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1 The Model 

A scllcr witl1 N diffcrcut objects faces a si11glc lrnycr. Thc sdlcr cl0cs 11ot observe thc buycr's 

valuation for ea.ch object; valuations are tlie buyer's prívate iufonuation. 

Tlic buyer's prcfere11ces ovcr c.:ousumptio11 a11<l mo1wy tra11sfors ,m! givc11 by 

U(x, q, t) = x -q - l, 

whcre ~1: is the vector of buycr's valuations, q is the quantity co11surucd of each good, and t is tlH 

monetary transfcr 111ade to the scller. Since the buyer has dcma11<l for at most one unit of eacl: 

good, the ve<.:tor q is an element of {O, l}L; for case of notation we assumc Lhat x is a11 elcmcnt o1 

¡N whcre I = [O, l], and t is in IR. 

The prior beliefs about the buyer's valuation x is given by a stri<:tly-positive, density function 

J(x), which is common k11owledge and represents the sellcr's belicves about thc buyer's prívate 

inforrnation. 

In searching for an optirnal mechanism, one may restri<.:t atte11tio11 to dircct revelation mech­

anisms wherc buyers report their types truthfully. A direct revelatiou mechauism is a pair of 

functions 

p: ¡N _ 1 ¡N 

t : ¡N -----, IR, 

where p¿(x), the i th compouent of p(x), is the probability that the buyer will obtain good ,¿ wheu 

her valuation is x,, and t(x) is tite transfcr made by thc buyer to the sellcr whcn valuations are x .1 

In addition, the buycr must ha.ve adequate incentives to revea! its infonnation truthfully- inc.:entive 

compatibility (IC)- an<l to participa.te in the mecbanism voluntarily--individual rationality (IR). 

The buyer's expected payoff -u(x'lx) under the mcchanism (p, t) when the buycr has valuation x 

and reports x' is 

u(x'\x) = p(x') -x - t(x'). 

For ea.se of notation, -u(xlx) is denoted -u(x). Then, (JJ, t) must satisfy 

(IC) 

(IR) 

Vx, -u(x) 2 u(x'\x) Vx' 

Vx,-u(a:) 2 O. 

(As statcd, thc constraints hold everywherc; it sufiiccs that thcy hold a lmost cverywhcrc.) 

Wc surnrua.rizc i11 a lcnuua some rcadily ava.ilablc prop0rtics of IC and rn. mcdianisms t.hat ha.ve 

bcen Hotc<l a11<l usc<l in the litcrature.2 

Lemma 1 ?? 

· 
1 ln o.:dt;r t0 compute cxpcctc<l payoffs, thc function::; 71 ancl t must be integrable. 
1 Sec Roch!!t (H>S-1), ArmsLrong (199S), aud Jchicl, Moldovanu, ami Stacchctti (199S), Krishna an<l Macnncr 

(2000). 
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J. JJ (71 , t.) is o. mcchanism. llwt satisfics IC, then thc lmycr's r.:r,71ed cd ¡myojf 11.(:r.) is convcx, a.nrl 

-i.t.s difT,:n:11.t.ir,.l v11.(.7;) = [ª;;,;.~')] bdon_r¡s to ¡N Jor m.osl 1: E ¡ N . hufrcd v'11.(:r, ) = p(:,;) o.lmost 
c11m7¡whr.n:. :i 

A 2. IJ <p(:1;) is a convcx Ju.nclion, a.nrl it.~ diffcrenlia.l V<p(:r:) = [ªb'.~~)] E ¡N for m.ost x E JN , 

li titen ihcrc cxisl o. mcchn,nism. (71, !.) so.tisf1¡in_r¡ JC. Thc 111.echn11.is111. is dcfincd by p(:1:) = v'<p(:r:) 

o.lmosl cvcrywhcre, and l(x) = p(:r;) · :J: - <p(.x). Under ihcsc definiiirms, 11.(:1:) = <p(x) . 

