative risk aversion must be equal to the
intertemporal elasticity of substitution.

These results justify the existence of the next section, where the same model is calibrated
but relaxing the restriction imposed by the double-meaning �, adopting the preference

8



speci�cation of Epstein (1988), Epstein and Zin (1989), Weil (1990) and Barro (2006,
2009) .

If the rate of time preference, �, diminishes (hence, augmenting the importance of future
periods), the current period�s return falls. Finally, increasing the output�s deterministic
rate of growth (
), Rn also gets higher.

The weighted mean expected rate of return (Rf ) of the risk-free asset yields:

Rf =

PN
n=1 ln

�
Rft
�
f� [ln (Yn) ; n� ]PN

n=1 f� [ln (Yn) ; n� ]
(15)

The (empirical) equity premium is the di¤erence between Rr and Rf. Despite the coun-
terfactual results mentioned regarding Rr, the di¤erence between (14) and (15) delivers
interesting and intuitive results. If D increases (or � decreases), ceteris paribus, the equity
premium jacks up. The same positive correlation exists with the output growth rate, 
.
The di¤erence between returns is maintained if the rate of time preference varies, ceteris
paribus.

Table 1 shows the results for di¤erent values of �. It is worth mentioning that the average
real return of the S&P500 index in the period 1954-2004 is 0.069 (the (2�0:44) - Gaussian
weighted mean is 0.068). Also, the 3-month T-Bills�average return, for the same period,
is 0.013 (and 0.013 weighted). The equity premium equals 0.056 (0.055 weighted).

Table 1

A B C D E F

� (coe¤. of relative risk aversion 8 ) 4 4 4 4 4 4

� (rate of time preference) 0.03 0.03 0.03 0.03 0.03 0.03


 (output growth rate) 0.025 0.025 0.025 0.025 0.025 0.025

� 0.44 0.40 0.35 0.7 0.9 0.99

Rr (mean rate of return risky asset) 0.071 0.059 0.035 0.114 0.124 0.127

Rf (mean rate of return risk-free asset) 0.013 -0.010 -0.058 0.094 0.119 0.125

Rr-Rf (equity premium) 0.058 0.069 0.103 0.020 0.005 0.002

Table 1 shows that the model�s average equity premium �ts the observed data in United
States when � = 0:44. This value suggests that a distribution with fatter tails than a
standard gaussian, helps explain the di¤erence between the assets� returns. Hence, the
model �ts the United States series when the probability of abnormal events is augmented.
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Choosing � lower than 0.44 as in columns B and C increases the equity premium. When
� diminishes, it is more likely to see output observations far away from the mean of the
distribution. The conclusion suggested is intuitive, the di¤erence between the return of a
risky asset and the return of a T-Bill needs to increase in order to be attractive to buy
the former.

When � is bigger than 0.44, as in column D and E, the equity premium diminishes because
the return of the risk-free asset increases more than the Rr. It is important to mention
that when � tends to one, the (2� �) - Gaussian distribution equals a Normal. This can
be seen in column F. The values of Rr, Rf and Rr-Rf in this case are very similar to
Barro�s (2005) results when the author sets the probability of rare economic disasters to
be zero 9 .

In the following section, the double-meaning � restriction is relaxed by replacing the power
utility formula for the Epstein and Zin (1989) utility function.

3 Second Case: Epstein and Zin�s (1989) Utility Function and Barro�s Rate

of Return

3.1 The Model

Using Epstein and Zin (1989) formulation, the extended utility formula, described in Barro
(2009), is:

Un =

�
C1��n + � ((1� )En [Un+1])

1��
1�

� 1�
1��

1�  (16)

where 1
�
> 0 is the intertemporal elasticity of substitution and  > 0 is the coe¢ cient

of relative risk aversion. Taking � = , the homothetic expected utility speci�cation is
retrieved. Thus, the latter is a parametric special case of equation (16).

