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1 Introduction

This paper studies capital accumulation in an economy with private information and a ..-
nite number of heterogeneous agents. The economy is populated by N heterogeneous, risk
adverse, in..nitely-lived agents. Agents are endowed with a neoclassical technology which is
subject to idiosyncratic productivity shocks. These shocks are assumed to be independently
and identically distributed through‘ time and independent across agents. Also, at every date
t, the history of realizations up to that date are private information for each agent. Since each
individual's stock of capital is observable, it is also assumed that individual’s consumption
is not.

The economy presented here can be interpreted as a version of the neoclassical growth
model with private information and»inany (but ..nite) heterogeneous agents. A standard but
apparently implausible prediction of the standard neoclassical growth model with dynami-
cally complete markets is the extreme level of risk-sharing. Recent attempts have arbitrary
closed some markets to analyze how predictions would change (see, for example, Aiyagari
[2] and Hugget [11]). One of the standard arguments to justify di=erent incomplete market
structures is the fact that there are informational problems and therefore some markets will
not be present (see for example Arrow [4]).

The main goal of this paper is to characterize the set of constrained eCcient allocations in
a particular informationally-constrained environment instead of specifying an arbitrary set
of insurance markets. That is, as motivated by Townsend [20] and many others, | analyze
Pareto optimal arrangements “to avoid the imposition of exogenous restrictions and so the

nonexecution of some mutually perceived advantageous trade”. Agents will be asked to
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report their own productivity shocks every period and there is no way to audit or verify the
answer any agent chooses to give. | will characterize incentive compatible allocations since
a version of the Revelation Principle holds for this economy.

Since there is private information, it is well-known since Townsend [20] that the relevant
set of (constrained) eCcient allocations can be history dependent. Hence, standard recursive
methods to characterize optimal allocations do not apply. This can be solved extending the
set of state variables to include next period’s “discounted expected utility entitlements” as
in Abreu et. al. [1] and many others' . | will establish the existence of a solution and
some properties of the eCcient allocation. In particular, | willﬁs.how that any agent must be
getting some insurance when the eCcient allocation is considered and also that the level of
discounted expected utility cannot go to zero with positive probability.

The ..rst of these results extends Townsend [20]'s seminal contribution to an economy
with private information, capital accumulation and an arbitrary ..nite number of heteroge-
neous agents. Townsend [20] introduces the idea that the motive of multiperiod contracts
(“enduring relationships”) is that agents attempt to circumvent the incentive information dif-
~culties of single-period agreements. The fact that eCciency would imply some risk-sharing
is not very surprising. After all, agents can transfer consumption across time and states of
natures through capital accumulation. However, agents ‘are not restricted to get insurance
only through capital in this paper (in particular, an agent can receive a negative net transfer
from the other agents in the economy). This can be contrasted with market economies where

insurance markets are assumed away and consumption smoothing is carried out only through

! Very important papers are also Spear and Strivastava [18] and Phelan and Townsend [17].




capital accumulation (see, for example, Hugget [11] and Becker and Zilcha [8]).

The second result, initially discussed by Espino [9] for an endowment economy, provides
a remarkably dizerent prediction with respect to a standard result in economies with full
information. There, if the marginal utility of consumption goes to in..nity when consumption
goes to zero, impatient agents will end up consuming nothing in the limit (this property is
brie}y described below). A novel property of the model presented here is that the introduc-
tion of any degree of private information (that is, even if probabilities dizers from 1 by an
arbitrary small number) will imply that this result will no longer hold.

This paper is organized as follows. Section 2 introduces the original resource allocation
problem with private information. Also, some basic properties are established. Section 3
proves the existence of an eCcient allocation and describes some properties of the eCcient
allocation. Section 4 concludes. The Appendix contains all the proofs.

The remanding of this introduction deals with the relationship of this paper to some of

the existing literature.

1.1 The Related Work of Others

Becker [7] studies the long-run behavior of a deterministic economy with many heterogeneous
agents. He shows, in particular, that if discount factors are dizerent across agents, the most
patient agent owns, in the limit, all the stock of capital in the economy. Becker and Zilcha
[8], however, show that this result does not carry over to stationary stochastic environments
where markets are incomplete.

Lucas and Stokey [13] study Pareto optimal allocations in a related deterministic economy

where agents’ preferences are not necessarily additively separable over time. They character-




ize optimal allocations through recursive methods using utility entitlements as an additional
state variable.

Alyagari [2] extends the standard growth model to include uninsured idiosyncratic risk
and borrowing constraints. The economy is populated by a continuum of ex-ante identical
agents. When compared with the complete markets economy, he shows that in the economy
he analyses agents overaccumulate capital in order to smooth consumption in the face of
idiosyncratic risk. See also Hugget [11] for a related result.

This paper complements the work just described. The economy presented here is a sim-
pli..ed stochastic version of that presented in [13] but which also includes private informa-
tion. The economies described in [11] and [8] rule out insurance markets where consumption
smoothing is carried out by capital accumulation. In P;'oposition 3, | show that risk-sharing
is provided without restricting transfers to be equal to the individual's next period stock of
capital. It might perfectly happen that in a market economy where all insurance markets
are closed, there are nonexecuted mutually bene..cial trade opportunities. This issue has
already been discussed and quantitatively tested by Aiyagari [2]. In one of his examples, by
optimally accumulating/decumulating assets, an individual can cut consumption variability
by about half and enjoy a welfare gain of about 14% of per capita consumption.

The model with private information originally presented in Townsend [20] was extended
by Green [10] and Atkeson & Lucas [6], among others Their economies are populated by a
large number of ex-ante identical in..nitely-lived agents. Agents privately observe idiosyn-
cratic shocks. Green assumes that the principal (a ..nancial intermediary) has access to

borrowing and lending at a given interest rate. Atkeson and Lucas impose period-by-period



feasibility. Independently of the feasibility technologies, one of the striking predictions of
their model is the extreme level of “immiserization”: the expected utility level of (almost)
every agent in the economy converges to the lower bound with probability one. This result
is also present in Thomas and Worral [19].

In a related paper, Espino [9] analyzes the interaction between private information and
enforceability issues in an endowment economy. His economy is populated by a ..nite number
of heterogeneous agents and he assumes that the enforceability in the economy is incomplete.
There, agents can exit from contracts with a positive fraction of their endowment when they
.nd it optimal. He shows that “Townsend’s long-term relationship property” holds and the
expected utility level of no agent converges with positive probability. See also Wang [21] for
a related previous result for a simpler economy.

This paper extends the environment described in [9] to allow for capital accumulation in
an economy with perfect enforceability. | will show that the basic results presented there
will still hold. This is not, however, the ..rst paper to study the interaction between capital
accumulation and private information.

Atkeson [5] examines constrained e®cient allocations between a risk-adverse borrower and
a sequence of risk-neutral lenders in an economy where there are two impediments to form
contracts. The ..rst one is that borrower's investment (and also consumption) is unobservable
to the lenders. This leads to moral hazard problems in investment. The second impediment
arises from the assumption that the borrower may choose to repudiate his debts. That is, not

all the incentive compatible allocations are enforceable. In this environment, one of his main

goals is to show that “capital outfows"” could be a necessary part of the optimal contract




when a low realization of output is observed.

Marcet and Marimon [14] introduce capital accumulation to study the e=ect on growth of
alternative ..nancing opportunities in a stochastic growth model with incentive constraints.
They characterize constrained eCcient allocations in an economy with a risk-neutral prin-
cipal and a risk-adverse agent. In one of the economies they analyze, investment made by
the agent is unobservable? . They mainly concentrate in the transitional dynamic of the
incentive compatible recursive contract. In this partial equilibrium framework, they ..nd
that information constraints azect consumption volatility while the Pareto eCcient capital
accumulation path is decentralized.