Intnitivcly, a 1ucchanism is JC if and only if tbe corresponding b11ycr's pa.yoffs are convcx, with 

part ial <lerivativcs bet.wccn ;1,ero a.n<l OHC. 

Thc prcc:c< ling propcr1.ics c:0111¡,lctdy char;u:t:cri;1,c JC 111ccl1a11isrns in t.crins of t.hc lrnycr's cxpcct.cd­

lmyoff fu11ctio11 u(:,;). Individ11a.l ration,tlit.y rcqnircs t:ha1. 11. be 11011-ncgat.ivc. Sincc t.hc ohjcct.ivc is 

t.o find a11 optima] policy for thc buycr, a.ll(l sincc tbe b11ycr's cxpcc:1.cd payoff is 11on-<lcc:rcasing, 

t.hcre is no loss of genera.lit.y in restricting attcntion to payoff fu11ctio11 whcrc n(O) = O. **This 
req11irc:- cxp\an;üion. *** 

Thc sel of I C, f R mcchanisms i:-

W = { 11. E C 1 (IN) 1 11.(:c) is convcx, vv.(:J;) E ¡N a.c ., and u(O) =O}. 

For latcr referencc, wc smnmarizc in Lcmma 2 below severa! simple propcrties ofIC, IR rncchanisms. 

Lemma 2 Jf v. !JP.longs lo W, thr.n 

l . u(x) is 11.on-ne_qa.tivc for all x . 

2. u is non-clecrea.sing: x'?: x =e} v.(x')?: v.(x). 

3. v. is conlimtous. 

4. v. is a.. e. differenliable. 

5. u is rn.onotone: (v'u(x') - v'u(x)) · (:i:' - x)?: O, for a.ll 1:1,x. 

Givcn any IC, IR rnechanism v.(·), a buyer with type x reccivcs a payoff u(x) = vv.(x) ·x -l(x). 

The seller's cxpccted rcvcnue when using the mechanism v.(·) is 

E[t(x)] = E [vu(x) · :r, - v.(:J:)]. 

Thc scller's problem is to selcct. a mcchanism 11. E vV to maxi111izc cxpcc:t.cd rcvcrrnc, 

ma~ E[vu(x) · x - v.(x)]. 
11.E \ ¡, 

(1) 

·
3

Si11cc 11.(:1:) is couv0x, it. is a contim1011s f1111ct.io n, ancl alrnost evcrywltc:re clifí!'rc11t.iahlc. 
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2 Optimal Mechanisms 

Au optima! rnechanism is a solution to the rna.ximiiation prohlcm (1) describecl in t lie prcvious 

sectio11. We considcr iu turn tlie structure of tlie feasible set \,V aud the uature of the objective 

funct ion. 

Any function obtained as a co11vex combination of elements of W is couvex, 11on-11egaLivc, ancl 

satisfies tlic bounds on partial derivatives (its gradient take:; values in JN). Thus, W is itsclf a 

convex set. It is al:;o simple to verify tliat W is compact with rcspcct to the sup-norm (Lc111ma 4 

in tlie Appe11dix). T herefore, W has extreme points (Krein-Milma.n Theorcm). 

The objective functio11 of tlie scller's problcm is linear on the mcchanism u(·) . Tlius, a solu­

tion can always be founcl on an extreme poiut of W (Bauer Maxim11m Principlc, see for instancc 

Aliprantis an<l Bor<ler (1999), page 2:30). 

Infonnation about thc extreme points of the set W o[ IC, IR mechanisrns can be vcry useful in 

identifying propertics of thc optima! mcchanisrn. A zero-one mcchanism u(•) E \,V is a mechanism 

in which ea.el~ object is always eit hcr assigned for ccrtain or not at all; i.c. the probahility of tradc 

v'u(x) E {O, 1} for all x E ¡N. Zero-one mccl1anisms do not "randomizc" the assignmc11t of objects. 

The following simple fact illustratcs the potential usefulness of the previous discussion. 

