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SUMMARY

On this paper we show how the government can optimally wuse inflation
to tax the underground sector of the economy. Modeling the wunderground
economy as markets that avoid paying ordinary consumption taxes, we show
how a positive inflation rate can reduce the welfare loss generated by the
tax system. In particular, we show that 1if there are markets 1in the
underground sector in which transactions are carried on wusing cash, the
optimal inflation rate is positive. Preliminary simulation work indicates
that the larger the cash\underground sector relative to the credit\official
sector, the larger is the optimal rate of inflation. Thus, countries with
large underground sectors -like most latin american ones- should not follow
a zero inflation policy. We also show that the welfare loss of following a

zero inflation rate can be large if the underground sector is important.
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1. Introduction

The purpose of this paper is to study the optimal combination of
inflation and excise taxes to finance a given government expenditure in an
economy where a large underground sector makes it impossible to apply
ordinary excise taxes to all consumption goods.

The explicit consideration of inflation as a revenue source for the
government is not new in the public finance literature. Phelps (1973), using
a model where liquidity enters the utility function, pointed out that if
lump-sum taxes are not available, the optimal inflation rate should be
related to price elasticities in a Ramsey fashion. So, under certain
regularity assumptions concerning de second derivatives of the utility
function, the optimal rate of inflation wouid be higher than Friedman’s
rule. However, Lucas and Stokev (1983) showed that in a cash-in-advance
economy, Friedman’s rule would still be optimal even if only distorting
taxes were available, provided that the government can tax differently
cash and credit goods. The difference is that in their model, liquidity is
not an additional good, but rather the means to acquire goods. Thus, a
positive inflation rate ié an additional tax on those goods.

In this paper we assume that there is a large number of markets which
are underground, in the sense that the government cannot tax the goods
traded in those markets. The model we present shares with the one in Lucas
and Stokey the property that liquidity is not a good but rather the means to
acquire goods. The main point of departure is that the subset of goods the
government cannot tax includes not only leisure as in Lucas and Stokey but
also goods that are bought using cash. Thus, inflation can be indirectly

used to tax those goods. The idea of using infiation to tax the underground




economy has been already used in an independent work by Canzonery and
Rogers(1990). In a two country model, they assume that one country has an
underground sector and the other does not. Thus, optimality requires
following Friedman’s rule in one country and a positive inflation in the
other country2 . However, they do not really solve for a Ramsey problemn,
because they can reproduce lump-sum taxation in both countries. They model
the underground sector as a different good in the utility function, and, as
they are not interested in the optimal combination of inflation and
consumption tax, there is no interesting trade off{ between them in their
model.

The paper proceeds as follows. In section 2 we briefly discuss the
literature on underground economies to motivate the proposed model. In
section 3 we present the model and studv efficient allocations. We also
study optimal tax structures under alternative assumptions regarding the
fiscal technologies available. Section 4 discusses some simulation exercises

and a final section contains some concluding remarks.

2. Characteristics of underground economies.

<

During the last decade, there has been a great deal of attention
dedicated to underground economies in the literature (see Tanzi(1982),
Feige(1986), Dallago(1990), Harding and Jenkings(1989)). All these studies
provide with a good set of definitions, estimation methods and estimates of
underground economies for a wide set of countries.

There is not a single definition of the underground economy, since there

- Their interest is to explain why it may be optimal for two different
countries to have different inflation rates. They are not interested in
looking at the interaction between the inflatior rate and the consumption
tax and the optimal fiscal problem is a trivial guesticn in their model.
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are many different but related concepts attached to it. The term is equally
used to refer to illegal, unmeasured or unreported activities, depending on
the interest of the researcher. As we are interested on the public finance
aspect of the phenomenon, we define the underground sector of an economy as
all income generating activities which do not compile with the tax
obligations. Thus, the object we are interested in includes all illegal
activities (like drugs and prostitution) and all legal activities that do
not pay the corresponding taxes to the fiscal authority.

Many indirect estimation methods have been proposed in the literature,
each of them stressing a particular feature of the underground sector. The
estimates vary considerably as different methods are used. For instance,
for the US economy, estimates for the late seventies vary from 4 % of GNP
(Park(1979)) to 27 % of GNP (Feige (1980)), and for Italy, it varies from
7,5 % of GNP (Contini (1979)) to 30,8 % of GNP (Saba (1980)). The only
direct study of the underground sector we know of, was done by de
Soto(1987) for Peru. By direct study, we mean an estimate based on street
interviews, carried on for an extended period of time, with intensive
questioning (census type of work) for a few key sectors of the economy. He
found that the income generated on the underground sector accounts for 38,9
% of registered GNP.

