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A coagulation estimate for inertial particles

Inés Armendariz and James R. Norris

Abstract

This paper establishes a key convergence result for coagulation prob-
abilities of particles which behave as Brownian motions on the scale of
their mean square displacement but as integrated Ornstein—Uhlenbeck
processes on the scale of the particle radius. The result is a first step
towards the rigorous derivation of an analogue of Smoluchowski’s coagu-
lation equation for inertial particles.

1 Introduction

The phenomenon of pairwise coagulation in large particle systems appears fre-
quently in scientific models describing the evolution of clusters of basic particles.
The rate at which clusters coagulate depends on the characteristics of the model.
When the effect of spatial fluctuations in the mass density is negligible, this rate
will be a function of the mass and other details of each cluster, and it will be
spatially homogeneous. On the other hand, in many physical models the deter-
mining factor for coagulation is proximity, and the coagulation rate will thus
depend on the position of the incoming clusters.

Over the past few years, several spatial models that include stochastic dy-
namics of coagulation have been studied (see [3], [5], [6], [1]). Here, clusters
move freely in space until any two of them meet at less then a prescribed dis-
tance, which typically goes to zero as the particle number increases. At this
time, the clusters may coagulate at some positive rate, in which case they will
be replaced by a single cluster, and the evolution of the system is resumed.

The hardcore case, where particles coagulate on collision, has been much less
studied. These models arise quite naturally: for instance in the case of micro-
scopic particles undergoing molecular bombardment, we might describe the free
evolution as Brownian motion and specify that a pair of particles coagulates the
first time it meets, which leads to a spatial generalization of the original Smolu-
chowski’s coagulation equation [11]. The technical difficulty with this model
lies in that the coagulation events are completely deterministic once the cluster
paths are known. The problem was first studied by Lang and Xuan-Xanh [7]
in the case of discrete mass, constant diffusivity and when the radius of each
particles does not depend on the mass it carries. In a forthcoming paper [9],
Norris removes these restrictions, treating the case of variable coefficients and
both discrete and continuous mass.

We are now interested in replacing the idealization that the free motion of
each particle is Brownian, by the more physically reasonable assumption that
it performs an integrated Ornstein—Uhlenbeck process at the microscopic scale
given by its radius. That is, we allow the particles to have velocities.



The starting point of the analysis is to estimate the first passage time of such
an inertial particle into a small radius ball. In terms of the particle system, this
corresponds to establishing the probability that a particular pair of particles
collides in finite time. The ball radius will then be a function of the particle
number, converging to zero at a faster rate than the velocities of the particles
diverge to infinity.

The problem of computing the probability that the first passage time into
a ball of small radius occurs before a given time was first addressed by Spitzer
[12] in 1958, in the case when the particle performs a planar Brownian motion.
Several years later, in 1986, Le Gall [8] deviced a method to compute this
probability for a large family of diffusions, in dimensions d > 2. The fact that
in our case the dynamics are not Markovian prevents us from applying these
techniques, and we are forced to develop an ad—hoc method.

We introduce the model and describe the main results of the paper in Section
2. The process behaves as Brownian motion on the scale of the mean square
displacement; this is used in Section 3 to estimate the first passage time into a
ball which is large relative to the particle radius. We study an auxiliary linear
process in Section 4, and finally obtain the first passage time estimate for the
inertial particle in Section 5.

2 Notation and results

Let d > 3. Given o > 0 and a standard, d-dimensional Brownian motion
W(-), W(0) = 0, consider the stationary Ornstein—Uhlenbeck process deter-

mined by
2

dZ = cdW — Zds,  Z(0) ~ N(o, % Jd),

14 the d—dimensional identity matrix, and define the integrated process

X(t) =20 + ﬁ/o Z(Bu) du,

where 29 € R%, 2y # 0 and 3 is a positive parameter. Then X(-) describes
the motion of a particle of unitary mass in a force field ¢3W, where W is
the standard Gaussian white noise in R?. The particle experiences friction
proportional to the velocity. The position X (-) hence follows the Newton law

. . . . 2
X =ofW - X, X(0)=z0 € R:,  X(0) ~ N(o, % Id).

We start by deriving an alternative expression for X.

Lemma 1. Let U(-) be the standard Brownian motion given by

W)

U(s) 5

s> 0.
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Then

Z(ﬁt):e_BtZ(O)+afe_ﬂt/teﬁ“dU(u) (2.1)
0
and
— (1—e™) cUH) — o et teﬁs s
X(t) = a0+ S Z(0) + 0 U () /0 d(s).  (2.2)

Proof. Integrate the SDE satisfied by Z to obtain the representation

Z(t)=e'Z(0) + Ue_t/O e*dW (s),

change time by t — [t and make the substitution s = (Su is the integral term
to get (2.1). Replacing this expression in the definition of X, we have

X(t) =20 + \/B/Ot Z(Bs) ds
=z 4+ \/B/Ot (e—ﬁsZ(o) +o/Be P / emdU(l)) ds

0

-
04 (1= e ZO) 4o [ =My av()
VB 0
1

= — (1—e P g —ge Pt tem
=0+ 5 (1= ) Z(0) + 7 U() | e ava,

as claimed. O

t s
— 20+ —= (1 — eB1) 2(0) + a/ / BePLAU (1) e=P® ds
0 0
t

Let now € > 0. Our first goal is to estimate the probability that X visits
a ball of radius e centered at the origin before a fixed final time 7', as the
parameters € and 3 tend to 0 and co in that order.