Theorem 1 Jf thc sellcr has a S'lrtgle good, i. e., N = 1, an I C, IR mechanism is an extreme poúit 

if and only if it ·is a zcro-one mecha.nism. 

Proof Zero-one mechanisms are clearly extreme points: for any continuous g with v' g(x) -:/- O, 

either u+ g or ·u - g is not in W. Tlrns, v' g must be a.e. icro. To esta.blish thc converse sclcc:t any 

·u E W that is not a iero-one wcchanis111. Tlicn, tbcre is a set of positivc measure B e [O, l] :·rnd1 

that E< Vu(:c) < l - e Lci 

{ 
1 - v'·u(x) 

v'g(x) = 
v'-u(x) 

if v'·u(x) > 0.5 

if v'·u(x) ::; 0.5 

Let g(x) = j~x v'g(z)<lz; thcn g(x) is a co11tin11ous function. Wc HOw verify that both ·u+ g a.ll(I 

u - g are in W. Fir:;t, the gra<licnt of u+ g is in [O, 1 ]: 

v' (u(x) + g(x)) = { 1 

2v'u(x) 

if v''IL(:,:) > 0.5 

if 'v·u(x) ~ 0.5 

Sccond, V (u(x) + g(x)) is incrca.siug in x, ·u.+ gis convex. Third, g(0) = O by constrnction. Thus 

·u+ gis in W. 

A similar argumcut applies to 'tL - g. 

Q.E.D. 

Thc chara.ctcrizatioB of the set of cxtrellle points of W rcaclily providc altcrnativc proofs of 

various wcll knowu results in onc-dimensiona.l cnvironmcnts. For insta.nce, optima! bargaiuiBg 

mcchanisrn for a11 uninformed sellcr is a take-it-or-lcave-it offer (SamuelsoB 1981), randomizatiou 
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(i.c. 110 "huggling") uccd not be part of a.n optima] sclling st.ratcgy (Maskin nml Rile l!J84) , etc. 

T hcsc wcll knowu rcsults do not cxt.end to hig her <limcnsions. 

In onc-dimcnsiona.l cnvirom11e11t.s, the set of extreme poiut.s oí li\1 is rclnt.ivcly s mall , t.lic set. 

of zero-011c 11·1ed1a11isms. In highcr d imeusions (i.e., N ~ 2) , thc set of extr<!ll1C point.s o f W is 

consi<lerably richcr; it may invo lvc randomization . 

2. 1 Examples 

Example 1: An extreme p oint that involvcs randomization. 

Considcr t.hc !:id. MI o f IC, IR mcchanisms in t wo dirncnsions. Let. u E MI be d dincd by 

v.(x) = max{O, (0.5x1 - 0.2), (:z:1 + :r.2 - J) }. 

Tite graph o f u is dcpicted in Figure l. 

1 
0.8 
0.G 
0.4 
0.2 

o 

o 

The mcr.hanism 1t is cornposed of t.brec linear pieces. Thc cffcct.ivc dornr1.in o f ca.ch linear picce 

is ckpic.ted i11 Figure 2. Thc symliol Ai.:i reprcsents t lw set o f t.ypcs .1: wherc "vu(:r.) = (i , j). 
A general argumcnt., prescntcd lat.cr 011 f·.his sect.ion, dcmo nst,ra.l.es tha.t t he mccltanisrn v. is ;u1 

extreme point of l-11
. For t.hc 111orncnt .. t.hc following intnition 1m1y suflicc t ite r.11rio11s readcr. lf u is 

not a.n cxt.rc1ne point, thcu thcrc is ;i, funct.i on g f:. O sucl1 f.hat. u ± .9 E Tt\1. Sincc 11,± _q is is contilll1ous, 

;111d a.c. di ffcrcnf.ia.lJlc (Lcnrnrn. 2(4) a.nd (5)); .9 must be c:011t.i11011s, a.11(1 ;.1 .. c. dilforc nt.ia.blc. Not.ic:c 

that. for :1: E Ao,o U 111.1 , V_r¡ 11111st be idcnt.ically zcro; ot.hcrwisc cit.hcr "v(11. + y) or "v(u - !I) is 11ot. 