Several key patterns of the underground sector can be obtained from the
studies, and some of them are particularly interesting for our purposes.

The first one, is that the range of goods that are traded in the
underground sector is wide and different for each country. For instance, in
Austria, underground activity is concentrated in retail trade, restaurants
and hotels, in Germany is concentrated in construction and car repair, in

Spain is concentrated in construction, textiles and shoe and leather
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products, while in the US is concentrated on home repairs and additions,
food, child care and domestic service (Skolka(1987)). In addition, illegal
activities contribute with a small percentage of the income generated at
the underground sector. Feige(1986) estimates that unreported income from
illegal activities is less that 15 % of total unreported income for the US
in 1980. White (1987) reports an estimate slightly more than 10 % for 198l.
These evidence shows that the underground economy is not characterized by a
specific good or set of goods, but rather by all those goods in which
evasion is easy and the probability of been discovered is very small.

The second one, is that among the causes of the underground sector are
the high burden of taxation, regulation and tax morality. However, the most
important one is the enforcement ability of tlhe fiscal authority, given the
institutional constraints it faces, and the technological constraints that
the tax evaders face. As anecdotic evidence, it is illustrative to mention
the existence of whole buildings in Naples, Italv, occupied by a
large number of small underground textile factories, which can be quickly
hidden when the fiscal inspectors arrive, or the existence of factories in
Peru, that divide their workers in small groups in different places, to avoid
detection.3

The third one is that both the formal ancd the underground sector use
cash as well as other mechanisms in exchanges (see Feige(1987)), wnile there
exists a consensus that the underground sector is cash intensive.

Given the mentioned facts, our model does not identify the underground

3 Skolka (1987) makes a more extensive argument about the importance of
technological and institutional constraints that cause the underground
markets and provides more anecdotic evidence. Del Boca y Forte(1982) provide
a detailed discussion on the italian labor market, explaining why the
technological characteristics of italian exporting industries and the
institutional restrictions make attractive clandestine emplovment.
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sector as a specific set of goods in the utility function, as it has been
done in the literature (See Canzonery and Rogers(1989)). Rather, the
underground markets exist because of technological constraints the
government faces, which make impossible tax collection. Thus, in our model,
all goods will be identical from the viewpoint of preferences and
technology. We will assume that there is a large subset of markets that the
government cannot reachq, and that subset will be identified with the
underground sector. We will also impose a cash-in-advance constraint in
consumers optimal problem, such that there will be cash and credit goods in

both the underground and official sectors of the economy.
3. The Model

We assume that there is a representative consumer with preferences over
leisure and a continuum of goods indexed by the interval [0,1]. We assume

that the utility function is of the form

1
(1) W (e(z), n) = 3‘{[;0 Ulctz) Jdz) - V(n )}

sg18

t
where U is increasing and concave, and V is decreasing and convex; c(z]L 15
consumption of the good c(z) at time t, and n is time dedicated to labor

at time t. We assume that the goods are produced using only leisure, by the

linear production function

1

(2) o o=sg IOC(Z)t dz

where g, is total government consumption at time t.

We can define then a Pareto optimum allocation as sedquences {c(z}L.nL}

4 5
erates underground markets and monetary
1

era
equilibria by imposing location constiraints on agents and on the government,

see Nicoclini (1991).
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from t=0 to infinity, that maximize (1) subject to (2).The first order

conditions of this problem are

(3) U’(c(z]tl = V'(nt) for'all z & 19.1] and all t.

Thus, consumption must be constant across z's at the level where the
marginal utility of consumption is equal to the marginal utility of leisure
(the negative of the marginal desutility of labor). Together with condition
(2), the solution can be obtained. The solution is standard. The marginal
rate of substitution between any two consumption goods and between any
consumption good and leisure must be equal {o the marginal rate of
transformation. Because of the linear techncliogy assumed, all marginal
rates of transformation are equal to one. As it is well known in the

literature, this allocation can be impiemented as a competitive equilibrium

if lump sum taxes are available.

3.1 Competitive eguilibrium with taxes

Now, we assume that the government cannot use lump sum taxation. lnstead
we assume that only consumption taxes are available, and that leisure

cannot be taxed. Government expenditure cannot be {inanced without

distorting the economy.