Aiyagari and Williamson [3] include capital accumulation to study the allocation of credit
in a random matching model with capacity constraint;. Agents have private information
about their idiosyncratic endowment shocks. Their main focus is to study eCcient credit
arrangements and then they assume that capital is accumulated by the planner.

Finally, in a closely related unpublished paper, Khan and Ravikumar [12] introduce capi-
tal accumulation in Green’s model where period-by-period resource constraints are imposed.
There is a continuum of agents where each of them is endowed with a linear technology which
is subject to idiosyncratic productivity shocks. These shocks are assumed to be private in-
formation. Given that there is a large number of agents, agents share risk with ..nancial
intermediaries through long-term independent contracts. After establishing a recursive for-
mulation of the original problem and a duality property in the spirit of Green [10], they

establish through numerical exercises (for CRRA momentary utility functions) that both the

% The other constrained economy considered there is one where there is incomplete degree of enforceability:
the agent can revert to autarky for ever whenever she ..nds it optimal.



expected valued and the standard deviation of utility entitlements grow through time.

In the economy presented in this paper, | will also try to complement some of these
results. In particular, | will purposely not consider commitment issues to isolate the erects
of the interaction of private information and capital accumulation. | will not consider long-
run growth either. This allows showing that the utility possibility set is compact. When
this result is complemented with the fact that optimally all agents must be getting some
insurance, it follows that, for any agent, the level of expected discounted utility cannot
converge. Very importantly, agents are not necessarily ex-ante identical and thus they can

dimer, in particular, in their discount factors.

2 The Economy

The economy is populated by a .njte number of in..nitely-lived heterogeneous agents with
names in the set | = f1;::; Ng (with typical element n). Time is discrete and denoted
t=0;1;2; . There is only one consumption good. Each agent is endowed with a neoclassical
technology, f(k;p); which is subject to idiosyncratic productivity shocks. That is, if agent
n’'s stock of capital at date t is kne and he has received a productivity shock pne, he can
produce f(knt; Hnt) units of the consumption good. Agents are endowed at date 0 with ko =
(ko1: :::; Kon ) units of capital. | will assume that, for all n 2 | and for all t, P&, = flino; i Pntg
is private information. Assume that pne 2 © = fyg; upygforalln 2 1 and all t | 0. This
set is ordered: p; < pjo if j < j'.

Assumption 1: f : R, £0 ! R, is strictly increasing in both arguments, f(:;pn) is
strictly concave for all pn. There exists K > 0 such that if k - K then Nf(k;py) - K.

Note that this assumption implies that if J; < ;0 then £(0; ;) < £(0; j0). That is, even




with no capital any agent can produce a positive amount of the consumption good; in this
case production is also increasing in the productivity shocks.

Productivity shocks are assumed to be independent across agents and i.i.d. across time
for every agent. That is, let %ane(4j) = %n(y;) > O be the probability for agent n of having
a productivity shock y; for all t | 0: Note that there is aggregate uncertainty given that
the ﬁumber of agents is ..nite. Let p = (pq;::5pn) 2 ©N denote the aggregate productivity
shock with probability %(p) = anm Yan(pin): Let 17 be the probability distribution on the
measurable space (2EN(“”:@N(“1)) induced by %: That is, "**7(p%) is the probability of the
aggregate partial history up to date t; p* = (jo; :::; i) 2 ONE1;

Preferences

4

Let S denote the consumption set, which is de..ned in the following way:

S = ffeegelo s e : OV | R, andsup ce(yt) < 1g
tut

Preferences over S are represented by time-separable expected discounted utility; that is, if

c28
x =1
U{c) = Egf aUn(cd)g
=0
It is assumed that for alln 2 |; ", 2 (0;1) and un : R, ! R is strictly increasing and

strictly concave; assume also that clgil!n(} ul(ct) =+ 1 foralln 2 |. Without loss of generality,
assume up(0) = 0 for all n: Eqg means, as usual, the expectation operator.

Incentive Compatibility

Since it is assumed that i and pf, are private information, agents will be asked to report
their productivity shocks. | will assume that there is no way to audit or verify the answer

any agent chooses to give.



Given a partial history pf, up to date t privately observed by agent n; he will report,
at date t; zm(pl) 2 ©: Let zn = fzm(ph)g,Lo represent agent n's sequence of reporting
strategies where zn¢ : O™ 1 @ for all t: Denote z = (z1::::2Zn) = (Zni Z; n) as the sequence
of aggregate reporting strategies. Note that since each individual only observes her own
productivity shock, agent n's reporting strategy depends only upon her own partial history.

Let K" = fky.1g,-o be an investment rule where, for all t; ky,1 : @N®+D 1 RN: Similarly,
let B = fBmg, o be a net transfer mechanism where, for all t; B, : @NG+1) 1 RN: To
interpret this, consider any aggregate realization p* up to date t and any aggregate reporting
strategy z: Consumption for each agent n is given by cne(z8(p%)) = f(Kne(z8 (Ut 1) pne) +
Bnt(z'(1Y)):

The set of allocations and reporting strategies to be considered will be appropiately
restricted. Let z* be the truthtelling reporting strategy where z7(p*) = p for all t and
for all p*: A vector of sequences (B; K" is called an allocation if for all t and for all pt;
f(knt(H*11); Pnt) + Bre(pt) . 0: This means that when all agents are truthfully reporting, an
allocation must give nonnegative consumption to each agent. Given an allocation (B; K");
let Z(B; K" k) be the set of reporting strategies such that z 2 Z(B; K" k) if and only if for
all t and all p% f(Kne(z8 (01 7); Pre) + Bre(2H (1Y) . 0 and ko = k: Note that, by de...nition
of an allocation, Z(B; K% k) is not empty since z" is in there.

De..nition 1 An allocation (B; K?) is feasible given Kk if for all z 2 Z(B; K% k)

X
(Kne+1(Z°(U%)) + Bre(z' (1Y) - 0 (M
nzN

for all t and all p* and ko = k:

This just means that aggregate investment is not greater than aggregate savings. Note




that Knee1(zHpY)) = | Bae(zH (") for all n, all t and all pt is a particular case (in that case,
each agent can get some insurance only through capital accumulation).

The levels of capital will be also restricted to those which are sustainable. Given Suppose
that kne(p*i') - K for all n. Since consumption must be nonnegative, from feasibility and

the de..nition of an allocation we have that for n, for all t and for all report p*

X X 4
0 - Knee1(p) - Kne+1(p%) - f(kne(H*11); Pne)
n2N n2N
X i _
Flkne( ' )ipy) - K
n2N

Denote X ~ [0; K]N as the set of sustainable capital levels. It will be assumed that kg 2 X;

therefore, any feasible allocation will necessarily have that k.1 (') 2 X for all t and for all

\
t

1 ig:
Suppose that some arbitrary pti ' has been reported: Let 2! be an aggregate continuation

reporting strategy from period t onwards. Given an allocation (B; K"); de..ne for all 2’ 2

Z(B; K" k(Ui ")) the level of expected discounted utility entitled to agent n at date t as

follows:

Z

X
Un(B: K Zlkptil) = "5fF Un(F (ke (1 1 5 2% (@S 11)); pns)) + Bre(p1 Y 25(0%))) 15+ (1%)g

- EN(s5+1) ;

- , .
= () Fun (F (ne (01 1): pin) + Bre (1 7 20 (1))
p2€N

+ " aUnee1 (B K% 2 ()kpti T, p)g

where z'(i) is the continuation reporting strategy induced by z' from period t + 1 onwards

when the ..rst element i is kept constant. When t = 0, we write for any z 2 Z(B; K% k)
Un(B; K" z) = Uno(B; K z)

10



Let Zn(B; K% k) = fzn : (zni2,) 2 Z(B; K% k)g: The following Lemma will be useful to

establish some results "in the limit".