i11 ¡ N. 11. follows by contirn1it.y t.ha.t y(,:) = O for ali :1: E /1 0 .o U 111.1. Jf !1(:1:) > O for SOlll<' ;,; E 11 .. c,,o , 

thcn siucc 11. + _r¡ is 11011-dcc: re:1.<.;ing (Lcmrna. 2(2)) , _q(,:) > O for a,ny .r, E A 1.,. n 11.,,.0 . T his is a 

cont.radiction. 
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Figure 2: Dcfini11g Partition 

Example 2: Au cxtrcllle point that is not piece-wise linear. 

Suppose t here are two objects. Let ·u E W be dcfined by 

·u(x) = max{O, (0.25xf + x2 - 0.5)}. 

Thc graplt of •1¿ is dcpictc<l in F igure 3. 

¡.8 
:l 
.5 
.4 

8:~ 
o 

l 

Figure 3: u(x) = ma.x{O, (0.25:i:1 + 1:-2 - 0.5)} 

Suppose 'Ll is not an extreme point. Thcn t hcre is a function g(x) sucl1 tha.t ·a± g E W . Using 

a similar argurucnt to that employed in Example 1, it follows that 'vg(~c ) = O for x E Ao,o, and 

tl1at 'v2g(x) = O for ali x. By continuity, g(x) = O for al! x in the bouudary of Ao,o- ** ncccls sorne 

G 



11--------- ----~ 

. .'jr-----

.2.'j 

.__ _ _ __________ ......__,~ X¡ 

1 

Figure 4: :r.2 = 0.5 - 0.25.7.:i 

2 work *** If g is cliffcrent from ¡,;ero, however, it. must. havc v' 1g(x) :/=- O for sorne :1;. In I \ Ao.o, 

Jv'g(x)J::; max{.5x¡, (1- .5x1)}. 

2.2 Higher Dimensions 

Thc set C is a. convcx con e wilh vcrtex f¡ i f i t. is convcx and for all r¡ E C , ii + kr1 E C for a 11 h E IR+. 

Theorem 2 Lcl C be a, convc:1; crme wif.h verf.ex i¡ in a lorn.lly cm1.11ex. l.07mloyical veclor s¡w.rf' X. 

Supposc lha.t 

11 E C,r¡ :/=- O ===> -11 ~ C. (2) 

Then there exists a conlinuov.s linear fimclional f :/=- O such tha.t. (!, rj) > (!, r¡) , Vr¡ E C. 17 :/=- O 

Proof By translating C if neccssary, we may assume without loss of generality thoJ, i¡ = O. We 

must thcrcfore show that t,hcre is a co11tinuous linear functional f such tha.t O ? (f, 17) for ;oi,ll 11 E C, 
17 :/=- o. 

If C is either empty ora singlet.on, the theorem is trivial If C h ;i.5 more tha.11 onc clcmc11t., C is 

not dense by hypothesis. It follows that C is the intersection of ali topologically closcd half spaccs 

containing it (see for instancc, Alipra.nt.is and Border (1999), Corollary 5.62, pagc 194) . 

A ha lf space is a ny set of the form [f ::; r] = { 1¡ E X : (J, 11) :S r} wberc J is ;tny 11011-¡,;cro 

continuous linear fonct.iona l and r E JR. Not.c that if [J ::; r] r.ont.ains C, thcn r ? O. and [f :S: O] 

also contai11s C. 

Thus, C = íl,,E,t[fa :SO]. Define 

C = fo{C \ íl [!<.• :S: -r:]}. 
<>E1\ 
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We now show that O i C. Suppose to the contrary that O is an elernent of C. Then therc is a 

sequeuce r711 
such that ·,J"' -➔ O, and rf' = LkEK" f31;·TJí,\ whcre /Jí: 2: O for ali n ancl k, K 11 is a 

finitc set of indecis, LkEI<" /3[: = l, and r1t E (C \ íloEA[J" ~ -El) for ali n and k. 