As discussed in the introduction, the techniques developed by Le Gall in [8]
cannot be applied in our case since X (-) is not Markov. Instead, the expression
in (2.2) suggests the strategy to follow. The first step will be to compute the
probability that the process hits a relatively big ball of radius g(3) prior to T,
where g is chosen so that the only relevant terms in (2.2) are xg + o U(t). The
problem is thus reduced to the case of standard Brownian motion, where the
answer is well known. Then, conditioned on this event, we will estimate the
probability that it enters the ball of radius € by considering a piecewise linear
approximation of X.

The first part of the plan is carried out in the following proposition. As
will become clear in the proof, the condition on g(f3) is that h(5) given by

h(B) = v/Bg(B) satisfies
1

Bexp [ — h*(B)] 92 —0



in the limit as 3 — oo. We choose to work with g(3) = log 3/+/B.

d—2 T
() (5)”

o[22

o= y?]

Proposition 1.

I
Pl int, 1x0) < 227

where pZ(x,y) denotes the Gaussian transition density

—d/2

pl(@,y) = (2m0%s)

1
exp [_ 202s

and wq is the volume of the d—dimensional unit sphere.

Notice that the condition on g(f3) is in particular satisfied by g(8) = 4, for
any positive constant §. The proof of the version of Proposition 1 corresponding
to this choice of g relies on showing that

t
P[ sup ||e‘5t/ e duy|| > 5] =o0 [5d72} .
0

0<t<T

Combined with (2.2), this implies that the process X (-) converges in distribution
to a Brownian motion. In fact, a much stronger convergence result holds. In [4]
(see also the references therein), Freidlin proves that

5151;0 Joax, |X(t) —oW ()] =0 a.s..
Suppose now that the process has reached the ball of radius log 3/+/3 at
time to < T for the first time, X (to) = (log 3/v/B) vo, ||lvo|| = 1. We then need
to compute the probability that

Bs
1X (to + 5)|| = Hljg vo + % / Z(Bto + u) du

<e

for some time 0 < s < T — .
Let us first simplify the notation by rescaling space and time. Define

t
Y(t):yo+/0 Z(Bto +ulogB)du, 0<t< (T — to).

B
log 3
A change of variables in the integral term of X yields

I
Xo+9)= 200 ¥ (logﬁ

s), 0<s<T—ty,



and the task is now to estimate the probability that Y'(-) visits the ball of radius
€ before time (8/log 8)(T — ty), where

\/B €
log

g:

This plan will be carried out for a piecewise linear approximation Y of Y in
Lemmas 2, 3, and 4, Section 4. Combining the latter with a result measuring
the level of accuracy of the approximation Y ~ Y (Lemma 5, Section 5), we
obtain a first order estimate.

Proposition 2.

T
P| inf ||X(t)§e]Cd\/Bedla/ pg(o,xo)dwo[\/ﬁed*l]

0<t<T 0
with
Ca= 5 (5~ Dearea ([ ph0.pas) ([ 1a1pt0.2)a:)
V2 12 0 Rd
llyll =1 and wy the volume of the d—dimensional unit sphere.

Throughout the article, C' will denote a positive constant. Unless we are
particularly interested in keeping track of its growth or dependence on the pa-
rameters, we will use the same letter C' to denote constants on consecutive lines
which may be different, or constants appearing in totally unrelated computa-
tions.

3 Brownian first passage time

This section contains the

Proof of Proposition 1. Let t > 0. Due to (2.2), X (¢) may be decomposed as
X (t) = A(t) + B(t),

where A(-) and B(-) are defined by
A(t)=xo+0U(t)

and

1—e Pt

B(t) = ( NG Z(O)—aefﬁt/o ePs dU (s).



Let » =r(8) = (log ﬁ)_l/s. We have the following inclusions

. log 3 log 3
{Lint 140 < 0= 025 and sup 0] < r 20}
I
c { e, Ix) < 227 (3.1)
- { inf |A@®|I< (1 +7’)10gﬂ or sup [|B()|>r logﬂ}.
= \o<i<T - Vi 0<t<T VB

We will show that there exists a positive constant I' such that

ljfﬂ <raTesp{~(og®)*?} (32

e

P [ sup ||B@)|| >r
0<t<T

Suppose that (3.2) holds. Then by (3.1)

I
P | dnt, 1A < (1= )" E2] - T pTexp { (o )%}
I
<p L it X(0)] < jﬁﬁ] (33
It
<P it A0 < (14022 ) 4T o7 exp {~(1ox )2}
On the other hand, Le Gall showed in [8] that

P| int, 4] < (1:£7)

=

d—2 T
- (5-1) w0 () [ nen0ras

<(1 i:})ﬁlogﬂy?] |

The proposition will then follow from (3.3) and the choice of r.