Lemma 1 Let (B; K') be any feasible allocation at k 2 X: Consider any agent n 2 | and
let z}; 2!m 2 Z,(B; K" k) be continuation reporting strategies where z0 = z for all m - t
and z[] =z}, thereafter. Then, for all t , 0 and any aggregate report pti’

lim sup Un(B; K% 22 2RiH 1 1) = Upe(B; K 2k 2"kt 1)

The following de..nition says that an allocation is incentive compatible if truthtelling is
the best response for each agent whenever the other agents are truthfully reporting their
own productivity shocks not only today but also in the future. Note that it is taken into the
account that agents can choose a continuation reporting strategy every period after they have
observed their own productivity shock histories. Note also that the restriction of analyzing
incentive compatible through Nash Implementation is without loss of generality since it
can be shown that the relevant VeI:SiOH of the celebrated Revelation Principle holds (more
precisely, it is a well-known result that the revelation principle holds for any time horizon
and any stochastic structure). Roughly speaking, if there is any way in which some insurance
can be provided through any allocation then there is an equivalent incentive compatible way

in which agents report their true productivity shocks.

De..nition 2 Given ko 2 X; an allocation (B; K') is incentive compatible if for all agent
n2l,forallt 0, alpti’; 2 2 Z (B; K\ ket (i 1)

Un(f(knt(Pt i T)J |Jn) + Bnt(l—'ti 11 Hni M n)) + -nUnt+1(B; Ka; Z:-.: Z?nkut i 1: Hni i n) (2)
% Un(f(knt(Pti1)F|Jn) + Bnt(l‘lti1iﬁn?|-1 in)) + aUnt+1(B: K“:Z&:Z’}' nk]Jt”? Brillin)
for all anfp in:

The notion of eCciency which will be discussed throughout the paper can now be de..ned.

De..nition 3 An allocation (B®; K™) is eC cient at (ko; fungh.,) if
(B¥; K¥) 2arg max fU;(B; K% z7) : (B; K") satis..es (1)-(2) and
(B:KY)

Un(B; K% z™) = up, for all n=2; ::;Ng

11




Note that in the de..nition we are already using the fact that the allocation must be
incentive compatible. Also, eCciency does not necessarily mean the feasibility constraint
will bind. Even though preferences are assumed to be strongly monotone, consumption
cannot be arbitrarily manipulated since incentive compatibility must hold.

Let ¥(k) be the utility possibility set for this economy when k 2 X is the initial stock

(and distribution) of capital; that is
(k) - fu2 RN : there exists (B; K") satisfying (1) j (2) and all for n, un = Un(B; K" 2%)g

This correspondence, mapping X into RN; has some properties that can be established

immediately.

Remark 1 For all k 2 X; ¥(k) is nonempty since (B; K“b: (0; 0) is clearly a feasible and
incentive compatible allocation. That is, if we de.ne uy = | 5¢ ¥n(ln)un(F(knoi Bn)), then
(Un)nZN 2 ‘Ij(k). ,

Remark 2 There exists u; > 0 such that u = (uq;0;::0) 2 ¥ for all k 2 X: To see this,
consider the following allocation: given Kg 2 X; de..ne for all for all t | 0 and all p*

Bue(p') = ifQ(m:pm) foralln , 2
Bi() = i  Bne(d)

n,2

Knte1(H) = O0forn21

Note that (B; K') is an incentive compatible feasible allocation given the de..nitions of an
allocation, reporting strategies and feasibility. Note also that Un(B; K% =0 for all n , 2
and U;(B; K" > 0 given that f(k; ;) > 0 for all k:

Remark 3 It is uniformly bounded. That is, there exists a bounded subset of RN; H,
ch that for all k 2 X; ¥(k) %2 H: To see this, note that for all agent n, 0 - cnt
non F(Kntine) - NF(K;|): Therefore, for any k 2 X if u 2 ¥(k), then 0 - un

un (N () .

Ti w

2.1 The Full Information Case

| will briety present a very standard property present in the model described above with full

information. That is, | will consider the allocation problem described but without considering

12



the incentive compatibility constraints. Since it is easy to establish that both the First and
Second Welfare Theorems hold, the property described below will also hold in a complete

markets economy.

Consider the following problem. The planner chooses an allocation(B; K') to maximize

S .
Ui(B:KY) = ~§f iy (F(kae (W13 )i 1)) + Bre () '™ (M0)g
t=0
subject to (1) and
% Z
Un(BiK') = = Thf | oy Un(F(kne(HT5); pne)) -+ Bre ()T (W)g = un

t=0
Note that nonnegativity of consumption is implicit in the de..nition of an allocation
Suppose that ", > 7, for all n = 1: Necessary ..rst order conditions (for the unique

interior solution) will imply that for all n 2 I; for all t and for all p*

\

Bre(®) 1 @ Run(Cae(i®)) QY = L (1)

Here, ® = 1; ®, > 0 is the Lagrange muitiplier corresponding to agent n and _(p*) > 0
is the Lagrange multiplier corresponding to the feasibility constraint at period t if p* is the

aggregate partial history. Note that for all t and for all p*

“luben() _
®n " muh (em (1))

®)

Since “§="}, ! +1; it follows from (3) that as t goes to in..nity

Uy (Cre(B)=un(Cre (%)) ! 0

Given that consumption is uniformly bounded from above, it is clear then that cne(pt) ! 0

for all fiig,.o: Therefore, independently of who is the owner of the stock of capital in the

13




economy, only the patient agent consumes in the limit. One of the main results in what
follows is that the introduction of any degree of private information will make this result no

longer hold.

3 Characterization

In this section | will ..rst characterize the correspondence de..ned by ¥: After that, | will
establish some important properties of an eCcient allocation.

Let W : X ! RN be a nonempty, uniformly bounded correspondence. Let (b; k') be a
vector-valued function where b : @N | RN and k? : ©N | X: Given any two functions
(b; k%), we say that the function w : N | RN is a continuation value function with

respect to W if for all p 2 ©N w(p) 2 W (k'(p)): Call (b; k; w) a recursive allocation.

De..nition 4 Given a correspondence W as before, a recursive allocation (b; k'; w) is admis-
sible with respect to W at k 2 X if 1
(1) w is a continuation value function with respect to W.
(2) (b; k" w) satis...es
(2.2) For all p 2 ©Y; £fkn; jin) +bn(p) , 0
(2.b) Forall p2 @N; *  fba(p) + K, (H)g - 0
(2.c) Temporary Incentive Compatibility (t.i.c.): For all n 2 |; for all p;n 2
©Ni1; and for all pn;pn 2 ©

un(f(kni Hn) + bn(EnF Hin)) + —an(EnF Hin)
. Un(f(kn;Hn) + ba(Pn; B in)) + “aWn(Hni P in)

Let (b; k% w) be admissible with respect to W at k 2 X; de..ne for all n 2 |

X
en(b; K': w) = %(p)fun(f (Kn; Pn) -+ bn(p)) + “aWn(M)g
p2£N

De..ne, given k 2 X; the following operator:
B(W;k) ~ flen(b;kw))nan 2 RN : there exists (b; k'; w)
admissible with respect to W at kg

14




Clearly, this operator maps the set of uniformly bounded correspondences into themselves.
The following de...nition extends to correspondences some de..nitions given by Abreu et. al.

[1] for sets (a similar previous extension was made by Atkeson [5]).