For any o: E A, 

Since fo i:; coutinuous, howcvcr, (f 0, ·,¡"') must converge to zero as n approachcs infinity, a contra­

diction. 

Since O i C, tbere is a c011tinuous linear functional f such that 

O> sup{(f,'T/): 17 E C} 

(for instance, Alipraufo and Bordcr (1999), Corollary 5.59, page 194). 

We complete thc proof by showing that O 2: (!, 'T/)V'T/ E C, 'T/ ¡: O. Thc argument shows that if 

the iuequality is not satisfie<l for sorne 7]1 E C, then there is a k·TJ' in C that also viola.tes it. 

Suppose there is a non-zcro r¡' E C with (J, ·,¡') 2: O. For any k E IR+, the element k'T)' 

belongs to C and -k1¡' is not in C. Then, there is a continuous linear functional g such that 

(g, -r¡') > sup{ (g, ·,¡) : ·,¡ E C} = O. (We used thc fact that O E C.) Note that the half space 

[g ~ (g, -17')] contain:; C, and [g ~ O] must also contain C. It follows that (g, r¡) < O and that for a 

sufficiently large /..; > O, (g, k-r/) < E. In turn this implics that f..:7]' E C. Siuce (J, kr¡') = k(f, ·,¡') 2: O, 

we have a c:ontradiction. Q.E.D. 

We first show that it is possible to restric:t attention to the set of piece-wise linear mechanisms 

in W. 

A mechanism u is piecewise l-inear if there exist a partition of ¡N such that ·u is linear in each 

elcment of the partition. Thus, u is piecewisc linear if and only if u is the pointwise maximum of 

finitely many linear functions. 

Theorem 3 The set of p·iecewise linear mechanisrns in W is dense in W. 

Given any IC and IR mechanism 'l.l E W, the scllcr's revenue from transac.:ting with a buycr of 

typc: x is Vu = "v-u(x) · x - u(x). 

A med1anism u E W is dominated if thcre is an alternativc mechani:;m 'll
1 E W such t hat 

V-u' (x) 2: vu(x) foral! x E ¡N with strict inequality in set of positive Lebcsgue mcasurc. Domiuatc<l 

mcchanisms are trivially suboptimal. Even extreme points of W can be dominated. To sec this 

consider, the mechanism in which no buyer ever gcts a11 object (i.e., tt(:t) = O) and the mcchanism 

in which buyers always get thc object (i.e., -ü.(x) = 1). These two mechanisms are extreme points 

of W; thc probabiltiy of tradc "vu(:i:) cquals zcro and 011e respectivcly. Both mcchanisms, howcvcr, 

yicld :t.cro rcvenuc to the scllcr i11clcpcudc11t of the buycr's type. Tlicy are easily domirmtccl by 

'll'(x) = max {O, (l · x - 1)}. 
In the following disc:ussio11 we show that any undominated, extreme point of W is an optima! 

mecl1anism for an appropriate distrilmtion of types. 
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Theorem 4 Lcl fi. be an undom.inaf.erl, e1:tremc ¡minl of W. Thcn thcre is a. densit.y f .rnch llwt. 77. 

is the optimo.[ selling mcchanisrn. 

Proof Lct 

V= {vu : v1,(x) = v'v.(x) · :r; - u(x) for somc v. E W} . 

It is s imple to estab lish (by verifying dcfinitions) t.hat V is convcx and t.hat for any extreme 

point ü E W , Vu is an extreme point of V. (For ea.se oí 11otation, wc wr itc 7J and 7; instead of V11. 

and vti .) 

Let. C be the point.ecl convcx conc wit.h vertex ¡1. gcncrated by V: 

C = {-ü + J..:(v - 'ii) : /,; E IR+, 11 E V}. 

lt. follows as an application of thc Hahn-Banach Ext.ens ion Teorem (scc for instance, Lemma 

5.72 (dne to Klce) in Ali prnnt.is and Border (1999), page 201) t.h;ü in a loca.lly convcx spacr. o. 

conve:r; cone is supporled (by a continnons linear funcliono.l} at its vcrtr.x if n.nd only ij lhc conc is 

not dense. 