In addition, as we want to introduce monev into the model, we assume
that some of the goods can only be traded using cash. So, we follow Lucas
and Stokey (1983) and impose a cash-in-advance constraint to the masximum

problem of the consumer. We partition the unit interval in the following

way

[0,1] = [0,a] U (a,a+b] U (a+b,atbrc] U ia+b+z, 1]

Lo 3}



Obviously, a, b and ¢ are positive real numbers such that their sum is lower
than one. We will assume that all goods in the interval (a,a+b+c] must be
traded using cash, from now on, cash goods. The reason way wWe separate the
unit interval in four intervals will soon become evident.

We also assume that the government prints bonds, i.e.,obligations which
pay a nominal interest R. This gives the government the possibility to run
deficits or surpluses at particular periods.

Thus, the maximum problem of the consumer will be to maximize the utility
function in (1) subject to the constrzints

1

] fi4r(=Y Jdz- = + +
(4) Ht+1+8t+1+ fUp(Z]L.C(Z}L.\l r(h,LJd_ P, -1, Ht Bt(1+RL)

a+b+c

(5) Mt = fa [p(z)t.c{zJL] dz

where p(z)t is the money price of good z at time t and P, is the money price

T

of labor at t. Now, we are ready to define a compe.itive equilibrium

alleocation

Definition: A competitive equilibrium given government expenditures, taxes
and government bonds is a set of sequences {c(z)t, nt, pt, Rt, Mt } such
that quantities maximize (1) subject to (4) and (5) and such that market

clearing condition (2) is satisfied.

Before solving for consumer’s problem, note that given the technolegy, it

must be true that at any equilibrium
(6) plz)t = pt for all z E [0,1)
In addition, the first order conditions of consumer’'s problem are

(7) U (c(z)) = V(o). (1+ T(z) ~ D(z).R !} all t, z e [0,1]



where D(z) is a dummy variable equal to one when z € [a,a+b+c], (cash goods)

and equal to zero otherwise (credit goods).

Equations (4) to (7), plus the life-time budget constraint of the

consumers

1
Qt.nt i- Qt'IoC(Z]L'{1+T(Z)t+D[Z)'Rt] dz

(8)

i s
o8

t

and market clearing condition (2) characterize the competitive equilibrium.
Qt in equation (8) is the inverse of the interest rate_from zero to t. The
life-time budget constraint is constructed {rom the sequence of one period
budget constraints and a no Ponzi game condition on government debt.

As it is clear from the equilibrium conditions, equilibrium gquantities
depend on fiscal (the function T(z)) and monetary policies (the nominal
interest rate R ). Note that in this cash-in-advance model, at the
stationary equilibrium, the nominal interest rate is the sum of the market
determined real interest rate, and the inflation rate, which is a function
of the growth rate of the money supply. So, the government can choose the
nominal interest rate by choosing the appropriate rate of money growth. From
now on, we will assume that the control variable for the government is the
nominal interest rate and we will solve for the optimal interest rate. The
supporting inflation rate can be cbtained from Fisher’'s equation.

Different assumptions about feasability cf government policy will lead

to different allocations. We will study now several alternative situations.

3.2 Some goods cannot be taxed. No cash goods.

Now, we assume that there are some markets the government cannot tax. \e
identify those markets with the goods in the interval [0,a+b]. Thus.under

the assumption that a+b > O, there exists ar underground sector in this

[%5]



economy. In this case, we assume that the government can choose a function
T(z), for all z in [a+b,1], and the tax rate must be zero for all z in

[0,a+b). In addition, we will assume that there are no cash goods, i.e.,

The equilibrium conditions for this case are

(9a) U'(C(Z)t) = V'(nLJ.(1+T(z)L) all t, z € [a+b, 1]

(9b) U'(c(z) ) = V'(n) ail t, =z € [0,a+b)
1

(10) g, = Ioc{z]tdz 3 -A all t

® ® 1
G11) ¥ Qt‘nt 2T QL.ID c(z)t.{1+T{z)L} dz
t=0 t=0

oy , = .
(12) B .V (nt]/V (no) = QL sUlL e

4]

As it is clear from conditions (9) to {12), the allocation will depend
on the fiscal policy, i.e., on the chosen function T(z). A welfare
maximizer government, will choose that function T to maximize the utility
function of the representative consumer, subject to the constraint that the
allocation is a competitive equilibrium. Thus, it has to maximize (1),
subject to (9) to (12).