De..nition 5 A correspondence W : X ! RN is self-generating if it is nonempty and for
all k 2 X; W(k) %2 (W, k):

Proposition 1 Let W be a uniformly bounded and self-generating correspondence. Then,

for all k 2 X
O(W; k) V2 T(K)

The next result establish that ¥ itself is self-generating.

Proposition 2 For all k 2 X, ¥(k) %2 ®(¥; k):

Note that this implies that ®(¥; k) = ¥(k): This recursive representation of the problem
turns out to be extremely important to establish the existence of an eCcient allocation and

its properties.
3.1 Existence of an ECcient Allocation
| will proceed to show that for every k 2 X, there exists an eCcient allocation as de..ned

before. To do that, a few properties of the operator ® need to be shown. De..ne the graph

of a correspondence W : X ! RN by the following set:
graph(W) = f(w;k) 2 RN £ X : w 2 W(k)g

The next Lemma shows that the operator & preserves compactness.
Lemma 2 If graph(W) is compact, then graph(®(W)) is also compact.
Remark 4 Note that if graph(W;) %2 graph(W,); then graph(®(W;)) %2 graph(®(W2)):

This follows directly from the de..nition of the operator ®:

The last result we need to show the existence of an eCcient allocation is the following.

15




Lemma 3 ¥ has a compact graph.

Given that ¥ has a compact graph, it follows that for all k 2 X, ¥(k) is a compact subset
of RN: We need to introduce some notation. Let ¥ q(k) ~ fu;1 = (un)Nop, 2 RN i1 : there
exists u; where (uq;u;1) 2 ¥(k)g:

Forany k 2 X and givenu;1 2 ¥ ;1(k); de..ne 1(kiu;1) ~ fus 2R : (uy;u;q) 2 ¥(k)g:
It is clear that for all k 2 X and given u;1 2 ¥, 1(k); ¥q(k;u,1) is a compact subset of R.

De..ne, given k and u 1; the following function:
U:(k:u i 1) == ma.xfu1 2 \111(](, u i 1)9

Therefore, it follows that for all k 2 X and given u;; 2 ¥ ,1(k) there exists (B*; K!®) such

\

that

Ui(kiu;1) = Ui(BH K™ 2%

u,;7 = U-1(Bu; Kﬂn‘lzu)

which is, by de..nition, an eCcient allocation at (k;u,4): It also follows by Proposition 1
and 2 that there exists an equivalent eCcient recursive allocation (b*; k"; w®) (which is

admissible with respect to ¥ at k) such that

Urkiu;q) = eq(0% k™ w?)

ujr = e;1(b% k" w)

It will be said that a recursive allocation (b; k";w) is promise keeping at u;q if uy =

en(b; k% w) for all n 2 2;::;; Ng:

16




3.2 Some Properties of the ECcient Allocation

Some important properties of the eCcient allocation (or its equivalent recursive represen-
tation) can now be established. Lemma 4 shows that the eCcient allocation will display a
partial insurance property and that the constraint set can be simpli...ed.

Consider any j; 12 f1;:;Jgand p;n 2 @M i7; de.ne for all n 2 1 and given k 2 X

I_jrilk(l'lin;k) = Un(F(knpj) +bn(Hjilin)) +  aWn(Hj:Hin)

i Un(f(knlj) +bn(Bki Bin)) i nWn(Pk:Hin)

Lemma 4 Let (b; k“;w) be admissible with respect to ¥ at (k;u;): Then,
(i) For all n 2 I; if P > fin, then for all p,n 2 ON 17

bn(PriPin) - bn(Brip;n) foralln 21
Wn(HniBin) . Wn(Bnipin) forn 2|

(ii) For all n 2 I and for all p;q 2 ONil; if for all s

Igsi1(Hinik) . 0and Igs 1(Hinik) , O

Then, 17 (0;n) , 0forallsand k:

A further characterization of U*® is essential to show the next results. The main properties
are summarized in the following Lemma.

Lemma 5 (i) Uy is strictly increasing in k and strictly decreasing in u;1:

For some of the following results | will use the following additional assumption.

Assumption 2: U7 is a continuous function.

This assumption needs some justi..cation. [t is clear that the relevant constraint set
de..nes an upper hemicontinuous correspondence since the graph of ¥ is compact and weak
inequalities are preserved in the limit. To apply the Theorem of the Maximum, however, the

nontrivial part is to establish that the relevant constraint set de..nes a lower hemicontinuous
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correspondence (mainly because ¥(k) is not necessarily convex for all k). An alternative
assumption (but not necessarily weaker) would be to assume that the operator & maps
convex valued correspondences into themselves. In this case, and along the lines of Lemma
5, one can show that ¥ is a convex-valued correspondence. This last fact and given the
de..nition of U; and the fact that U7 is strictly monotone in both arguments, one can then
show that the relevant constraint set de..nes a lower hemicontinuous correspondence as in
Espino [9]. Instead of making this kind of assumption, and similar to Atkeson [2], | will make
the additional Assumption 2 directly.

| present now fhe last important properties of an eCcient allocation. First, | witi‘show
that an e€cient allocation must have no agent with consumption being zero if the her produc-
tivity shock is the highest one (Lemma 6). Then, Proposition 3 establishes that an allocation
providing no insurance for some agent cannot be eCcient. Insurance is not necessarily ob-
tained through capital accumulation and in particular net transfers are not restricted to be
nonnegative. As a matter of fact, an important step in the proof will take as given the capital
accumulation path.

Finally, and as a consequence of Proposition 3, | will show that no agent’s utility entitle-
ment can converge to any number with positive probability (Proposition 4). In particular, it
cannot converge to the lower bound.

Lemma 6 Consider any k 2 X and any u;1 2 ¥ ¢(k): If fb“;k““;w“gpzﬁu is an eCcient
recursive allocation at (k;u;1), then for alln 2 | and all ;

f(knipy) +ba(puipin) >0

This result follows basically because of the restrictions imposed by the de..nitions of an

allocation and reporting strategies. In particular, given any allocation, no agent can report
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a productivity shock giving him negative consumption.

Proposition 3 Given any k 2 X and u;1 2 ¥,(k); consider an arbitrary recursive allo-
cation (b; k'; w) admissible with respect to ¥ at k and promise keeping at u, 1. Suppose that
for some n 2 | and for all p 2 N

bn(H) = bn
Wn(H) = Wp

Then, (b; k%; w) cannot be eCcient at (k;u;1).

Let fWneg, o be the stochastic process representing agent n's expected utility entitlement
given an eCcient allocation. Call = ffjg,o : P 2 ON for all tg and let B() be the
Borel % j field of Q: Let 7 be the unique probability measure on (€; B(2)) generated by
the ..nite-dimensional distributions (%) (as an application of the Kolmogorov's Extension
Theorem).

Proposition 4 For any n 2 |; any k 2 X and any Wy, 2 Un(k);

" fTHegiuo 2 Jim Weel) =Wng =0:

An important remark must be made here. The introduction of any degree of private
information precludes the result described in 2.1. for economies with full information. There,

the most patient agent will consume all the output in the limit.
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4 Conclusions

This paper has studied some properties of an economy which can be interpreted as a version
of the stochastic neoclassical growth model with many heterogeneous agents and private
information. To show the existence of an eCcient allocation, the ..rst step was to prove
that the original allocation problem had a recursive formulation in the spirit of Abreu et.
al [1] and others. Then, basically two main properties of an eCcient allocation have been
established.

First | have shown that every agent must get some insurance whenever the eCcient allo-
cation is considered. Unlike most of the literature considering an arbitrary set of incomplete
markets, agents can make transfers contingent to their own idiosyncratic productivity shocks.
The type of analysis developed in this paper avoids the presence of some mutually bene..cial
nonexecuted trade opportunities. .