Wc IIOW show that t, hc COllC C is not dCllSC a.-; a subsct o[ Loo- S11ppose t.o t.hc contrn.ry t.h;i.t C 

is dense and lct. v(x) = :3N. Then, ihcre is a sequcncc {ii + kn(vn. - ii)} E C such t lmt. 

Vr. > O, 3ii. such t.h;ü 11. > 11. i1t1plics ll·ii - ·ii + J..:" (vn - 11)11 00 < c. 

Por ca.ch n , sincc ii is not dominatcd by v'", therc is a set Ge ¡N wit.h vn(G) < 11(G) . T hcn, 

note ihat 

llv - ij - k"(vn - ii)lloo > 11[?°:i - ii - kn(1111 
- fi)) l clloo 

> ll[v - 11] ldloo 
> (3N - N) > O, 

whcrc thc inequali t.y follows bccause G e ¡ N, and t.he secon<l onc bcr.ansc both t.cnns are positive 

for x E G: v(x ) - v(x) ~ 3N - N > O (Vx E G ) and -kn.(vn(x) - v(:c) > O (V:r. E G). 

Let. P denote thc posit.ive cone of L00 (1N). Note that the same argument. abovC' shows that tbe 

coue e - p is not dense. 

We c:011cl11de t.ha.t 

Note t h;ü 9(:r:) ~ O almos!. cvcrywherc. This is so bcca11sc t.hc llq~at.ivc ort lm11t. -P is scpa.ral.cd 

by .<J. **This nccrls cx pla11at.io11 *-**. Tlrns, <lcf111 i11g 

J(.r,) = q(:,;) ' 
.fg(:c) d>. 



we obtained the clesired dcnsity f supporting ii; 'Ü is an opti111al mcd1anism with respect to f. 
Q.E.D. 

Given a mcd1anism u E W and a set B C ¡N of type realizations, thc average contribution to 

sellcr 's rcve11uc of tra11sacting with agents in B is 

The exprcssion above µ .u(· ) defiucs a finitc measurc on the Borel subsets of ¡N. Let 

Thus the set V is a subset of ca(IN), the vector space of bounclccl, signccl measurcs on ¡N. 

It is simple to establish (by verifying definitions) that vm is convcx and that for any extreme 

point ü E W, there is a corresponcling extreme poiut /J,ü. E V. (For case of notation, we sometimcs 

use JL and ¡1, instead of µu and /J,ü..) 

Theorem 5 Lel ¡1, E vm be genemted by u E W . Suppose there is Be ¡N such that µ(B) ~ p(B) 

for ali µ E vm. Then there is a contin-uous density funct-ion J 1;-uch that ü ·is the optima[ selling 

mechan-isrn. 

Proof 

Let C be the pointed c.;onvex cone with vcrtex ¡] generatecl by V"', i.c., 

e= {µ + k(Jl - 11,) : k E IR+ , Jl E v}. 

It follows as an application of thc Hahn-Banach Extc11sion Teorcm (scc for instance, Lcmma 

5.72 (cluc lo Klcc) iu Alipra11tis and Bor<lcr (1999), pagc 201) tliat -ir,. a locally conve:c spacc a 

convex cone is supported (by a contfri,uo·us l-inear functional) al its verlex ·if and only if the cone is 

not dense. 

We now ::;bow tliat thc cone C is not dense with rcspect to the wcak~ topology. Let >- be t he 

Lebesgue measure in ¡N . . \file will show that no ::;cquence in C can approximatc 3N >-. Suppose to · 

thc contrary that tlierc is a scqucncc µ + k"(¡L" - µ), = 1, 2, .. . , that converge::; (wcak*) to 3N>-. 