We can follow Lucas and Stokey(1983) and reduce the dimension of the
problem by eliminating prices from equilibrium conditions. In this case, we
can use (9a) and (12) to eliminate taxes and the real interest rate. Thus,
(11) can be written as

w
(13) ¥ Bt.[V'(nt].nt - Jel2), .U (clz) ) dz] = 0
t=0
In this way, the optimal problem cf the government is to maximize (1)

sub ject to (9b). (10) and (13).




We assume (as in Lucas and Stokey) that there is a unique interior &
maximum. Then, if we let w, £ and A be the lagrange multipliers associated
with constraints (9b), (10) and (13) respectively, the first order conditions

of the optimal policy problem are
(14a) U’(c[z]t)(1+A) + U"(c(z]t) A c(z)t= €, all t, z € [a+b, 1]
(14b) U'(c(z)t){1+A) + U"(c(z)LJ [Ac(z)t+ wL]= €, all t, z € [0,a+b)
(15) V' (n ) (1+a) + V' (n ) IAnL+ w ] = e all t.

Condition (12a) (or (12b) ) is exactly the same for all z € [a+b,1) ( or
z € [0,a+b) ) at time t, which means that the optimal! solution implies the
same quantities of all c(z), z € ja+b,1] (or z € [0,a+b) ) at any given
period. Thus, the optiﬁéi policy requires the same tax rate for all
consumption goods for any time period. Thus, the optimal tax function is
z € [a+b, 1]

Tt. it =
T(z)L = {
0 if z € [0,a+b)

which implies that the optimal policy is taxxing all goods you can at the
same rate. The size of the tax rate will depend cn the amount of revenue
that must be raised. Note that the multiplier Wy iz a measure of the
marginal welfare cost of the underground sector.

Note that this result is consistent with the tvplical Ramsey problem. It
is well known that the optimal policy requires equal percentage changes in
the equilibrium quantities of all taxable goods. As in the equilibrium
without government expenditures (the Parete soluticn) consumption was egual
across z's, the optimal policy alsec reguires egual consumption guantities
across z's.

Some things are worth mentioning regarding ihi



that the larger the underground sector, the smaller the official sector and
thus the larger the tax rate. Thus, the larger the underground sector, the
stronger the tax presume on the official sector. Second, note that the larger
the underground sector, the lower the welfare level of the representative
agent. Compare two economies that are identical but one has a larger
underground sector. The optimal policy of this one is feasible for tLhe one

with the smaller underground sector. However, as il is not optimal, it must

have a higher welfare level.

3.3. Introducing cash goods.

In this case, we assume that there are both cash and credit goods in both
the underground and the official sector,i.e., we partition the unit
interval in four disjoint non empty intervals. This is equivalent to assume
that a, b, c and d are strictly positive.

Note that the cash-in-advance constraint (5) aifects only the goods in
the interval (a,a+b+c]; thus the cash goods are the ones on that interval.

So, as depicted in figure 1, we have the unit interval divided in the

following four categories.

Figure 1

cash goods —————;

l 1 \
I i 1 i
0 a b c d

L— underground goods —

a) Credit/underground goods [0,a]
b) Cash/underground goods (a,a+b]
c) Cash/official goods (a+p, at+b+c]

i %

d) Credit/official goods {a+b+c, 1!



In equilibrium, no a-type good is taxed; all b-type goods bear the
inflation tax; all c-type goods bear the consumption tax and the inflation
tax and, finally, all c-type goods bear only the consumption tax.

The optimal problem of the consumer is to maximize utility subject to the
cash-in-advance constraint (5) and the budget constraint (8).

Let x be the generic element of the goods in group a),and y,v,w the ones
for groups b),c),d). Then, the first order conditions for the consumer's

problem are

(16) U'(yt)/U'(xL) (1+Rt) all &, = [0.a), ¥y € (a,a+b]

m

(17) U'(VL)/U’(xt} (1+Rt+T(v)L} all &, »x  [0,a), v € (a+b,a+b+c]

i

(18) U'(wt)/U'(xt) (1+T(H)t) all Nty e0,&)q w € (a+b, 1]

(19) V’(nt)/U'(c(x)L) — all B % i (@ al)
(20) V' (n )/B.V' (n ) = (1+R )/ (1+m ) all t
t L1 t t

where n is the inflation rate. A competitive equilibrium allocation must
satisfy these first order conditions, the two restrictions on consumer’'s
problem and market clearing conditions.