Secondly, | have shown that the level of expected discounted utility cannot converge
with positive probability to the lower bound. This result shows that a standard property of
eCcient allocations in economies with full information does no longer hold when any degree
of private information is considered. In those economies, and under standard assumptions,
the impatient agents will end up consuming nothing in the limit and therefore the level
of expected utility converges to the lower bound. This result does not hold anymore with
private information and it is independent of who is the owner of the aggregate stock of capital
in the limit.

Some extensions could be analyzed. In the ..rst place, a natural theoretical extension

would be to try to characterize in some more detail both the dynamic and the limiting
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| |

properties of the relevant variables in the economy. However, at the level of generality
presented in this paper, this might not be a standard task.

Secondly, one might try to identify an algorithm to compute eCcient allocations Thus,
numerical results could allow to compute, for example, welfare losses imposed by the informa-
tion structure when compared with eCcient allocations in economies with full information.
Moreover, one could also compare the basic welfare properties of the economy described here
with those emerging in economies where dizerent markets structures are imposed. In general,
what | think is one of the most relevant questions in terms of welfare can be summarized as

follows: does private information matter? These issues are left for future research.
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5 Appendix

Proof of Lemma 1. Consider any k > t: Note that since for all t | 0 and any aggregate
report pti’

X . .
Une(B: K zi™ 27kpti!) = Yo(W) FUn (F (Kne (1 1); pn) + Bre(uti ) +
p2EN

“nUnea (B K%z 1 (); 27Kyt s p)g

we have that

Une(B: K% 2™, 27kt 1) /i Upe(B: K 225 2Kkt

" Sup Unee1 (B KS ZM () 2°Kpt 1 5 1) § Unewn (B K5 28 (1) 27kt 1 7 p)
B

"M sup Unee (Bi K 25 27%kpt i p™) § Upesn (B; K28 (u™); 2Kkt T )
pm

Since consumption must be uniformly bounded, taking limsup in the previous expression
mpt 1

the desired result is obtained. m

Proof of Proposition 1. Let wg 2 ®(W; k) for some given k 2 X. We need to show

that there exists a feasible and incentive compatible allocation (B; K') such that for n 2 |
Un(B; K% z") = wno

Step 1. Since wp 2 ®(W;k); there exists (b; k" w)(wo) admissible with respect to W at
k such that en(b; k", w)(wp) = wp: Then, because of the de..nition of admissibility, for all
P2 6N wp)(wo) 2 W(K'(p) %2 &(W; k' (i) (where the last inclusion follows because W is

assumed to be self-generating).' It is then clear that we can recursively de..ne, for all t | 0;

22



for all p* and given wpo;

KO (ue) (We(pti 1))

X
(ad
*
-
—
Te
g
S
I

Be(®) = b(p)(We(p*ih))

Weer () = w(pe)(We(pti™)

Note that in the construction of this candidate allocation (B; K'); we are only considering
truthtelling continuation reporting strategies. We claim now that for alln 2 |; forallt , 0
and for all pti’

Wnt(Bt1 ") = Une(B; K% 2%kpti ) (4)

To see this, note that it follows from de..nition that

& 0. ,8,,ti \‘ X : 35 fy 1508 il
Unt(B: Khzkp 1) = () Fun(F(Kne (U™ ") pn) + Bre(p™ i 1)
p2gN

o ReE R it g

and
til X i1l t:1
We(p ') = %a(p)Fun(f (Kne(U* ' )i ln) + Bre (B 5 1)) +
p2gN
+ 7 aWeaa (0t p)g
Therefore,
We(ptiT) § Une(B; KGZ7kpt 1) - 7 sup Wear (15 1) § Unean (B K% 27kt 7 )
p

8 L :Wt+m(Pti15Pm) i Untem(B; K% 27kpt 17 p™)-
u

Since W is a uniformly bounded correspondence and fBig,., is uniformly bounded by con-

struction, taking the limitas m ! 1 we get (4) as desired (", 2 (0;1) foralln 2 I).
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Step 2. We need to show that (B; K') is a feasible and incentive compatible allocation.

(a) Feasibility follows because (b(pe); K*(pe); w(pe))(We(p*i 7)) are admissible with respect
to W at Ke(pti') 2 X:

(b) Incentive compatibility of our candidate allocation will be proved as usual. First, we
will prove that it holds for strategies that have a ..nite number of deviation from truthtelling.
It will follow then from Lemma 1 that it cannot be violated by any reporting strategy with

in..nitely many deviation from truthtelling.

It follows from admissibility, equality (4) and by construction of (B; K') that

Un(f(knt(Ptj 1): Pn) B Bnt(Pt i 11 Hni M in)) e —nUnt+1 (B; Ku; anPt J 1:Pn; H in) (5)

. Un(f(kae( )i pn) + BT Brifin)) + " aUnes1(Bi KG 2°kpt i T B i )

foralln21;t, 0; pti'; py and fin:
Note that this is not completely satisfying (2) since it has to hold for all 2%, 2 Z(B; KU ke 1(p%)):

Let z["" be de..ned as in Lemma 1. We want to show that for allm , 0

>

Un(F(Kne(H T )i Pn) + Bt i Bin)) + “aUnee1 (B KG 2%k i i) (6)

o Un(F(Rae(E )i pn) + Bre(HE T Bri B in)) + T aUneen (Bi K% 205 25 kit 1 s Bini B n)

foralln21;t, 0;p*i"; gy and A, Note that (6) holds for m = 0 since (5) holds. Suppose
that (6) holds for some m: Note that for all p*
0.,m+1. = t X t t. ,m+1
Unte1(Bs K5 2085 20 okprt) = Y% (W) Fun(f (Knt+1(H%)i Bn) + Bnt(% 20" (Bn)i M in))
p2£N

+7 pUnee2(B: K 2 (1) 25 kit Y 2057 (Hn)i M n)g

Yo () Fun (F (Kne1 (M°); Hn) + Bat (i pa: in))
p2£N
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+ nUnes2(B; K% 2%kt T pni i n)g
= Uner(B: K 2%t
where the ..rst inequality follows because (6) is supposed to hold for m: Hence, given this

inequality and (4) we get

Un(F (Knt (11 1); Bn) + Bre(R*1 i Bnilin)) + “aUnea (B K% 20T 25 kit 1 Bni i n)
Un(F (Kt (ST )i ) + Bre(B T i Bni B in)) + “nUnts1(B: K% 27kpt i Y B )
Un(F(Kae (01 7); ) + Bre (*1 7 i in)) + nUnt+1(B: K 2%kt Y pni pn)
It follows by induction that (6) holds for all m _ 0: Finally, consider any arbitrary reporting
strategy z!, 2 Zn(B; K" ke.1 (1Y) (included those with in..nitely many misreport). If (2) does

not hold then it follows by Lemma 1 that it should not hold for some large enough m. But

that is a contradiction to (6). =

Proof of Proposition 2. Given some arbitrary k 2 X; let U 2 ¥(k): Then there exists
a feasible and incentive compatible allocation (B; K') such that U, = Un(B; K% z"): Put for

alln2 andallp2eN

ba() = Bro(M): Kn(H)=Km(H)

Wn(H) = Uni(B: K%z kp)

Note that by construction, T = en(b; k%; w): We need to check that (b; k" w) is admissible
with respect to ¥ at k: To do so, we will ..rst check that w(y) 2 ¥(k'(y)) for all p: Fix an

arbitrary y; put for all t , 0 and all pt

4

Bi(i) = Bra(ip)
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kee1(BY) = Kes2(pi P

Clearly, (B;K) is feasible at kq(u)by construction. Also it is incentive compatible since
(B; K) actually is (see condition (2)). Therefore, since § was arbitrary, we can conclude that
U is self-generating.