Then, as n --+ oo, wc observe t hat 

Note, however, that t hc scquencc µn has a nonn converging subsequcuce (Lemma. 6 in the Ap­

pendix). Thus, (¡1,n - p) converges to (¡1, - ¡1,) in norm. Thereforc, 

Then, for a.t1y opc11 rcc:tangle O E ¡N, 
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(Note t.hat. thc bonndaries of open rcc:t.anv;lcs llave >.-mca.surc 1/.ero.) 

Not.c firsl. t:ha.t: for ;wy ¡1. E V and a.ny s11hsct O C ¡N, ¡1.(0) ::; N >.(O). (Tliis follows liccausc· 

¡1.(0) .f0 ['v'H(:1;) - 11.(1:)] d>..::; .[0 (1 · 1:) el>.. s; .{
0 

N rl>..) Note also t.hat >..(O) > O for auy open subsct. 

() of ¡N. This implics t.llél.t 

k11 (¡1.n(O) - Ti,(Q)) -> [(N + 1)>..(0) - ¡,.(O)]> O. 

Thus for any open set. O C l N, t.h<•rc is 11. such t.hr1.t. n > 11. implics 

k" (¡1."(0) - ¡,.(O)) > O. 

Sct.t.i11¡!; O = /Jo 

Note a.lso t.ha.t sincc V is compad, wc ma.y a.ssumc that, in a. suhscq11cncc if ncc:cssary. ¡1.11 
===} ¡1 .. 

Supposc ¡1. f= ¡, .. Theu, 

Let P denote thc posit.ivc couc of ca.(!,v ), i.e. 1 t.hc set of posit.ive ho1111dcd mea.sures. 

lt. is simple to check t,hat. C - P is a lso ,1, point.ccJ conc wit.h vcrtcx ¡1.. 

A separating hyperplane a.rp;umc11t yickls the desired result.: the cone C - P is snpported at it.s 

vcrt.cx if a.nd only ift.hc rnne C-P is 110(. deuse (Lemma 5.72 (duc t.o I<lcc), Aliprant.is a.ll(I T3ordcr 

(1999) , pagc 201). 

VJe now verify that. the cone is not. dense. We'll show that: t.he posit.ive measmc 3.X (whcrc >.. is 

Lcbcsguc mca.surc) is not approximat.cd hy e lements of C - P. 

- - - ----- Out.line 

l. The set of piecc-wisc linear mcdm11isms is dense. Thus, to sorne extcut, onc ca.11 rcstricl. 

attcntion to piece-wise linear mcchanisms. 

2. Thc set convcx !mil of thc sd. of 1/.cro-onc mccha.nisms is not. dense in W. 

:3. Uudomiuate<l mcchanisms can be sol11Lio11s to optimiímt.ion problcllls. 

4. Mechanisms t.hat are optinml in a11y subsct can be supported by co11tin11ous deusit.ies. 

5. ----- ---

3 Appendix 

Lemma 3 Let v."- E W for n = 1, 2,.... Ij thc sequen.ce v,n conve1:ryes pnintwise f.o n. funr;lion H. 

u : ¡N -> IR .. lhen un converges 11.nijorm.ly f.o v., and u E W. 

Proof To be a.ddccJ. 

Lemma 4 Thf'. sel W of indivirl1wlly ml.iono.l (IR) rmd incentive r.ompn.tible {!C) m.r.d,.m,.isms is 

com.pa.cl. with rr.sper.t. to lhe svp norm.. 
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Proof The family of functions W is cquicontinuous and uniformly l>ounded. The Arzela-Ascoli 

Thcorem (sec for instance, Royden (19G8), page 179) implies the desired result. 

Q.E.D. 

Lemma 5 Lct un, n = 1, 2, .. . be a sequcncc úi W tlwt converges ·un·ifonnly to ·u E W. Then thc 

scquence of gmd·icnts Vu" converges poínlwise A-a. e, to V u 

Proof For n = l, 2, , . , , lct Dn be the set of x E / N w hcre 7/' (x) is difforentiable, and !et D' be 

sirnilarly dcfine<l for 'IL. Tlie sets just <lefiucd are dcusc i11 ¡N and have A mea.sure one (Rockafcllar 

(1970), Tlicorern 25.5, page 24G); furthermorc The set D = (íln>i Dn)nD' has ful! meac;ure. (Note 

that wc niay also take the intersectiou of D with thc interim-of ¡N, and thus avoid the detaib 

about the definition of thc gradient on thc bou11dary of ¡N .) 