Following Epstein�s (1988) steps to solve the model, the familiar Euler equation of the
expected utility model based on (16) is:

� (�1 + )
2(��1)
�1 En

24�Cn+1
Cn

� (1�)�
��1

R
�1
��1
n+1

35
�1+�
�1+

= 1 (17)

9 Recovering, in that case, the values of Rr and Rf using a Random Walk associated with a
standard Gaussian distribution.
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If Pn is an equilibrium, substituting the one period gross rate of return of a risky asset 10

(Rn =
Yn+1
Pn
) into the last equation and solving for Pn yields:

Pn = � (�1 + )
2(��1)
�1 Y �nEn

h
Y 1�n+1

i�1+�
�1+ (18)

It is possible to calculate the one-period gross rate of return of the risk-free asset from
(17) as well:

Rfn =
Y ��n

� (�1 + )
2(��1)
�1 En[(Yn+1)

(1�)�
��1 ]

�1+�
�1+

(19)

Following the same procedure explained in the previous section, the expected gross rate
of return of the risky asset is:

ln (Rn)= ln

 
1

�
8
�+�
�1+ e�
 (�1 + )�

2(�1+�)
�1+ f� [ln (Yn) ; n� ]

2(�1+�)
�1+

�
8f� [ln (Yn) ; n� ]

2 (20)

+D2
�
�1 + 4

�
� 2f� [ln (Yn) ; n� ]

2� + 4D
�
�1 + 2

�
�f� [ln (Yn) ; n� ]

1+�
� 1��
�1+�

8 +D�f� [ln (Yn) ; n� ]
�2+� (4f� [ln (Yn) ; n� ] +D�f� [ln (Yn) ; n� ]

�)
��

And the expected gross rate of return of a risk-free asset is:

ln
�
Rfn
�
= ln

 
1

�
8
�1+�
�1+ e�
 (�1 + )�

2(�1+�)
�1+

 
8 +

1

(�1 + �)4
D (�1 + )2 (21)

�2�f� [ln (Yn) ; n� ]
�2+�

�
4 (�1 + �)2 f� [ln (Yn) ; n� ] +D (�1 + )2

�2�f� [ln (Yn) ; n� ]
�
�� 1��

�1+

!

Once again, the expression ln (Rn)� ln
�
Rft
�
, is the equity premium. As noted out earlier,

the equations (20) and (21) in this paper depend on the output Yn Then, the calibration
procedure is the same as in Model 1.

3.2 Calibration and Results

To calibrate this model, substitute equations (20) and (21) into the expressions (14) and
(15) respectively. Therefore, the weighted mean expected return (Rf ) of the risk-free asset
and the risky one (Rr) are obtained.

10As in Barro (2005, 2006, 2009)
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Table 2 shows some results of the calibration:

Table 2

A B C D E F

 (coe¤. of relative risk aversion) 1.97 1.97 1.97 1.97 1.97 1.97

� (reciprocal of the IES) 1.12 1.12 1.12 1.12 1.12 1.12

� (rate of time preference) 0.03 0.03 0.03 0.03 0.03 0.03


 (output growth rate) 0.025 0.025 0.025 0.025 0.025 0.025

� 0.51 0.4 0.35 0.70 0.90 0.99

Rr (mean rate of return risky asset) 0.069 0.072 0.075 0.067 0.065 0.065

Rf (mean rate of return risk-free asset) 0.012 -0.019 -0.040 0.042 0.058 0.062

Rr-Rf (equity premium) 0.057 .091 .115 .025 .007 .003

Column A in Table 2 shows the baseline calibration. Setting  = 1:97 and � = 1:12, the
equity premium is 0.057. Moreover, the expected rate of return of the risk free asset is
0.012. The parameter choices are in line with Barro (2009) assumptions. Moreover, the
IES coe¢ cient is consistent with Mulligan (2002) and Gruber (2006) results.

Let the coe¢ cient of relative risk aversion,  > 1. In this case, unlike the previous model
which uses the power utility formula, an increase in uncertainty (this means a higher D
or a lower �), ceteris paribus, implies a higher Rr. The prediction of this model accords
with the usual view that an increase in uncertainty yields higher returns. Once again, the
parameter � < 1, suggesting that a model where the probability of rare events is higher
than with a Normal distribution, better explains the equity premium and the risk-free
rate puzzles.

The intuition behind the equity premium value when � varies is maintained from the pre-
vious model. When � diminishes, it is more likely to see output observations far away from
the mean of the distribution, therefore, the equity premium increases. When � augments,
the di¤erence of returns goes down.