In addition, in any equilibrium, it must be true that the nominal
interest rate must be greater or egual to zero; otherwise, consumers can
make arbitrarily large profits by holding arbitrarily large quantities of

money. Thus, the last equilibrium condition is
(21a) (1+Rt) =1
which, using competitive equilibrium conditicons can be written as

(21b) U'(yt} - U’(xt) = 0

P T
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The optimum problem of the government, is to maximize the utility function
of the consumer subject to (16) to (20), the budget constraint (4),
condition (5), market clearing condition (2) and condition (21b). As before,
we can eliminate all prices (mt, Rt and the taxes) and simplify the problen.
If we use (16), (18), (20) and (5) in the budget constraint (4), we also
obtain equation (11). So, the optimal problem is reduced to maximize (1)
subject to (11), (19), resources constraint (2) and condition (21b). We can
thus obtain the optimal quantities and, using equilibrium conditions, we can
obtain the function t(z) and the interest rate that sustain the optimal
quantities. Up to this point, the only restriction we made on fiscal pollicy
is that the tax rate on the goods traded at the underground sector is zero,
i.e., that T(z) = 0 for z € [0,a+b). Thus, we had been working under the
assumption that the fiscal authority can chocse any tax rate for every
single good in the official sector. This may not be a reasonable assumption.
In particular, it implies that the government can discriminate between cash
and credit goods at the official sector, and there are reasons to believe
that it is not a reasonable assumption. The distinction between cash and
credit goods, as it is found in the literature, 1s a very subtle one, [see
Lucas and Stokey (1983)) not necessarily based on physical characteristics
of the goods, but on the credit technologies of consumers wihiich mayv be
unobservable for the government.

We proceed in the following way. Firsi. we assume that the government

can perfectly discriminate among goods at the official sector, and we study

the implications on the optimal nominal interest rate. Then, we solve the
problem under the (we think more realistic} assumption that the government

cannot discriminate among goods and can onlyv chocse a single consumption

tax rate levied on all goods at the official sector, and the nominal




interest rate. HWe show that the results critically depends on this

. 5
assumption’.

3.3.1. The Government Can Discriminate Among Goods.

In this case, we have no further restrictions on government’s‘problem.
With regard to the non-negativity constraint on nominal interest rate, we
will solve the problem assuming that it is not binding (i.e., 8 = 0). Then,
we will check that at the optimum the restriction helds.

If we let A, w, and £ be the respective lagrange multipliers, the first

order conditions with respect to consumption goods will be

rl

(22) U’(c(z)t).(1+h) + U"(c(:]L) A c{:)L = - all t, e (a, 1]

X

(23) U'[C(Z)L).(1+A) + U"(c(:)LJ(A el®) b )z all t, & [0.a]

L t L

r

Again, it is clear that the optimal solution requires equal consumption
for all goods in (a,1], i.e., all goods excepnt for credit goods in the
underground sector. The (unique) tax structure which supports this
allocation is letting the nominal interest rate equal to the tax rate on
credit/official goodss, and the tax rate on cash/eoff{icial goods equal to
zero. In this way, you put the same tax rate to all goods vou can (all but
the credit goods in the underground sector). The level of the tax rate will
depend on the required revenue. Note that the optimal nominal interest rate

is equal to the tax rate, independently of any of the parameters of the

® Even though they seem two extremes, they are not in the context of this
model. As the optimal solution is the same tax rate to all goods, the
restriction is only important to the extent that cash and credit goods
cannot be discriminated. The government will want tc tax egually all credit
goods and equally (though at a different rate) all cash goods.

® Note that if government revenues must be pesitive, K > C and constraint
(21b) holds. )




model. The fact that there are cash goods implies that the government has
the ability to tax a broader set of goods, and therefore, to improve
welfare. This is so, because we assume that the government can discriminate
cash and credit goods from the fiscal policy point of view.

Note that the optimal allocaticn of this economy is identical to an
economy without cash goods, but with an underground sector of [0,a). Or, if
all underground goods were cash goods, the eguilibrium is the one we would
obtain if there were no underground goods? and only consumption tax. This
is a very interesting result, because it shows that imposing a
cash-in-advance constraint on consumers increases (in a weak sense) welfare
rather than decreasing it (in a weak sense) like most cash-in-advance
models found in the literature. Thus, this result (which can also be found
in Canzonery and Rogers(1990)) could explain why legal restrictions

. 4. 8
theories of money can be based on a welfare maximizer government.