Pick any x E D . Since un(x) is differentiable, Vu"(x) equals the unique subgradient at x 

(Rockafcllar (1970), Theorem 25.1, page 242). Thcreforc for any y in ¡N, x E D, 

'l.ln(x - 6y) - un(x) . un(x + óy) - 'ttn(x) 

6 
:;vu"(x)-y:; 

6 
, 

for all small 6 > O. (Note that for sufficiently small ó, the points (x + óy) E ¡N and (x - óy) E JN) . 

We now show that for any E > O, thcre is ñ such that n > ñ implies 

u(x - óy)-:- u(x) n ·u(:1: + óy) - ·u(x) 
------- - E < V u (x) , ·y < . + e ó - - () (3) 

To see tltis, note that given any two sequencc of real nurnbcrs T", sn, with rn 2::: sn, \/n, and s" -, s, 

thc following inequalities l10ld: r" - s 2::: sn .:_ s 2::: - 11 .sn - sll . Sin ce for any E > O, there is fi such 

that n > ñ implies - ll sn - s\l 2: -E, it follows that [n > ñ ==> r"' - s 2: -1;]. The same argument 

can be used to obtain both inequalities in (3). 

Finally letting ó-!. O, by the definition of gradicnt (3) ·yields 

V ·u(x) · y - l:; Vu"(x) ·y:; V ·u(x) ·y+ E. 

Si11ce y and t are arbitrary, this implies thc dcsired rcsult. 

Q.E.D. 

Lemma 6 The set V oj meas·ures generalt:d by functions of W is norrn compact, 

Proof Lct µn, n = l, 2, ... be a scquencc in V. Eadi ¡t" E V is dcfincd by a fuuction ·un E 

W. Dy Lcmma, 4, a subsequcucc of un ( whicl1 abusiug notation wc inclicatc with a subiudcx n) 

converges uniformly to sorne u E 11/. Dy Lcmrna 5, iu a furtlwr subscqucuc:c (abo imlicatcd with thc 

saine subindex n), "v'l.ln converges pointwise A-a.e. to Vu. By Egoroff Theorem (see for instance, 

Aliprantis aud Border (1999), page 349), for any t > O, there is a set Ge ¡N with >-(G) > 1 - t, 

such that Vu11 converges uniformly to Vu in G. 
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.: 

Tlt11s 

s~T [¡/' (E) - ¡1.(E)I = J / ,; {(\Ju77 (:r,) - \7v.(x)) · x - (un(x) - v.(:,;))} d>-J 

< / ~ J(\711.n(:1;) - \Jv.(x)) · x[ dA + / :; J (nn(x) - u(:1:))J d>-

= r. _ l(\Jv.11 
(:,;) - \Ju(x)) · xi d>- + r, r l( \Ju" (x) - \711.(:1:)). xi rl>-

J bnG Íhn~ 
+ r 1 (un(x) - 71.(:1:))I d>-

1 e 

As 11, t.cn<ls t.o infi11it.y1 t.hc first aml t hird tcrms of th e last. linc go 1.o ;,,ero. T h c i11t.cgn1.11d in t.hc 

sccond tenn is b o 1111dcd: s ince, O :S \7v,n · x :S 1 · x :S N and the samc b o11nds apply 1.o \Jn · x, it 

follows thaL [( \7n" - \7v.) · xi :S N. Thus, 

{ [( \Ju"(x) - \Jv.(x)) · .1:Jd>- :S N>-(Gc) :S NE. 
} r-;ncr 

Sinrc <: is a rbi1.ra.ry, the dcs ircd rcsult obtains. 

(2.E.D . 
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