Hence, this model suggests a solution to the equity premium puzzle and the risk free
rate puzzle when Barro�s (2006, 2009) de�nition of the rate of return of the risky asset
(equation (1)) is considered. In the following sections, the above mentioned de�nition of
return is changed. The next model goes back to the classical expression for the rate of
return, used by Lucas (1978), Mehra and Prescott (1985) and Epstein (1988), consistent
with equity shares issued by the "productive unit".
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4 Third Case: Power Utility and Classical Rate of Return De�nition

4.1 The Model

Starting from the Euler equation of the expected utility model (3), the main di¤erence
from the �rst two models is that the rate of return of the risky asset is:

Rrn =
Yn+1 + Pn+1

Pn
(22)

This rate of return is consistent with equity shares issued by the productive unit (a tree).
The unit has outstanding one perfectly divisible share which entitles its owner at the
beginning of a period to all of the output during that period. Substituting equation (22)
into the Euler �rst order condition (3) yields:

Pn = e
��(Yn)

�En[(Yn+1)
�� (Yn+1 + Pn+1)] (23)

Note that the price expression in this model, as opposed to the analogous expressions in
the previous two, is recursive. Therefore, the solution method is di¤erent. A perturba-
tion method, shown by Collatz (1966) to solve numerically some di¤erential equations, is
employed to solve for Pn. Caldara, Fernández-Villaverde, Rubio-Ramírez and Yao (2009)
solve a dynamic stochastic general equilibrium model using a similar approach. The per-
turbation method works as follows.

First, the output stochastic nature given by equation (8) is written in terms of the per-
turbation parameter �.

Yn+1 = e

�

+

p
D��(f� [ln(Yn);n� ])

��1
2 �n

�
Yn (24)

When � = 1, the dividend becomes stochastic. On the other hand, if � = 0, the output is
on its steady state Yn+1 = e
Yn.

Note that the price equation can be written as:

Pn+1 = Pn +�Pn (25)

Then, the fourth-order power series approximation of �Pn yields the following expression
for equation (25).

Pn+1 = Pn + P0 + P1�+ P2�
2 + P3�

3 + P4�
4 (26)
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Substituting equations (24) and (26) into (23) gives:

Pn= e
��(Yn)

�En

24 e
�

+

p
D��(f� [ln(Yn);n� ])

��1
2 �n

�
Yn

!��
(27)

 
e

�

+

p
D��(f� [ln(Yn);n� ])

��1
2 �n

�
Yn + Pn + P0 + P1�+ P2�

2 + P3�
3 + P4�

4

!#

Equation (27) is expanded by power series to order four and the expected value is calcu-
lated. Then, the variables �0; �; �2; �3 and �4 are collected to yield:

Pn � A�B�+ C�2 �D�3 + E�4 = 0 (28)

where:

A= e����
(Pn + P0 + e

Yn) (29)

B= e����
P1

C =
e����


2f� [ln (Yn) ; n� ]

�
�2f� [ln (Yn) ; n� ]P2 �D�f� [ln (Yn) ; n� ]�

�
�2 (Pn + P0)

+e
 (�1 + �)2 Yn
��

D=
e����


2f� [ln (Yn) ; n� ]

�
D�2�f� [ln (Yn) ; n� ]

� P1 + 2f� [ln (Yn) ; n� ]P3
�

E=
e����


8f� [ln (Yn) ; n� ]
2

�
�4D�2�f� [ln (Yn) ; n� ]1+� P2 � 8f� [ln (Yn) ; n� ]2 P4

� D2� 2f� [ln (Yn) ; n� ]
2�
�
�4 (Pn + P0) + e


 (�1 + �)4 Yn
��

Given that equation (28) equals zero, the expressions multiplying the perturbation para-
meters must be equal to zero too. Then, from (29), it is possible to solve for P0; P1; P2; P3
and P4. The resulting expressions are:

P0=
�
�1 + e�+
�

�
Pn � e
Yn (30)

P1=0

P2=
1

2
D�f� [ln (Yn) ; n� ]

�1+�
�
�e�+
��2Pn + e
 (�1 + 2�)Yn

�
P3=0

P4=
1

8
D2� 2f� [ln (Yn) ; n� ]

�2+2�
�
e�+
��4Pn � e
 (1� 2�)2 Yn

�

These prices are substituted into equation (26) to get:
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Pn+1=Pn +
1

8f� [ln (Yn) ; n� ]
2

�
8f� [ln (Yn) ; n� ]

2
��
�1 + e�+�


�
Pn � e
Yn

�
(31)

+D2� 2f� [ln (Yn) ; n� ]
2�
�
e�+�
�4Pn � e
 (1� 2�)2 Yn

�
�4D�f� [ln (Yn) ; n� ]1+�

�
e�+�
�2Pn � e
 (�1 + 2�)Yn

��

Solving for Pn yields:

Pn = �nPn+1 + �nYn (32)

where:

�n=
8e���
�f� [ln (Yn) ; n� ]