It remains to prove (3.2). Equivalently, we need to show that

r log 3
d B
where W, is a standard 1-dimensional Brownian motion. We will achieve this
by means of the formulas for the exponential martingales of a diffusion.

¢
P[ sup ‘e‘ﬂt/ efs dWl(s)‘ >
0

1
- _ /
oS ] < dFﬁTexp{ (logg)B 2}7

We split [0, 7] into [BT] subintervals having length less than or equal to
1/, where given [ € R, [I] denotes the smallest integer larger than or equal to



l. Let tj, 0 < j < [BT] be the left endpoints of these subintervals. Fix j, and
denote by

rlog B 1 3/9
6= A=\ =<1 / —f3t;].
d \/B ’ J § [Ogﬁ] GXp[ ﬁ]]
We obtain
¢ ¢
P| sup e_ﬁt/ e dWl(s)‘ >d| <P| sup / ePs dWl(s)’ > delti
tj<t<tji1 0 tj<t<tji1'JO
t )\2 t
<2P| sup exp {)\/ P AW, (s) — —/ e?s ds}
tj<t<tjt1 0 2 Jo
)\2
> exp {5/\ exp[ft;] — 10 exp[2/t; + 2]}
< C exp {~(log )/}, (3.4)

after applying Doob’s inequality to the exponential martingale

i Bs /\2 { 203s
exps A [ €7 dWi(s) — 5/ € ds
0 0

and replacing § and A by their values. The positive constant C' in the last
line can be chosen uniformly in 3, for 8 large enough. We finally add over
0 <j < [pt] in (3.4) to conclude (3.2). O

4 An associated linear process

In order to prove Proposition 2, we will replace the process Y by a piecewise
linear approximation Y for which we are able to compute the probability that
the first passage time into the ball of radius € occurs prior to (G/log 8)(T — to),
where we recall that ¢y denotes the first time the process X (-) reaches the ball of
radius log 3/+/B. Tt is therefore implicitly assumed that this event has occurred:
in the next four lemmas all probabilities are initially computed given

VB
~logp

to S T7 Z(,Bto) and Yo X(t()),

until the conditioning is eventually removed.

Consider a regular partition of

o ™)

into intervals [s;, s;11] of length

h=h(@E) =& >0,



and define 3
Y(u) =Y(si) + (u—s;)Z (Bto + s; log 3)

if

si <u < Siy1, 0§Z<’7

B (T- to)w
logB h '

We are interested in setting the steps of the piecewise linear process as large
as possible while making sure that the processes Y'(-) and Y (-) stay within a
sufficiently small distance. The choice of h is hence motivated by the proof
of Lemma 5 in Section 5, where we show that the error resulting from the
substitution Y (-) for Y (-) is neglibible.

Define now

As discussed before, we assume at this point that the initial values (Z (Bto), yo)
of the 2d—dimensional random vector

(2(8t0 + - 10g.8). Y ()

are given. Standard computations for the Ornstein Uhlenbeck process show that
Z(Bto + tlog B) is Gaussian with mean e~*1°88 Z(Bt,) and covariance matrix

2
F(S,t) — 92__ |:e—|t—s|log[3 _ 6_(t+s)1°gﬁ:| Id,

I the d—dimensional identity matrix.

By definition,
t
Y(t) =yo + / Z(Bto + ulog B) du,
0

from where it follows that (Z;,Y;) is Gaussian with mean

1 — e Si logﬁ)
R 7silogﬁZ t ( 7(6t )
mi = (z90) = (e (o), o + oz Z(6to)
and covariance matrix given by the block matrix
T = a; Id bZ Id
¢ bz Id C; Id
with determinant D; = d¢ = (a;c; — b?)?, where
2
a; = % [1 —e 2 logﬁ}
o? 1 o? 1 2
bi _ 7 1 — 92¢ 5 log B —2s; log 3 _ 1—e % log B8
2 ]Ogﬂ[ ¢ Te ] ) 1Ogﬁ[ € ]



and

2 Si 2 —s; log B 1 —2s; log 3 :|
=0 — (1 —e %8P o — (1 — e %98 .
log3  (log3)? ( ) 2(log 3)? ( )

The probability density function of (Z;,Y;) then becomes

1 1 -
pizi Y3 2,y) = m exXp [—2 (z—zi,y — yi)tri 1(2 —ZiY — yz)] )

which can be rearranged into

1 1
pi(zi, 2) Pi(Yi, ylzi, 2) = @ra)i P {QGWZ - Zz'||2]
(3 (3

1 L b; 2
x WGXP _§d7Hy_yi—a7(Z—zz‘)H .

The relevance of this representation lies in that the second line is the density
i (Yi,y|zi, 2) of Y; conditioned on the value achieved by Z;, whereas the expres-
sion on the first line is the density of Z;, p;(z;, 2).