Since ¥ is uniformly bounded (see Remark (2) above), we can then conclude from Propo-
sition 1T and 2 that for all k 2 X

W(K) = B(F; k)

Proof of Lemma 2. Let fu;kig, be a sequence in graph(®(W)): Then, for all j

there exists (bJ; kY; wi) admissible with respect to W at kJ where

W= e kY;w)

w () 2 (kY (p) for all p

Given that fkig,l., %2 X; it has a convergent subsequence with limit k 2 X. But then since
KY; wlg,L, is a sequence in graph(¥); a compact set, it also has a convergent subsequence.
Also, by the de..nition of admissibility, fbl g is also in a compact set having then a convergent
subsequence (and the limit satis...es all the conditions imposed by admissibility). Therefore,
for each p 2 ©N; there exists (B(p);?(p);w(p)) being the limit point to this convergent
subsequence. Clearly, given that momentary utility function are assumed to be continuous

and weak inequalities are preserved in the limit, (E(p);ﬁﬂ(p);w(p))ljzﬁm is admissible with
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respect to k: Therefore,

X : ¢ : = =
Jim (7 () Fun(F (s pn) + bim () + T Wi ()@)nzn = (en(Bi K W))nzn 2 S(T;K)
p2EN

which establishes that graph(®(W)) is a compact set. =

Proof of Lemma 3. We already know that graph(¥) is a bounded set. \We need to

show that it is also closed. De..ne the correspondence ¥ such that

graph(¥) = closure(graph(¥))
Clearly, it follows by de...nition that graph(¥) %2 graph(¥): By the previous remark, graph(®(¥)) %
graph(®(¥)). Since ¥ = &(¥); graph(®(¥)) = graph(¥) and graph(¥) ¥ graph(®(¥)):

Since graph(¥) is closed by de,.nition, from Lemma 3 we have that graph(®(¥))is also
closed. Hence, graph(¥) = closure(graph(¥)) % closure(graph(®(¥))) = graph(®(¥)) and
therefore for all k 2 X; W(k) %2 ®(¥; k): But then ¥ is self-generating and from Proposition
1 we know that ¥(k) ¥% ¥(k) for all k 2 X: This implies that graph(¥) % graph(¥) and

thus graph(¥) is closed. =

Proof of Lemma 4. (i) Given any |1, n; consider pn > fin and note that
Un(T(Knipn) +bn(iniBin)) + " aWn(inilin)
-+ Un(f(Knipn) +ba(fnikin)) + " nWa(Bnilin)
and
Un(f(kn; i) + bn(Bnilin)) + " nWn(fnilt;n)

» Un(f(Kn;Bn) +ba(kn; Bin)) + " nWn(Pni B in)
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imply

Un (F(Kni Hn) + bn(Bni B 1)) § Un(f(KniBn) + bn(Hniin))

« Un(F(kn;Pn) +bn(Bnibin)) i Un(f(kniBn) +ba(fniltin))

Since up is strictly concave, it follows that bn(pPn;P;n) - bn(Bnip;n): From the previous
inequalities stated in this proof, it follows that wWn(pn; Pin) . Wn(Bnipn):

(ii) This part follows by standard arguments. See, for example, Espino [9]. =

Proof of Lemma 5. (i) Suppose that kn < R for some n. Fix (U, 1;k;n) and assume
initially that n = 1: The same argument works for n = 1.

Consider any recursive eCcient allocation (b%; k'; w'?\) at (U;1:Kkn: k;n)and note that

0 - cu(K) = F(kniPn) +BA(HniPin) < f(Rn‘? Hn) + ba(HniHn)

since f is strictly increasing. De..ne Bn as follows. For all p

B (pn: in) =Cchll) i f(RniPn) < ba(Hni M in)

Note that, by construction, (B,;wZ) is t.i.c. for agent'n. | claim that it can be found
B1(8) > b3 (R) for some f such that ((B1; Bn: b® ¢, ): k' w*) is admissible with respect to ¥ at
(T, 1: Rn; k ; n): Feasibility will be clear since B,(p) < b3 (p) for all p: To simplify the analysis,

suppose that © = fy; pg: Fix any f,1 and note that one can manipulate the t.i.c’s. to get

ua(F (ke ) +b3( 1)) i un(Flkaiw) +by( R ;1)
L AW B1) o wi )
o w(F(ku ) +07@R1)) i ur(F(kap) +by(: )
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If b5 (W ;1)) =bj( B 1); then wi(; B;1) = wi(i; B;1): In this case, de..ne

Bi(u:f;1)) =Bi(iBi1) =0T B;1)) +2

and it is clear that t.ic. is satis..ed. Choose 2 small enough such that feasibility is satis..ed.

Ifb3 (W B1)) > b5 (U B, 1) (the only alternative possibility given Lemma 4), it follows that
ur(F(kn ) +b3(w Ri1)) i ua(Fkaip) +b3(p:R; 1))
> ur(Fk ) + bR 1)) i un(Fkasp) + D3R 1))

by strict concavity of us: Suppose ..rst that

Tawi B 1) i Wi Bia)] > i (Fke ) + bR 1)) | k(F(kup) +03(R0) ()

Take 2 > 0 and de..ne By (; B1)) = b (1 B 1)) +2; choose 2 small enough such that feasibility

is satis..ed and (7) is also satis..ed at least with a weak inequality. When

Ui (F(k ) + b3 R 1)) § wa(F(kep) + 030 8;1)) > Wi (B 1) § Wi fi1)]

the analysis is similar.
We can then conclude that U* is strictly increasing in k.
A similar analysis can be used to show that U”® is strictly decreasing in u;1: See Espino

[9] for related details. =

Proof of Lemma 6. The proof presented is rather informal. Details are standard and
left to the reader. Note ..rst that if £ (kn; Py)+bi(Hsip;n) = 0, then f(kn; ;) +ba(Hi P in) < 0

for all py; = p,: Hence, given any |i;n; if the productivity shock for agent n is y, and
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f(kn:lj) + ba(pJ;p;n) < 0, the only incentive compatibility constraint binding would be

those of the following way:

Un(f(KniHy) +ba(pdifin)) +  aWn(HsiEin)

« Un(F(kn;py) +bn(ljiBin)) + " aWn(ljiHin)

for all g; < py: Let Ev (u;n) be the Lagrange multiplier corresponding to this constraint;
rJ

similarly, let °(uy; ;) and ", be the Lagrange multipliers corresponding to the feasibility

constraint when the aggregate state is (J,;;n) and that to the promise keeping constraint

for agent n respectively (if n = 1, "3 = 1). The following ..rst order condition is then

necessary

X
k(i U (F (ks 1) DRG0 )+ LR (B m)UR(F (ke ) +R (U n)) § ° (Wil yn) - O

Hj =H

~ RERE \/ P
(with equality if f(kn; Py)+bn(pi fin) > 0). Since ", > 0and ( py=f *E:l»u (Hin)i ®(uilin) .