2

8f� [ln (Yn) ; n� ]
2 +D2�4� 2f� [ln (Yn) ; n� ]

2� � 4D�2�f� [ln (Yn) ; n� ]�+1
(33)

�n=
e��+
��


8f� [ln (Yn) ; n� ]
2 +D2�4� 2f� [ln (Yn) ; n� ]

2� � 4D�2�f� [ln (Yn) ; n� ]1+��
8f� [ln (Yn) ; n� ]

2 +D2 (1� 2�)2 � 2f� [ln (Yn) ; n� ]2� � 4D (�1 + 2�)

�f� [ln (Yn) ; n� ]
1+�

�

Then, solving recursively, the price in period one is:

P1 = PN +1

NY
i=1

�i +
NX
i=1

0@Yi�i
0@i�1Y
j=1

�j

1A1A (34)

For the relevant range of parameters considered in the calibrations, �n < 1. So, when N
is large, the �rst term of equation (34) tends to zero. Then, as long as N is large, the
value of PN+1 is not relevant and can be randomly chosen to solve for the other Pns.

Substituting the fourth-order power series approximation of equation (24) (when � = 1)
into (22) yields:

ln (Rn)= ln

 
1

Pn

 
1

8f� [ln (Yn) ; n� ]
2 e


�
8f� [ln (Yn) ; n� ]

2 +D2� 2f� [ln (Yn) ; n� ]
2� (35)

+4D�f� [ln (Yn) ; n� ]
1+�

�
Yn + Pn+1

��

which is the expected gross rate of return of the risky asset.
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The expected gross rate of return of the risk-free asset is simply equation (13).

4.2 Calibration

To calibrate the model, it is necessary to set a value for PN+1 and then calculate the price
P1. After that, the following prices can be solved.

ChoosingN = 200, any value, P201, yields the same P1. Then, P2; P3; :::; P116 are calculated
from equation (31). The value of N was not randomly selected. The �rst choice was
N = 116, which is the number of observations of the United States real per-capita national
product. The value of P1, in this case, was the same for every seed, but the solution for
Pn, when N > 80, di¤ered due to the initial P117. This problem can be seen in Figure 1:

Figure 1: Each line represents a price series for a di¤erent seed P117, for the period
n � 1 to n � 116. When n > 80, the lines di¤er depending on the initial seed, P117. It

would be desirable for the di¤erent lines to coincide at least until n = 116.

Thus, considering a low N , the prices series don�t coincide. Increasing the number of
periods solves this problem because the di¤erence between series due to the initial seed
starts later. Therefore, a projection of the annual United States real per-capita national
product series is needed. As the model yields mean average returns, �nding the least-
square line that best �ts the data is su¢ cient to project the national product.

As can be seen in the following �gure, there is no di¤erence between the lines shown in
the relevant range n 2 [1; 116], when N = 200 is chosen.
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Figure 2: Each line represents a price series for the period n � 1 to n � 200. The lines
don�t di¤er depending on the initial seed (P201) in the relevant interval n 2 [1; 116].

Finally, to calibrate the model, the weighted mean expected rate of return (Rf) of the
risk-free asset and the risky one are calculated as shown in equations (14) and (15), using
the expressions (35) and (13) respectively.

Table 3 shows the main outcome of the calibration:

Table 3

A B C D E

� (coe¤. of relative risk aversion 13 ) 4 4 4 4 4

� (rate of time preference) 0.03 0.03 0.03 0.03 0.03


 (output growth rate) 0.025 0.025 0.025 0.025 0.025

� 0.99 0.44 0.35 0.70 0.90

Rr (mean rate of return risky asset) 0.126 0.012 -0.051 0.095 0.126

Rf (mean rate of return risk-free asset) 0.126 0.011 -0052 0.094 0.119

Rr-Rf (equity premium) 0.000 0.001 0.001 0.001 0.007

Table 3 shows similar results to Mehra and Prescott (1988), where the equity premium
is almost zero. Moreover, column A shows the values of Rr and Rf when the (2� �) -
Gaussian distribution is similar to a Normal and the results are identical to Model 1
values. The results suggest that the model is not able to explain the equity premium
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puzzle using the classical de�nition of the rate of return and a power utility formula,
although the model gives an explanation about the risk-free rate puzzle.

The rate of return of the risky asset behaves as in the �rst model derived in this paper.
When uncertainty increases, Rr decreases. As mentioned before, this is related to the
counterintuitive restriction imposed by the utility function, where � is the coe¢ cient of
relative risk aversion and the reciprocal of the elasticity of substitution.