4.1 An upper bound

Our purpose here is to establish, to first order, an upper bound to the condi-

tional probability that the process Y (-) enters the ball of radius € before time
(8/log B)(T" — to).
We clearly have

P inf Y ()] < é
)

B
0<t< 25 (T—to

{to, Z(Bto), 90}1

< X |t 1O <e] o 20) w0},

) 5 s;<t<s;y1
0<i<[+ W(Tfto)]

(4.2)

and it will suffice to compute the right side of (4.2).

Denote by A; the event that Y visits the é ball centered at the origin over
the time interval [s;, $;11),

C— . g < ~
A’L {Si<}fréf“5i+1 ||Y(t)H - 6}

Let C; be the right, convex cylinder with axis —hZ;, radius € and semi-spherical
caps of radius €, open at the end associated to —hZ;. Then A; is the event that



Y; belongs to C;,
Ai= ALOA2 = {0 < (%, 2) < BZIP, g (V)] < )
O{Ivil <& or Vi +hzi| < &}

if 7,1 denotes the projection onto the subspace orthogonal to Z;.

We will first control the probability of the sets of type A}. Combining (4.1)
with the definition of A}, we have

P[A; [{to, Z(Bto), yo}] =

dz

= A2} 1 —(z z 1 - i\Yis (2 d
/de(z z) % [/R o<-Ga<nly Ly ) <e) PV Y1z 2) dy

Let B(z1) be an orthonormal basis of the (d — 1)-dimensional subspace z. We
write y, y; and z; as a linear combination of the vectors in the basis {z/||z||, B(z*)}
and change coordinates in the y—integral, to obtain

P[A} | {to, Z(Bto), yo}] = /Rd (27(11)% exp [*LHZ ~ Zi“ﬂ

2(14
0 1
.

. ¢ 2
o [ =G ) — 2 (- e )] 0

1

X/ a1

yilerd—1 (27T(di/ai)) 2
lystl<e

ai

2d;

_ b;
y Tt — e (y) + ()

(3

2
} dyd1> dz.

(4.3)

X exp [—

In the last line we have kept the notation 7,1 (y;) and 7,1 (z;) to denote the
(d — 1)-last coordinates of these vectors in the basis {ﬁ, B(z1)}.

Lemma 2.

3 P [Ag

. 3
0<i<[+ 555 (T—to)]

{to, Z(Bto), yo}}

1 4
SCd;€d ! 1Ogﬁ +G(T,t0,€,6,y0,2(6t0))-

o= e ([ v as) ([ 1elrto.)a:).

10

Here



llyll = 1, and G is an integrable random variable such that

E[’ G(T, to, €, B, 90, Z(Bto)) |] = 0[\/560171].

Proof. Let us first consider s; < 1/log 3. Note that the coefficients a;, b;, and
d; vanish with orders 1, 2 and 4 at the origin, respectively. It will thus be
necessary to control the contribution from the values of (Z;,Y;) such that the
exponents in the second and third lines of (4.3) are small. Denote by

o =d;fa;  and vy =b;i/a;.
We will split A} according to whether
1Yi —yi =%i(Zi =zl <m - or i —wi —%i(Zi — z)ll > mi,
where 7; is given by
ni = (log B)"/*s; .
On the first of these sets we get
{1¥ 9 =22 =2l < mp Al
c {1 = [0+ + (s + WIZBt)] < (b +7)11Z: = =]} 0 AL

c {1 —2n;(1+ |1 Z(Bto)l])
281‘

<11Zi—zl}nAl.
Next, we consider the cases when

1Z(Bto) and |Z(Bto)

XINE > -
I 167; | 167;

separately, and apply the analogue of formula (4.3) on the set
ALY =y = (Zi = 20)| < i}
to obtain
P AN Yi =y —7:(Zi — 20|l < mi | {to, Z(Bto), yo}]

1
<cogneti Ly / el pi(zs, 2) d
N {1zpto) 1< 74 } Lo

16 7;

1
Cyhed™ 1 —_1 . / (2, 2) dz.
+Caqhe a?m {HZ(Bto)H>15m} a 12|l pi (2, 2) dz

Since a; ~ s;log 8 < 1, the second line above is bounded by

1 c
~d—1 ) o
Cahe o Yizemol< gy (1 F l=all) exp [ 2 logﬁ} - U4y

11



We replace z; = exp[—s; log 3] Z(0to) and use (4.4) to compute

P [A; O Y: = yi = %i(Zi — 2)|l < i | {to, Z(Bto), yo}]

~d— 1 1 C
Sthed 1@?/2 (l—i-&) exp <_s§10gﬂ)
L{zt01> 2 ) (\/m + IIZ(Bto)H) ]
Scdhgdfl |:eXp <SCQ> +g(51,||Z(ﬂto)|):| . (45)

The positive random variable

1

satisfies
E [g(si, 1 Z(Bto)]) 1oy ]
5 1/2 RLE
- oy’ (1 b | Oz?ngZ(ﬁt)Hﬂ) d {O;IET'Z(&)' = 16772’]
< C(0,T) % exp —030—/5 (4.6)

In order to derive this inequality we estimated the expectation on the second line
by integrating by parts in (2.1) and then taking the supremum term by term.