3.3.2 The Government Cannot Discriminate Among Goods.

In this section, we consider the (we think, more realistic) case in which
the government cannot discriminate among gocas, and thus, it must levy the
same tax rate to all consumption goods of the efficial sector. This would be
the case of a general consumption tax. Thus, the fiscal policy consists on
two numbers, one for the consumption tax, and one for the nominal interest

rate. Thus, in equilibrium, there will be only four different types of goods,

the ones called x, y, v and w in page 6. The equilibrium conditions will be

This is a very similar outcome to the one in Canzonery and Rogers{1990) :

8 : . B § . Y g
Again, Nicolini (1991) provides a more stviized model where the

government finds optimal to impose legal res:irictions on the bonds it

issues so monev does not go out of circuiaticon and weifare is improvec.

tn



the same than in page 6, but with the additional restriction that
r(w)t = 'E(v)L for all v,w.

In defining the optimal problem of the government, we will consider
explicitly that there are only these four types of goods. In this case, the
utility function becomes

w t
(24) W=1B .{a.U(xt)+b.U(yt]+c.U(vt)+d.U(wt) - Vin )}
t=0 .
where d = 1-a-b-c . The constraints of this problem, once we acknowledge
that there are only four type of goods are
o t
(25) t_}_’(‘)B.[a xtU (xt)+b yLU (yL}+c vLU (vt)+d wLU {wL) - nLV‘(nt)] =0

(26) a X, * by+cv+ d Wr &

(27) wv (xt) =V’ [nt)
(28) U‘(xt) - U’{yL) = 0
(29) U’(xt) + U'(vt) - U’(yt) - U'[wt) =0

where the last restriction implies that the government must levy the same
tax rate to cash and credif goods in the official sector. Thus, once the tax
on w's (1) and the tax on y's (R) are chesen, the tax on v's is not a free
variable (it is equal to T + R). This last restriction is whal makes this
problem different than the last one, and introduces a very interesting
trade-off between inflation tax and consumption tax. The objective of the
government (given the implicit assumption we made about elasticities bv
using a separable and symmetric utility function) is to put the same tax
rate on all those goods that can be taxed. In the previous case. It ceouid do

it, by putting different tax rates to casn and credit goods. Eul now, it



cannot. If inflation is used to tax the cash goods in the underground
sector, then the cash goods of the official sector will be taxed at a
higher rate than the credit goods of the official sector. 5o, in this case,
there is a more interesting trade-off when inflation is used to tax the
underground sector. As you increase the tax on the underground sector,
reducing the distortion between the official and the underground sectcrs,
you increase the distortion between cash and credit goods in the official
sector. And in this case, as it will be shown, the relative importance of
the sectors will play a crucial role on the cptimal rate of inflation.

If we let A, £, w, 6 and ¢ be the respective lagrange multipliers, Lhe
lagrangian is

w t
L=YBIla U(xt) +bUly ) +c U(vt) + d U(w;) - V[nL)]

t=0

(40}

: / iy h - /
+ At_ZOB [aXLU(Yt) + bth(yL] + chU(\t, deU(wL. nt\(nt)]

+t§éqbt [U(xt) - U(yt) + U(th - U[wt)]

6, [U(yL) = U(xt)]

+
Itmg

+
L8

w [V'(n ) - Ulx )]
t t t

e [n -(ax + by + cv + dw + g )]
t t £ t t t t

+
Ik

and the first order conditions are

(30) U’(xt).(1+A) + U (x ). A.xl+ (ol—e_—u')/a ] = £,



+

(31) U’(yt). (1+2) U"(yt).[ Ay + (Bt—gbtJ/b ] = €,

+
1]
4]

(32) U (v, ). (142) U"(vt).l Av o+ ¢ /c]

o+
It
vl

(33) U (w ). (142) + U"(w ). [ A.w - ¢ /d ]
t t vt

g

Vi n ).l A.n-w ] = ¢
t t t

(34) V' (n ). (1+A)
t t

To find a solution, one can solve equations (26) Lo (34) for consumption
quantities, work effort and all time indexed multipliers as functions of A.
Then, the value of A is obtained from equation (25).

Our focus is on the optimal mix between consumption taxes and the
nominal interest rate, rather than on the evolution of taxes over time?
Thus, in order to simplify the analysis we will assume that government
expenditures are constant over time. In this case, the set of equations
(25) to (34) is the same for every t, and the optimal quantities and prices
constant through time. Thus, from now on, we get rid of time subscripts.