0; and given that u'(0) = + 1, it follows that f(kn; fs) + b(Hyipn) > 0: =

Proof of Proposition 3. Assume, on the contrary, that (b; k'; w) is eCcient at (k;u4)
where u, = en(b; k% w): Without loss of generality, suppose that n = 1 (as it will be clear,
the whole proof goes through when n = 1). Also, assume to simplify that © = fy; ug where

U < {: There will be three cases.
Case 1. W, > 0: Fix some ijv"];ng and consider the following alternative recursive alloca-

tion: de..ne B = (H1; P, £1,ng) and put

Ba(B) = DBn+.andBi(R) =b:(f) ;i .
WH(B) = Whn | n and W1{B) = W4 (B) + +4
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If g =P, put 8n() = bn. B1(p) = b1(p); Wn(p) = Wn and wq(p) = wy(p): For all i 2 1=F1;ng;
put simply for all p 8;(p) = bi(p) and wi(y) = wi(p): Finally, let R® = k% We will restrict
(,i21:%n) A 0 such that (8;R"; w) is admissible with respect to ¥ at k, promise keeping at
u;1 and eq(8; R%w) > eq(b; k" w):

Step 1.1. Note ..rst (+1; +,) can be chosen to be both positive and (w1 (B); wn (B); fWi(B}gi2|:f1;ng) 2
W(K'(R)): To see this, we know from Lemma 5 that U] is strictly decreasing and by Assump-

tion 2 U7 is continuous; hence, since if W, j +1 . 0 and +1 >0
wi(B) - U7 (FWn; WiH)giz1=r1ing: K'(B)) < UTG TWn i tn: wWi(1)Giz1-r1ng: K'(B))

we can ..nd some +1 > 0 such that (w1(B); wn (B); fwi (B)Gi21-r1:ng) 2 T(K'(R)):

Step 1.2. Feasibility is satis..ed by de..nition if | > 0 is chosen such that

(ke ) + (@) | . . 0

This can be done because f(kn; i) 4 bn(B) > 0 by Lemma 6.

Step 1.3. Incentive Compatibility. Note ..rst that since the recursive allocation (b; k' w)
is assumed to be admissible with respect to ¥ at k; there is nothing to check for agent
i 2 1=f1; ng: Also, since when | f;ng = Biﬂmg nothing has been changed for agents 1 and
n (with respect to (b;Kk'; w)), incentive compatibility is satis..ed by construction. Suppose
then that B, ¢1,ng has been reported.

Consider ..rst agent 1. If agent n has reported pn = U; there is again nothing to check.
Suppose then that agent n has reported y: Note ..rst that if f(Kq; ) + by (1 u; B fiing) * 0
and , > 0; there is only one incentive compatibility to check (that is, when the agent has as a

true productivity shock i and he does not have incentives to report ) given our de...nition of
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reporting strategies. To consider the general case, suppose that £ (Kn; i) -+bn (J; in; B i Fling) >

0: De..ne
g ,) = u'l(f(k'l;l-‘)+b1(E:1-ln:Bif‘l:ng)) i u'l(f(kﬁl*—‘)+b1(ﬁ;un:pif1;ng} i)
g1 .) = ui(F(kail) + D1 Bni B fiing)) 1 Un(F(Kai ) + b1 (8 i B e1ing) 0 )

Note that g1(;0) = g1(H:0) = 0 and both function are strictly increasing whenever
. > 0and f(ky;y) + bq(; un;Biﬂ;ng} i . > 0: More important, since u; is assumed to be
strictly concave and f(ks;:) is strictly increasing for all kq, it follows that if . > 0 then

gi(l; .) > g1(; . ): Hence,

U (F (ks ) + bq (W Ui p i f1:ng)) + T w (R U B i f1;ng)
s WU (f(k1ili) + b1@: Un: B i f‘[;ng) i a) - —‘I[W'l (ﬁf l:'n;Biﬂ:ng) + 11}

= ur(f (ki) + 01 ni B ring)) 1 G1( L) + "1 [Wa (1 Uni B £1ing) + 21)
is satis..ed if and only if
Mni B ringi K) + 01 L) L 7ot (@)
Also,

uq (F (ki: ) + b (Eun:ij‘l:ng) I w) d‘l[w1(ﬁ;lin;pif‘l;ng) +#4]

U (F(KaE) D (W Ui B riing)) + 71w (1 i B £1ing)

is satis..ed if and only if

Iﬁ;u(un;pif‘“ng; k) ‘E‘ F‘]i'l > g1 (E; _‘) (9)
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Consider the relevant levels of (,,+1) toput g1(i; ,) = “q21 > g1(j; ,): Since IQ,E(QH;Eiﬂ;ng: k) .
0 and iﬁ;u(gr,;[?iﬁ;ng; k) . O it follows that (8) and (9) are satis..ed. Note that if f(kq; ) +
b1 (l; i B F1ing) - 0. the only suCcient condition is 11 > g1 (i ,):

Consider now agent n. If agent 1 has reported p; = I, there is nothing to check. Suppose

then that he has reported H1: De..ne

an(l .) = Uun(f(knil) +bn+.) i Un(F(kn:) +bn)

gn(p: .) Un(f (Kn; B) +bn =+ ) i Un(F(Kni ) +bn)

Note that gn(i; 0) = gn(p; 0) = 0 and both function are strictly increasing in , withgn(i; ,) >
gn(ﬁ; .) if _ > 0 since up is strictly concave. As before, it is easy to check that incentive

compatibility is satis..ed if and only if

5

On(li.) & “nEn o, On(l L) (10)

Consider (,;tn) A 0 such that gn(W: ,) = “htn. Since then ", > gn(H; .); incentive
compatibility is then satis...ed.

Step 1.4. First note that for all i 2 1=f1;ng; ;(8;R"; w) = e;(b; k", w) by construction.
Also,

X
en(BRwW) = %()fun(f(kniPn) +8a(W) + " (K)g
p

+U(B) [un (F (kn: 1) +Bn) | U1(F(kn: k) +Bn)]

= en(b kW) +%(B)(gn(: .) i “ntn)

en(b; k" w)
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Finally,

e1(B;R%w) = = () Fua (F (ka: ) + 81 (p)) + " 1@ (p)g
H
Y (B) [u (F (ke 1) + be(R)) § ua(F(kai ) + ba ()]
= er(bi K w) +%(E)[ %1 i g )]

eq(b; k" w)

Vv

Therefore, we can choose (,;%1;+n) A 0 such that gn(l; ) = ntn and gi(l; ) = 1%
such the requirements in Step 1.1 and 1.2 are satis..ed. For instance, put | = 1=k and de..ne
(£X,£%) by letting gn(u; 1=k) = "% > 0 and g1(i; 1=k) = ~;:K > 0; note that when k ! 1;
(#5,8) ! (0;0):

Case 2: W, = 0 and wi(gj;ﬁn;giﬁmg) > 0 for some i (U, ¢i;ng Means that pm = y for all
m 2 |1 =fi; ng):

First note that it follows for Lemma 6 that f(kn;}J) + b, > 0: Suppose without loss of
generality that i = 1 (we will increase agent n's utility and then use the fact that Uj is

strictly decreasing in u;1). De..ne B = (11; Pn: U, r1;ng) @nd consider the following alternative

recursive allocation:

Ba(@) = Bnj . andBi(R) =b(@)+.

Wn(B) = Wn+tqand wi(B) =wi() | £

If g = (U1: Pni B f1ng). then de..ne

Ba(y) = bn and 8, (1) = b1 ()

Wn() = Wnand wq(y) = wq()
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Finally, de..ne for all i 2 1=f1; ng and for all p : §;(p) = bi () and w;(p) = w;(p):
Step 2.1. We need to look for (+1; £n) A 0 such that (w1(B) j £1; Wn-+2n; Wi (B)gi21-¢1:ng) 2
T(k'(R)): Note that 0 < wi(B) - UF (Wn;: Fwi(B)gi21=r1,ng; K'(B)) and then if £, > 0 is small

enough
0 - U?(Wn+in?fWi{B)9i2|=f1;ngFku(p))

Hence, we can choose 1 > 0 such that

0 - wi(R) i +1 = Uj(fw, +in?Wi(B)9i21=f1:nglku(p))

In this case then (W1 (R) | £1; Wn + £n; Wi ([B)Gi212r1:ng) 2 T(K'(B)):