An increase in uncertainty in the environment is not enough to explain the equity pre-
mium puzzle. But adopting Epstein and Zin�s (1989) utility formulation in order to vary
the relative risk aversion parameter of the representative agent yields interesting results
(explained in the following section).

5 Fourth Case: Epstein and Zin´s (1989) Utility Function and Classical Rate
of Return De�nition

5.1 The Model

This section solves the Eptstein (1988) model taking into account the minor modi�cation
to the utility speci�cation seen in equation (16). Solving and calibrating this model is
rather similar to the previous one (Model 3), so the minimal details required are men-
tioned.

The price equation, analogous to expression (26) is:

Pn = � (�1 + )
2(��1)
�1 Y �nEn

"�
Y ��n+1 (Pn+1 + Yn+1)

��1+
�1+�

#�1+�
�1+

(36)

As in Model 3, Pn has a recursive de�nition. Then, the perturbation method performed
in previous section (explained in Collatz (1966)) is repeated here. Predictably, the al-
gebra is a little bit more complicated than in Model 3. Hence, it is possible to �nd an
analytical expression for Pn+1, analogous to equation (31), but the subsequent steps are
done numerically. In other words, it is not possible to �nd an analytical expression for
P1. Thus, the expected gross rate of return of the risk-free asset and the risky one are
solved numerically. After that, the calibration procedure explained in the previous section
is performed. Table 4 shows some interesting results:
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Table 4

A B C D E

 (coe¤. of relative risk aversion) 1.81 1.81 1.81 1.81 1.81

� (reciprocal of the IES) 0.9 0.9 0.9 0.9 0.9

� (rate of time preference) 0.03 0.03 0.03 0.03 0.03


 (output growth rate) 0.025 0.025 0.025 0.025 0.025

� 0.34 0.40 0.58 0.9 0.99

Rr (mean rate of return risky asset) 0.071 0.054 0.028 0.006 0.001

Rf (mean rate of return risk-free asset) 0.011 0.008 0.004 0.000 0.000

Rr-Rf (equity premium) 0.060 0.046 0.024 0.006 0.001

Column A of Table 4 shows the baseline calibration. When � = 0:34, the equity premium
is 0.06. Moreover, the rate of return of the risk free rate asset is 0.011. Hence, the model
suggests that increasing the probability of rare economic events by adding a multiplicative-
additive random walk associated with a (2� �) - Gaussian probability density function,
helps to explain the equity premium puzzle. When � increases (columns B to E), the
di¤erence of returns goes down because the support of the distribution is more compact.
In other words, it is less likely to see output observations far away from the mean of the
distribution.

Also note that, unlike Model 3 but in accordance with Model 2, an increase in uncertainty
(a higher � or D), implies a higher Rr and equity premium. Moreover, augmenting 
,
implies a higher Rr and Rf, and also, the equity premium increases.

6 Probability of economic downturn

Using the calibrated distribution from Model 4, it is possible to calculate the probability
of a rare economic disaster suggested by the model. Barro (2006) performs a quantitative
examination of large macroeconomic contractions in 35 countries during the twentieth
century. He concludes that the likelihood of a GDP contraction higher than 15% (this
is the arbitrary lower bound), is about 1.7%. In other words, the disaster probability is
1.7% per year. With the same procedure, it can be shown that the probability during
the period 1954-2004 is about 0.73% (given that there are 16 events for the 35 countries
considered in his paper, over 62 years).

Using the probability distribution of Model 4, the likelihood of an economic contraction
higher than 15% in United States during the period 1954-2004 is calculated and yields
0.06%. Hence, the model suggests a substantially lower probability of economic disasters,
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although these probabilities are not comparable since Barro�s (2006) calculation refers to
35 countries and this model only considers United States.

7 Conclusions

This work presented a di¤erent explanation to the equity premium and risk-free rate
puzzles. It suggests that previous models from the literature underestimate the probability
of rare economic events. To solve this problem, the paper uses a probability density
function which assigns more weight to the tails of the distribution than a Normal. This
distribution is associated with a multiplicative-additive random walk with drift.

In the last 5 years, attention has been drawn to solve the equity premium and the risk-free
rate puzzle under two di¤erent de�nitions of the rate of return of a risky asset. The above
mentioned speci�cation suggests an explanation to these puzzles under both literatures.