In order to study the optimum quantity of money problem, or what is the
same, the optimal nominal interest rate, the multiplier @ will be of great

use. Note that the Khun-Tucker conditions imply
=0, Ulx)-Uly) =z 0, [U(x)-U(y)l.e =0

We will show that (U’ (x) - U'(y)] > 0 and 8 = 0 if government expenditures
are positive. c
PROPOSITION: If government expenditures are strictly positive and there

exists an underground sector which uses cash in transactions (i.e., b > 0),

then the optimal nominal interest rate is strictly positive.

? The temporal structure of the model is the same as in Lucas and 3Siockey
(1983), so no new results regarding temporal issues will arise.



’

Before proving this proposition, we will derive several useful results
from the optimal conditions, assuming that Friedman's rule is optimal.

From competitive equilibrium conditions (16) to (18)

U'(y) = x

(35) U (%)

1]
-

1}
-]

U'(w) = v

1]

(36) U’ (v)

Thus, using (36) and optimal conditions (32) and (33)
(37) ¢ = 0.

Using (37), (30) and (31),

_ b

Now, we use (30), (34), (37) and {38) to obtain

[U'(x).x = V''(n).n] (8 / b)
[V’ (n). (a+b) = U'" ()]

(39) A =

Now, multiplying (30), (31), (32), (33) and (34) for », y, Vv, W, and -n

respectively, adding up, and using (35) to (32), it is possible to obtain’

(40) A Q=-¢g

where

2
- 5 & 2 § 3§ e BRG § e N n.vV''(n)]
0 = x (a+b)U”’ (x)+v (c+d)U" " (v)-n"V'' (n) + la D]lV"an(a+DJ~ T (%) ]

after some tedious algebra, it can be shown that

2 L U (x)V'' (n)[n -ax-bv]®
L i [V'' (n)la+rp) - U7 ()]

g =¥

10 : g i 5 2 5 -
This procedure is similar te the one used by Lucas and Stockey (1983)



and note Q < 0 because V'’ > 0 and U'’ < 0. With these results, the ﬁroof

of the proposition is straightforward.

Proof: Assume that the optimal nominal interest rate is zero. Then,

conditions (35) to (40) hold. As g > 0, condition (40) implies that A > 0.
Thus, condition (39) implies that 8 < 0, which contradicts the Khun-Tucker
conditions. As the nominal interest rate cannot be negative, it must be

positive.

The result would be quite different if g < 0, i.e., if the government
must make transfers in a distorting way. In that case A would be negative
and @ positive which implies that the restriction would be binding. The
intuition behind this result is clear. If the government must make net
transfers, it must be overall subsidizing. In order to reduce the welfare
loss, it should spread distortions over goods. But the nominal interest
rate cannot be negative, so all the transfer must be in the form of a
consumption subsidy. On the contrary, if government expenditures are
positive, it is possible to further spread distortions among goods by means
of a positive inflation tax.

So far we have established that the optimal nominal interest rate is
positive if there are underground markets which use cash in transactions.
Note that if there are no cash\underground goods, (i.e., b = 0) then there
will be no y-type good and the optimal policy would be Friedman’s rule
together with a constant consumption tax rate across goods.

That b is a very important parameter to determine the optimal nominal
interest rate becomes also evident if we assume that b = d, 1i.e., that the
size of the cash/underground sector is the same as the size of the

L2

credit/official sector. In this case. equaticns (32! and {(34) are identical



(remember that 8 =0), which means that the optimal values of y and v are
the same. But this means that the tax rate and the nominal interest rate
are the same. Which is the intuition of this result?. Consider the case
where the interest rate is zero, and all expenditures are financed by
consumption tax. Then, there is no distortion between cash and credit joods

at the official sector, but a large distortien vetween cash goods at the
&> £

that all

Fanrt o

official and the underground sectors. On the other cxireme, assume

the expenditure is financed with inflation. There will be no distoriion

between y and v but a large distortion between v ang w. Thus, by switzning
from one way of raising revenue to another. vou dgecide where vou put the
distortion. The government will prefer tc put the higher distortion in the
smaller sector. If both secters have the same sizo. vou distiribute the

distortion equally, which is the result mentisned above.

4, Simulation exercise.