The bound on P[sup||Z(Bt)|| > 1/(16 m)]l/Q follows by the same argument
applied in (3.4) to obtain (3.2), if instead of taking J and A as defined there, we
set
3/2
: 1 ; 1 1
5l — d )\Z» = = - t .
ovEm M NS g el [16771}
Let now G, (e,ﬁ,Z(ﬂto)) be the sum over 0 < s; < 1/logf of the positive
random variables on the right of (4.5),

Gi(e.02(0) = Cane®™ Y o (-5

52
0<i<

)+ stes 1200

K2

7 log B

By removing the conditioning on (4.5), applying (4.6) and adding over i, we
conclude that

> PIAINNY: —yi —vi(Zi = z)| < miy to < T

. 1
OSZS hlog B

< E[Gl (e, 8, Z(ﬁto))] < C(d,o,T) e Lexp [ — Cllog B)/%]  (4.7)

12



On the other hand, it follows from (4.3) that
P [A; OIY; —yi — 7i(Zi — z3)|| > mi | {to, Z(Bto), yo}]

) C
_ ~d—1 B
< Ca (L+1Z(Bto)|) he NI exp{ si\/@} ’

K2

0 <i<1/(hlogp). Define the random variable

G2(67ﬁ52(6t0)>
= Z P [Azl NNY: =y —vi(Zi — 2:)|| > ni | {to, Z(Bto), yo}]

0<i< kg
|
< Cq(1+12(Bto)]]) €% g )2

Split this last quantity according to whether || Z(8to)|| < log B or || Z(Bto)| >
log 8 and take expectations applying Schwartz inequality to the integral over
the latter set, to get

D) [GQ(ea ﬂ) Z(ﬁtO))}

VB
(log 8)?

Computations similar to those yielding (4.6) allow us to conclude that
E[Ga(e, 8, 2(8t0))] = o (v/3e'") (48)

It remains to treat the case s; > 1/log 3. We first take the limit € — 0.
From (4.3) we have

< Cd 6d—l

145 [ - ||Z<5t>||2]2 P [ sup |1Z(8)] = 1ogﬁ} ] .
0<t<T 0<t<T

PLAF {0, Z(3to), wol] = he' wucs [ el plan,2)pilyss 022,
R
+ h2 gdil Ei(ﬂa to, Z(ﬂtﬂ)a yO)a
where the variables {;} can be bounded uniformly in ¢ by an integrable random

variable C(3,tg, Z(Btg)) which can be chosen independently of e.
Now add over the set of i’s such that 1/log 8 < s; < (8/log 8)(T —to). Since

the size h of each interval in the partition goes to 0 as € does, independently of
[, we may replace the sum by a Riemann integral. This yields

Z P['Azl | {t07 Z(ﬁtO)’ yO}]

T .
Flog B <!

a1 %(T—to)
=€ wdq/l [/d 2] ps (255 2) Ps (Y5, 0 |25, 2) dz| ds
R

Tog B

+h€d_1 e(T7t07€767y05Z(6t0))7 (49)

13



if as, bs, cs, ds, 2s, ys and ps(zs, 2), ps(ys,0]zs, 2) are defined by substituting
the argument s; by s in the corresponding definitions,

’€(T, tOu 6767y07 Z(ﬁtO))| S 0(67 ﬁa Z(ﬁto))

Once more, it is necessary to treat the case when ||Z(fto)|| achieves very
large values separately. In this case the threshold is given by log S3.

We first look at the typical situation || Z(8to)|| < log 5. A brief consideration
of the values ag, bs, cs and dg in the range of values that s can achieve suggests
performing the change of variables u = s/log 8. Dominated convergence then
implies that

B (T—to) T 7

e e
L1 z(Bto) | <log 8y €7 wa—1 ) /Rd 2]l ps (25, 2) Ps(ys, 0 |25, 2) dz| ds
Tog B - -
= &1 Wi 1) 2(p10) <log 8y 1083
B - -
—5—(T—to)
log2 B
: / 21 pa(er 2) ps (9, 020, 2) d2 | du
s |Jre ]

1 4
:cd;ed Yogp 1 + G3(T,to, €, B, | Z(Bto)|]) (4.10)

{i1z(8t0) <108 8}

where in the last integral s is a function of the variable of integration u, s =
s(u) = ulog 8. The constant ¢, is given by

o= s ([ oiomas) ([ 1elpto.0a:)

y any unitary vector ||y|| = 1, and G3(T, to, €, 3, || Z(5to)]|) is a random variable
with negligible mean,

E[Gs(T,to.€, 8, 1 Z(8to))] = 0 (-1 V/B) (4.11)
Finally, let
~d—1 ﬁT
G4(T7t0767/81 y07Z(/8t0)) :C(U)G @ ||Z(ﬁt0)|| 1{”Z(5to)“>logﬂ}