Step 2.2. Incentive Compatibility. As in our previous discussion, we need to check only
for agent 1 and n whenever |, f.ng has been reported. Consider ..rst agent 1; if agent n has
reported something di=erent from Ep: there is nothing to check. Suppose then that agent

has reported in; de..ne
gr(i; ) = ur(F(ke; W) + b1 (W Pni B piing) +.) i Un(F(kail) + b1 (1 Bni B F1ing))
g1 (ﬁr L) = (f(k1;ﬁ) + by (W En;piﬂ:ng) +p) §-Us (f(kﬁm +bs (E;ﬁnipiﬂ:ng))

>

Note that g;(y; 0) = g1(4:0) = 0, both functions are strictly increasing in , > 0 and
g1 ) > g1(y; ,) whenever | > 0:
Note that
up (F(k1; W) + b1(W Pni M prng) + .) + 1 (W1l Bni U F1ing) § 1]
" U1(f(k1:1!)+b1(ﬁiﬁn5l-!iﬂ;ng)+_1W1(ﬁiﬁn?!1.if1:ng)
is satis..ed if and only if
|J;g(ﬁnil-l;f1:ng?k) +g1(,) . TeE (11)
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Also,

U1 (f(k";ﬁ) + by (E‘ Hn; uj‘F'l:ng) + -‘IW'i (ﬂf I"—niuiﬂ;ng)

. U(F(ku ) + D1 Enil riing) + )+ T1 WA Hni kL fring) i 1)

holds if and only if
l&;u(ﬁnil-liﬂ;ng; K)+ "q£1 . 91@: .) (12)

De..ne (+1;.) A 0 such that g{(i; .) = ~1%7 and note that then (12) and (13) are satis..ed.
Consider agent n now and suppose that agent 1 has reported y (otherwise there is nothing
to check). As before, if f(kn; 1) +bn - 0and , > 0; there is only one incentive compatibility

to check. Consider the more general case where f(kn; i) + by > 0: De..ne the corresponding

A

g ,) = Un(f(knill)+5n) i Un(f(knlﬂ)+5n i)

gn(i.) = Un(F(knil)+bn) i Un(F(knip) +bn i .)

Note that

Un(f(kni ) +bn) . ui(F(kni W) +bn | )+ "ntn
and

Un(F(kn: ) +bn i .) + “ntn . Ur(F(Kn; [) +bn)
hold if and only if

gn(l.) . "ntn (13)

and

“ntn . gn(ﬁi .) (14)
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are satis..ed. De..ne (zn; ,) A 0 such that gn(i; ,) = ~tn and note that then (14) and (15)
are satis..ed.

Step 2.3. For all i 2 1=F1;ng; e;(8;R%; w) = e;(b; k'; w) by construction. Also,

X
en(B R W) = W()fun(f(Knipn) +Ba(l)) + “nw@(1)g
M

+U(B) [un(F (kn: 1) +Bn) i ur(F(kniL) +bn)]

= en(b:k5w) § BB (E: L) i " ntn)

\'

En(b: kn: W)
Finally,

er(BR ) = () Fun(F (ko) B (1)) + ~r()g
H

= e Kiw) + U@ g .) i "]

= eq(b;k’;w)

De.ne en = en(B;R%w) and &;1 = (@n: fUigi2|-F1;ng): As before, (,;%1:+n) A 0 can be
appropriately chosen such (8; R"; w) is admissible with respect to ¥ at k and promise keeping
at @;¢: But then eq(b; k% w) - Uf(a;1:k) < Uf(u;1:k) = eq(b; k% w) since U7 is strictly
decreasing in u;1: This is the desired contradiction. ‘

Case 3. Wn = 0 and w;(l;; Pni U Fizng) = 0 for all i = n:

This case is similar to case 2 but simpler after observing the following facts. De..ne
B (ﬁn:uin) and note then that w;(f) for all agent i 2 |: From Remark 2 we know that
U7 (0; k) > 0 for all k 2 X: Therefore, there exists some +, > 0 such that (0;:::; £n;:::0) 2
VU(k): Proceeding as in Case 2 but just rede..ning b, (B) and wn(B) for agent n one can prove

this part. Details are left to the reader. =
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Proof of Proposition 4. Denote A(k; Wr) = ffjiigLy 2 Q : lim Wee (') = W, 2

Wn(k)g: Take any fligi o 2 A(k; Wn) and consider the path of the following vector
e Wes b® (1) (Kes We): K™ (1) (Ke: W) w® (1) (Kes We)geto
where w® () (Ky; We) 2 T(k™ (u)(Ky; Wy)) for all t and all p 2 ©N and for all t

X
Wne = fun (f (Knt; Pn) + ba(p) (Ke; We)) + 7 aWa (1) (Ke: We)g
p2£N

Wi = Ui (KgW; )
Note now that the considered path is a sequence is in a compact set and therefore it will have
a convergent subsequence. Without loss of generality, assume that the relevant subsequence
is the sequence itself. Denote the corresponding limit point by fK; W ;B; R wg. Note that
Wn =Wt

Step 1. (B;R’;w) is admissible with respect to ¥(R) at w: Moreover, it is eCcient at
(R W ):

To see this, note ..rst that, by de..nition, (w®(p)(Ke; We); K™ (0) (K W) 2 graph(¥)
for all t and all g 2 ©N: Since ¥ has a compact graph, it follows that for all p 2 eN
(Ww(p); R'(y)) 2 graph(¥) and then w(p) 2 T(R'(p)) for all p 2 ON:

Since weak inequalities are preserved in the limit and continuity of f, it is also true that

for all p 2 ©N

X
Ba(w) +R'G)] - 0

n2|

FR pn) +Ba(p) . O
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By continuity of f and up, foralln 2 |

X
dm Wne = lim fun (F (Knes Pn) + ba () (Ko We)) + ~ awq (1) (Ke: We)g
’ «, P2EN

W, = fun(f (Rai Bn) +Ba (1)) + ~nWn(1)g
p2EN

Finally, note that since U7 is assumed to be continuous, it follows that
Jimy Wae = U (Ke W 1e) = UT (R W 1)

That is, (B;R'; w) is an eCcient recursive allocation at (R, 1)

Step2. There exists some B, such either
(@)  Jlim wn(y; Bim) (Ko Wy) = W

or
A}

(6)  Jim wa( R n)(Ke W) = Wy
To see this, assume that it is not true. Then, for all (Pn; P ;n) Note that given Lemma 4
W, = Jim Wa (i) (K We) | Jime wi (in; 1 n) (Ke: We)
. tll}ﬂ}l Wo (B ) (Ko We) = W,
Now observe that for all pn; Bn;and i ; n; incentive compatibility implies
"W (Bl in) (K We) § Wa (Hni ) (Ke W)
» Un(F(kne Pn) + ba(Hni B n)(Ke: W) i Un(F(Knt; Pin) -+ by (Bn; in)(Ke: Wy))

o nWaBniEin) (Ka W) | Wa(Eni B n) (Ko W)
Taking limits it follows that

tli!n.} [Un(F (Knt; Pn) + ba(Hn: B n) (Ko We)) Un(f(knt: bn) + ba(Bnip i n) (K We))] =0
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Since up, is assumed continuous and strictly increasing, f is continuous and

(Knt: b (Has B n) (K We)) 1 (Kniba(pni Bin)

it follows that bn(Mn; P n) = bn for all (Pn; P, n): But this means that there is a the result in

Proposition 3.

Step 3. Suppose that (a) holds and consider the sequence of g's such that
Whtg+1 = Wa (i P n) (Kegs Wrg)
Since (a) holds, this equality can hold only for a ..nite number of g's: Therefore,
A(k: W) % Fiilgog 2 Q : pe = (Wi {; n) Finitely ofteng

5

but PFfitglog 2 © : pe = (I i n) Finitely ofteng = 0: m
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