In this section we present numerical soluticns for some parameter values
in order to get an idea of the quantitative reievance of the guestion posed
in the paper. In particular, we want to isolate the parameters that

influence in a systematic way the optimai nominal! interest rate.

tion is of the form

(@]

We solved the model assuming that the utiliiy fun

U(c) = (1—@]-} CCJ—E). Vin)

n

Thus, the parameters of the model are a. t. ¢, d, g and o. The results of

the simulations are in figures I to III.
Figure I plots the optimal nominal interest rate as a function of the
relative size of the underground/cash sector. b. For any single curve

¢, g, a and ¢ are constant, and we varv b and d such that

o

in figure I,

]

(o

Ab = -Ad. such that the linear restricticn between a, bB. C and d
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satisfied. There are three curves in figure I,

values of g
case (a = ¢

higher g (g

corresponding to different
and o. The curve in the middle corresponds to the benchmark

o =2.1). If we solve the same model but with a

]

20y P2 aly

[l

2,

then we obtain the expected result, a higher interest

rate for all values of b. If we solve the model with a higher o (which

implies a lower price elasticity), we also obtain the expected result, a

lower interest rate for all values of b.

Note that as the system of equations (36)-(43), is svmmetric between y

and w, it is possible to read the optimal consumption tax from the same

graph, if we put d rather than b in the horizontal! awxis. Thus, even though

H s

icities and on the level of

e

the level of the inflation tax depends on eles

(0

emerges from the graph; the bigger

a clear pattern

government expenditure,

¥4y
*4y

toe the eifficial/credit sector, the

L)

the underground/cash sector relative
higher the inflation tax relative to the consumption tax.

Figure II is an attempt to measure the sensitivity of the optimal

inflation tax with respect to the relative importance of the official/cash

sector (good v) with respect to the underground/credil sector (good ).

We made a very similar exercise, but fiwing b and d and varying a and c

such that Aa = -Ac. We plot the optima! consumption itax rate and the

optimal inflation tax rate as a function of the size of the

underground/credit sector {(goods a). Thez benchmark

.3, s =2 and g = .1. He also sclive it for

(figure IIb). Finally, we zalso plot the ratic between the optimal

consumption tax and the optimal inflation tax, but multiplied by ten. so

it is easier to observe its fluctuations. In boih cases we obtain the same

pattern. As a increases, both taxes increase. which is reasonable because

higher. both taxes are

o

the overall tax base is reduced. Bul! when g is

-~y
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higher. In none of the two cases we observe the ratio between the two
taxes being very sensitive to changes in a.

In figure III, we want to measure the effect of changes in government
expenditures. The benchmark case is a = .25, b = .2, ¢ = .25, d =.3 and
s = 2. We also solve the model assuming ¢ = 5 (figure IIIb). As before, we
plot the optimal consumption tax, the optimal inflation tax and the ratio
between the two. Again, the ratio has been multiplied by ten, for a better
appreciation of its fluctuations. In both graphs we obtain the same
expected pattern. As government expenditures increase, both taxes increése.
with the ration between the two showing a very small downward trend.

The main conclusion we obtain from this preliminary calculations is that
the key parameter for the determination of the importance of the inflation
tax relative to the consumption tax is the size of the officlal/credit

sector relative to the size of the underground/cash sector. Varving the

other parameters of the model does not affect that result in a sensible

way.
5. Conclusions.

We developed a model to study the optimal rate of inflation in an economy
with a large underground sector. We showed that 1f there are markets which
belong to the underground sector in which transactions are carried on using
cash, then the optimal rate of inflation is higher than the one implied by
Friedman s rule. The basic idea of ‘he model is that inflation is an
indirect way of taxing the underground sector.

This model implies that, in general, the determination of the optimal

rate of :inflation should not be addressed independently of the level of
government expenditures. More genera.lyv, it implies tnhat the discussicn

et



about the appropriate inflation rate should be one piece of a broader
discussion which includes other taxes, government expenditures and debt.

These conclusions are similar to the ones reached by Phelps and that we
discussed in the introduction. However, we draw the sgme conclusions from
very different models. He considered liquidity as a good that should be
taxed as any other good. In our model liquidity is not a good but rather
the means to acquire goods. As the government f{aces restrictions and
cannot directly tax some goods, inilation can be used to overceme, at least
partially, those restrictions.

Some theoretical results and preliminary simulation work indicate that
the key variable to determine the optimal inflation rate is the size of the
cash/underground sector of the economy relative to the size of the
credit/official sector. The optimal consumption tax rate relative to the
optimal nominal interest rate does not appear to be sensitive to changes in

the other parameters of the model.
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