+ h’gdile(Ta th 65ﬂ7y07 Z(ﬂto))a

C(o) chosen so that

€17 w1 1{ 28105108 8y L0g B

logizﬁ(T*to)
></ X {/d 2|l ps(zs, 2) ps (s, 0 |25, 2) dz| du
R

log?
+ hgd_le(Ta t07€767y05 Z<6t0)>
< G4(Ta th 67ﬂ7y0a Z(ﬂto))

14



It follows from the bounds on P[||Z(8to)| > log 3] that

E[Ga(T to, e, 3, 30, Z(Bt0)) | = ofe™™). (4.12)
The result is now a consequence of (4.2) and then (4.7-12), if we define
G(h,& B,]|Z(Bto)|) = G1 + G2 + G3 + G4.
O

In order to obtain an upper bound to the probability that the process Y
ever reaches the ball of radius € centered at the origin, it remains to estimate
the probability of the events of type .A2.

Lemma 3.

> rla

0<i< (%@(T*toﬂ

Z(Bto), yo}}

=d
€
< O(d’ 0) E logﬂ + G/(Ta to, 65167y07 Z(ﬂto))a

G’ a random variable with

U

E
h log

E“G’(T,to,e,ﬁ,yo,Z(ﬁto))” = o[ ] — o[fed_l].

Proof. We have

P [A?

Z(Bto). wo} ] < P[IVill < €| {to, Z(Bto). o}
+ PV + hZill < €| {to, Z(Bto), yo} .

The first probability on the right equals an integral on R2¢ equal to the one
n (4.3), except that the y—vector is integrated over the d-dimensional ball of
radius € centered at the origin. Adding over i, this yields

S Pl < {to, Z(8t0). w0}
0<i<[# g (t—to)]
=d

< C(d,o)

h logﬁ + G?L(Ta to; 67/67y0a Z(ﬁto))

where G is a random variable that satisfies

]
hlogﬁ] '

In order to obtain a similar expression for the sum of the remaining terms

E|:|G/1(Ta thevﬁvy()v Z(ﬁtO))|:| =0 |:

PIY; + hZil| < €| {to, Z(Bto),wo} .

15



it is useful to consider the Gaussian vector (Z;,Y; + hZ;). Computations anal-
ogous to the ones leading to the bound on P[||Y;|| < €| {to, Z(Bto),yo}] then
show that

Z P[HYi +hZi| < & {to, Z(ﬁto)»yo}}
0<i< [ 25 (t—t0)]
gd

<Cdo)5

10gﬁ + GIQ(T7 tO:@BﬁUO; Z(ﬁto)),

as well, where GY, is such that

E“G’(Tt e, B, yo, Z(Bt ))” N
2 5 L0y €5 M5 90y 0 hlogﬁ
Take
GI(T7tU7€757yOu Z(ﬁto)) = Gll + GIZ
to finish the proof. O

Corollary 1. There exists a random variable
H(Tv tOv €, /67 Yo, Z(ﬂtO))v
E |:| H(T7 to, €, 57 Yo, Z(ﬁto)) |i| > 0[\/B€d_1] )
such that

P[ inf V@) <@

3
0<t< 125 (T—to)

{to, Z(Bto), yo}}

< > P [A; | {to, yo, Z(5to)}]

0<i< [ 1555 (T—t0)]
1 _,4
:Cdged 110gﬂ +H(T7t07€aﬂay07z(ﬂt0))v

cq as in the statement of Lemma 2.

Proof. Immediate from the proof of Lemma 2, and Lemma 3. O

16



4.2 A lower bound

We can write

Pl if Y@ <é
)

B
0<t< 25 (T—to

=P U Ai

B
0<t< 155 (T'—to)

— > P [A;|{to, Z(Bto), yo}]

0<i<[+ %(T—to)]

— Z PlA N U .Aj

0<i<[+ 555 (T—t0)] << [+ 1525 (T—t0)]

{to, Z(Bto), yo}}

{to, Z(Bto), vo}

{to, Z(Bto), Yo} |

(4.13)

where we recall that the event A; is given by

Ai:{ inf ||f/(t)||§€}.

5 <t<sit1
‘We will now show

Lemma 4.

Z P AZ N U Aj {thZ(ﬂt0)7y0}

0<i<[+ a5 (T—t0)] i<j<[# oog (T—t0)]

1
og 3 gd-1

SC(d,O’) +R(T7t07€aﬂay07z(ﬂt0))?

with R(T,to, €, B,y0, Z(Bto)) an integrable random variable such that

6dfl
E R(Tat()aeaﬂayOaZ(ﬂtO))} =0 |:\/B:| 5

Proof. Suppose that the event A; occurs, and let Y; and Z; be the values
achieved by Y and Z(fBty + - log3) at time s;. Let j > i. Due to the defi-
nition of Y (-), a necessary condition for A; to happen is that the component
of the vector Z, = Z(Btg + s log () in the direction Z; becomes smaller than