First, using Barro (2005) rate of return de�nition and a power utility function, the cal-
ibrated model yields an equity premium of 5.8% and a risk-free rate of 1.3%. However,
the utility function considered delivers a counterfactual prediction because an increase in
uncertainty, ceteris paribus, implies a lower rate of return on the risky asset. Replacing the
CRRA utility function for the Epstein and Zin (1989) speci�cation, solves this problem.
With a coe¢ cient of relative risk aversion consistent with the model at about 2, and an
intertemporal elasticity of substitution at 0:89. The risk premium generated is 5.7%.

Then, using Epstein (1988) rate of return de�nition and a power utility formula, the
calibrated model yields a risk-free rate of 1.1% but is not able to solve the equity premium
because the rate of return of the risky asset is 1.3%. Replacing the CRRA utility function
for the Epstein and Zin (1989) speci�cation, and calibrating the model, yields an equity
premium of 6% and a risk-free rate of 1.1%. The coe¢ cient of relative risk aversion that
best performs is about: 1:8. And the intertemporal elasticity of substitution is roughly
1:1.

Using the density function calibrated in case 4, the average probability of an economic
contraction higher than 15% in the United States during the period 1954-2004 is calculated
and yields 0.06%.

An important future research topic, like in Barro (2009), is the welfare e¤ects associated
to aggregate consumption uncertainty.
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9 Appendix

This section derives the (2� �) - Gaussian distribution shown in equation (7).

The (2� �) - Gaussian Random Walk with drift (
 > 0) can be derived from the Itô-
Langevin equation:

@x

@t
= K (x; t) +

p
Df (x; t)

��1
2 � (t) (37)

where h�i = 0, D is the di¤usion constant and K (x; t), in this case, is also constant and
equal to k1.

Equation (37) can be found in Borland (1998) using equations (2), (3) and (7). In that
article, the Fokker Planck equation associated with (37) is derived. Its expression is:

@f (x; t)

@t
= �@ fk1f (x; t)g

@x
+D

@2 [f (x; t)]�

@x2
(38)

Tsallis and Burkman (1996), solve the Fokker Planck equation beforementioned. Its solu-
tion is:

f (x; t) =

h
1� � (t) (� � 1) (x� xM (t))2

i 1
��1

Z (t)
(39)

where:

xM (t)=xM (0) + k1t (40)

Z (t)=
�
Z�+10 + 2� (� + 1)D�0Z

2
0 t
� 1
�+1

� (t)= �0
Z20
Z (t)

In this paper, xM (0) = ln (Y0). Constants Z0 and �0 are determined by the initial condi-
tion f (x; 0) = � (x), where � (x) is the Dirac Delta. Substituting (40) into (??) yields:

f (x; t)=
�
1� �0Z20

�
Z�+10 + 2� (� + 1)D�0Z

2
0 t
�� 2

�+1 (� � 1) (x� xM (0) (41)

�k1t)2
� 1
��1

�
Z�+10 + 2� (� + 1)D�Z20 t

�� 1
�+1

Then, the distribution function f (x; t) should be normalized. Hence, taking t = 0:
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f (x; 0) =
�
1� �0Z20

�
Z�+10

�� 2
�+1 (� � 1) (x� xM (0))2

� 1
���1 �

Z�+10

�� 1
�+1 (42)

Integrating, f (x; 0) should equal 1, so:

Z 1

�1
f (x; 0) dx = 1 (43)

The following relation between �0 and Z0 is obtained from the last expression:

�0 = �

0B@ ��
�
1+�
2�2�

�2
(� � 1) �

�
1
1��

�2
1CA 1

Z20
(44)

The distribution f (x; 0) should be a Dirac Delta, hence Z0 must be zero. Also, from the
last equation, it can be seen that �0Z

2
0 is constant. So, substituting equation (44) into

f (x; t) and letting Z0 be zero yields the distribution function used in this paper:

f� [ln(Yn); n� ] = (2�)
� 1
1+�

0B@�Dn�� (1 + �) �
�
1+�
2�2�

�2
(� � 1) �

�
1
1��

�2
1CA
� 1
1+�

(45)

 
1� 1

Dn�� (1 + �)
4(�

1
1+� )�

��1
1+� (� � 1)

0B@�Dn�� (1 + �) �
�
1+�
2�2�

�2
(� � 1) �

�
1
1��

�2
1CA

��1
�+1

(� ln (Yn) + n�k1 + ln (Y0))2
1CCA

1
��1

24


	CARÁTULA SAN ANDRÉS - TESIS - Manuel I Bertolotto
	Tesis_Maestría - Manuel I Bertolotto