17



§ = &1 for some i < k < j. In particular,

U AiﬂAj

i<j<[+ a5 (T—t0)]

c (AZ- n {1z < ;}) Ul 4 n {||Zi|| > ;} U {(zh.2:) <5}
Ul An U Aj (4.14)

with
€1
k() = [f]
@=[5
It follows from (4.3) and analogous expressions for the probability that Y;

belongs to one of the caps of the cylinder C; while || Z;|| < 1/, that there exists
a random variable Ry (T, to, €, 3, y0, Z(Bto)) such that

1
> plan{izn<g)

0<i< [+ 225 (T—t0)]
log 8

log B8
B

{to, Z(Bto), yo}]

< C(d,U) gd—l +R1(T7t076aﬂ7 yo,Z(ﬁtO)), (415)

E|:R1(T7 to, €, 3, yo,Z(ﬂto))} =0 (Gd\/Bl> .

Also, conditional to the values of (Z;,Y;), the random vector (Z, Y3) is Gaussian
with mean

(6_(%_‘%)10” Zi, Vi +

Fi _ azld b;‘cfd )
k— bzld C}f[d

1 — e~ (8k—s:)log 8
log 8 i)

and covariance matrix

where
i 02 1 —2(skp—si)log B
Ay = 3[ ¢ ]
) o2 1
= 1—2 —(sk—s:)log B —2(skp—si)log B
79 log B [ ¢ e ]
2
-7 1 [1 _ ef(sk*Si)logﬁ]Q
2 logp

18



and

. Sk — 8; 2 e o
¢ = g2 _ 1 e—(sn—si)log g
¥ log 3 (10gf)’)2( )
1
I —2(sp—si)log B :|
* Aogap 1€ )

Computations similar to those leading to (4.3) then yield

P [-Ak | {Ai, Z;, ﬁ}]
< C(d,0) (log §) % &% h+ B (e B, 2, Vi)
whenever k > k(€), where the random variables R satisfy
d—1
2

B[RS (T to, . 8,90, Z(8t0))| = o [ =1 1? 52 (10g )7 |

Adding over k and integrating over the set A; and the vector (Z7, }71), we con-
clude that

P .AZ N U Ak
k(&) <k<3 125 (T—to)

< C(d,o,T) B(logB) T €415 h 4+ RL(T, to, €, B,y0, Z(Bto))  (4.16)

{to, Z(Bto), yo}

with
d—1
2

B [B(T to, &, 8,90, Z(Bto))] = 0 !+ h 5 (log )7 |
It remains to estimate
1
Ain {|Zi > B} n U {(zk,zi> < 5}.
i<k<k(é)
Let ¢ and Z;, || Z;|| > 1/8, be given. Then
(s—s;)log B B
Z(Bty + slog f) = e~ (575l 7. | Uef(sfs")logﬁ/ e* dW(u),

0

W() a standard d-dimensional Brownian motion. Now, the Wiener measure is
invariant under multiplication by unitary matrices, so by performing an orthog-
onal change of coordinates if necessary, we may assume that Z;/||Z;|| is the first
vector in the canonical basis:
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We then have

Pl U {(zz) =<0}

i<k<k(&)

1
Aiaz’h Zi 27
{ 12 5}

(s—s;)log B 1
sup / e dWi(u)
0

<P > =
5i<s<s;+€1/4 25 ’

provided e is sufficiently small. Here W7 (+) is a 1-dimensional Brownian motion.
By Doob’s inequality,

P U {<Zk,Zi>S5}

i<k<k(f)

{Ai,zi,znz;} <8 loghet  (417)

Decomposition (4.14) and estimates (4.15), (4.16) and (4.17) imply that

Z PlA N U .Aj

0<i< [+ 525 (T—t0)] i<j<[# 1525 (T—to)]
1
S C(d’ U) %ﬁ gd—l + R(T7 t07 €, ﬁa Yo, Z(ﬁto)) )

where R(T, to, €, 3,v0, Z(Bto)) = R1 + Ro satisfies

{to, Z(Bto),vo}

E{R(T,tme,ﬂ,ymz(ﬂm))} Z ° [%} ’

as claimed. O

Corollary 2. Let c¢q be the constant from the statement of Lemma 2. Then

Pl b [T <E|{to, Z(to), o)
0<t< 5 (T—to)

1, 3
> cq - €M log B + H(T.to, ¢, 3, y0, Z(Bto)),
where the random variable H(T, tg, €, 3,0, Z(Bty)) satisfies

E |:’ ]NJ(T7 to, €, 67 Yo, Z(ﬁto)) |:| = O[ﬂed_l] .
Proof. The result follows from (4.13), Lemma 4 and the identity

3 P [A; | {to,y0, Z(Bto)}]

0<i<[+ 555 (T—t0)]
1 4
:CdEGd ! lOgﬁ +H(Tat0767ﬁ7y0az(ﬂt0))a

E[]H(T, to,eﬁ,yo,Z(ﬁto))” = o[\/Be ]
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Corollaries 1 and 2 clearly imply that

Pl it VOl <t 2(5t0), 10}

B
0<t< 25 (T—to

1 _,4_
:Cdged ! lOgﬁ +C(T7t0a€,/67y0az(/6t0))a

where the random variable C' has negligible mean,

E HC(Tv thea/BaymZ(/BtO))H =0 |:\/Bedilj| .

5 First passage time estimate

We start by studying the accuracy of the piecewise linear approximation }7()
to the process Y (+).

Lemma 5. Let § = é'*#, u > 0 as in the definition of h. Then

lim —— P sup |V (u) =Y (u)]| >0, to <T| =0.
o 0<u< 125 (T—to)
Proof. Tt is clear from the definition of ¥ that
P sup 1Y (u) = Y(u)|| >0, to <T
OguglogB(T—to)
)
< B sup |[Z(t) = Z(s)|| = 7, to <T|.
Bto<s<t<pT h

0<t—s<hlogp

We now work on this last expression. Due to the SDE satisfied by Z(-), it will
be enough to control

t
)
Pl s [z@ldez g st (5.1)
Bto<s<t<BT Js h
0<t—s<hlogp
1)
and P sup W (t) —W(s)|| > =, to <TY|, (5.2)
Bto<s<t<BT oh

0<t—s<hlog g

where we recall that W(-) is a standard d-dimensional Brownian motion.
We start with (5.1). As a first observation, note that it is bounded by

P

1)
su Z(8)|| > ———1 .
@%J(M_WMA
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It follows from the representation Z(t) = e *Z(0) + oe™* fot e® dW (s) that

5
P Z(s)|| > ———
o 122 h?logﬁ}
<P| sup HZ(O)—}—U/Se“dW(u)H >0
B 0<s<BT 0 ~ h?log 8

The rest of the argument is similar to the one applied in the proof of Proposition
1 to derive (3.2), only simpler, as in the present case it is not necessary to
consider a partition of [0, 8T]. We describe it very briefly now. The first term
Z(0) on the right is a N(0,02/2I;)-random vector. In order to control the
second term, the problem is first reduced to that of a 1-dimensional Brownian
motion, Wi(-) say, by considering the coordinates of W(-). We then apply
Doob’s inequality to the Brownian exponential martingale

t )\2 t
exp {)\/ e’ dWi(s) — 7/ e%s ds} ,
0 0

with A = C(d, o) e T to conclude that

P

t
0
sup / I1Z(w)||du>—, to <T
Bto<s<t<BT Js h
0<t—s<hlogp

We turn to (5.2). We apply Garsia, Rodemich and Rumsey inequality (see
[13], Chapter 2) to each path W (-) with a choice of increasing functions ¥(u) =
u®, for

a >4V |:i(d+;+2ﬂ):|,

and p(u) = y/u. This leads to

0
P sup  [[W(t) =W (s)|| = —, T
Bto<s<t<BT oh

0<t—s<hlogp

to

IN

<p [O (logB)}~3T% > hffw ,

for some positive constant C' that depends only on the diffusion coefficient o
and the parameter a. Here I' is given by

BT (BT —Wi(s BT (AT WS
[ [ oW WOy gy [T IOW ,
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By Tchebyshev’s inequality, we get

1)

P sup W) =W(s)| >— to <T
Bto<s<t<AT oh
0<t—s<hlogp

< Clao,d) o (log )32 (BT)? (5.4)
The lemma follows from (5.3), (5.4) and the choice of a. O
Proof of Proposition 2. Note that

§ =&t =0(e).
The chain of inclusions
{Iy =Yl <4, |V] <&-0}
c{lvi<é
c{Ivlii<é+s IV -y <opu{ly -Y| >4}

and Lemma 5 then imply

P inf Y (u)|| <€ to<T
0<u< 25 (T—to)
=P inf Y (u)|| <& to <T| +o[e ],
0<u< 25 (T—to)
where we recall that
. log 8
< = < .
(o<1} ={ n, Ix0)] < 227
We thus obtain
P| inf [|X(®)] ge]
0<t<T
B log 8 ) _
=P | inf || X@)| < and inf Y| <¢€
LB IXOIS e gt ) < ]
:P- inf (X0 <22 ana inf IV (u)|| < é| + o[
0<i<T - VB 0<us 25 (T—to) N

1 E
{infocier IX(0)1<252 }

inf 1Y (u)]| < e\{to,Z(ﬁto),yo}H
Oguglogﬁ

+o [edil]

- cd%gd—l log 3 P {OgirtléTHX(t) < I%} ‘o [\/Bed—l} .
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The last line is a consequence of the observation following the proof of Corollary
2 in the previous section, ¢4 the constant appearing in the statement of Lemma
2. By Proposition 1, we conclude that

T
P| inf ||X(t>ge]_cd\/ﬁedla/ pg(o,xo)dwo[\/ﬁed*l]
0

0<t<T
with
Ca=— (&~ Veurea ([ o as) ([ 1a1p0.9)2:)
V2 2 o R4 e ’
as claimed. In this last formula y is any vector with ||y|| = 1, and wy denotes
the volume of the d—dimensional unit sphere. O
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