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Abstract -

Preference profiles are order-restricted (Rothstein 1990, 1991) if for any pair
of alternatives, & and y, the set of agents I can be partitioned in three (integer)
intervals, Iy = [0,41], ]2 = [¢1+1,42] and J3 = [i2+1, ||}, such that I; is the set of
agents that prefer = to y, I2 the set of agents indifferent between both alternatives,
while I3 represents the set of those agents preferring v to =. This condition has
been proven to be useful in dilferent models of collective decision-making, where
there is a natural ordering of individuals rather than of the alternatives. The
purpose of this article is to analyze whether or not there exists nontrivial social
choice rules, defined on this preference domain, which satisfy the well-known non
manipulability condition called sirategy-proofness. Through a simple argument,
the paper shows that in the case of the median choice rule no profitable deviation
can occur because of the internal coordination among the individuals that the
structure of preferences generates. It turns out that this result, which extends
the investigations of Moulin, Barbera and others to a different class of domain re-
striction, has important consequences for the robustness of representative agents
in many strategic problems of political economy.
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1 Introduction

Consider a society which must choose a collective alternative or a policy outcome from
a subset X of the one-dimensional Euclidean space. If no restriction is placed on the
admissible preferences of agents and |X| > 2, then any mechanism which takes these
preferences into account for reaching a decision.must either be trivial or manipula-
ble. This disappointing result, known in the literature as the Gibbard-Satterthwaite
theorem, was the starting point of a vast research agenda on the strategic aspects of
collective decision-making.

Two approaches were followed to overcome the Gibbard-Satterthwaite impossibility
theorem. The first one consists in weakening the concept of manipulation used in the
analysis. The most commonly notion employed, strategy-proofness, is a very strong
form of robustness against manipulation. A choice rule that maps preference profiles
into social alternatives is called strategy-proof if telling the truth is a dominant strategy
for every agent. This means that, no matter what the others report, a lie never pays
off. Concepts such as Nash, subgame perfect or Bayesian equilibria may be shown to
be both more meaningful and more useful than dominant strategy equilibrium.

Nevertheless, if we insist on strategy-proofness, a second possible way out of the
Gibbard-Satterthwaite theorem is to restrict the domain of admissible preferences.
While the universal domain assumption assumed by the theorem may be natural when
the set of alternatives has no particular structure, it could be unreasonable strong when
that set arises from some specific economic or political problem.

In fact, an important class of preferences for public economics and applied political
theory is the class of single-peaked profiles. Intuitively, a single-peaked profile is one
in which the set of alternatives can be ordered along a left-right scale in such a way
that each individual has a unique most preferred alternative (or ideal point) and the
individual’s ranking of other alternatives falls as one moves away from her ideal point.
Such profiles capture the common intuition that, for example, an individual has a
most preferred ideological position on some liberal-conservative spectrum and the more
distant is a candidate’s ideological position from this most preferred point the more the
individual dislikes the candidate.

What makes the assumption of single-peaked preferences attractive is that for this
type of restricted domain there exists a wide class of strategy-proof sccial choice rules.
The simplest one, that was first studied by Black (1948) and drew continued attention
ever since, is the rule that chooses for each preference profile the median of the peaks
of the preferences. This mechanism, sometimes called the median (peak) choice rule,
was then extended by Moulin (1980) to other biased procedures (such as the highest
peak rule) by assuming the existence of a number of phantom voters. It turns out that
such mechanisms, called eztended median rules, fully characterize strategy-proof rules
among those requiring agents to reveal only their preferred alternative.

As a corollary, the results above imply that the median voter theorem has a non-



cooperative strategic foundation, in the sense that it is possible to construct a game
that implements the median voter’s most preferred alternative in dominant strategies.
A simple example of such a game form is a situation in which each voter’s strategy
1s simply to choose an alternative from X, with the outcome function then being the
selection of the median of the chosen alternatives. It is easy to show that in such game
each player has a dominant strategy that consists in choosing her ideal point, since
selecting any other alternative can only move the median away from her ideal policy.

ISven though single-peakedness can be seen as an attractive preference domain for
analyzing strategy-proofness, its usefulness is restricted at least in the following two
ways. First, social choice rules that are strategy-proof in the unrestricted domain of
alternatives may not be so on arbitrary agendas or subsets of X. Since single-peakedness
does not restrict too much the direction of preferences among alternatives that are not
top, unless they lie in rather specific positions, if agents were required to vote for their
top on a given range, and their unconditionally best alternative were no longer available
for some or all individuals, then there will be sufficiently room for manipulation.

As we said before, the problem arises from the fact that assuming single-peakedness
on the set X of conceivable alternatives need not imply many restrictions on the prefer-
ences over a given subset X C X of feasible alternatives. It all depends on the shape of
X. It may even be that cvery preference on X is_the restriction of some single-peaked
preference on X. Thus, further restrictions are necessary for positive results.!

On the other hand, assuming single-peaked preferences is not always reasonable.
For example, in the standard “one public good-one private good” model of public
economics, if the public good production cost schedule is strictly concave (because the
technology is subject to increasing returns to scale) as opposed to convex, then the
induced preferences need not be single-peaked.

In recent years, an alternative class of preference profiles, that deals with both
criticisms, has received increasing attention. This family of preferences, first formally
introduced by Rothstein (1990, 1991), is commonly known as order-restricted prefer-
ences and it is characterized not by an ordering of alternatives but rather by an ordering
of individuals.

The idea behind order-restriction is that in many circumstances ordering people is
more natural than ordering alternatives. This is the case, for example, of redistributive
policies, where policy-makers are concerned with reallocating resources from rich to
poor people subject to the constraint that such redistributions do not reverse the rank-
order of individuals’ wealth. Thus, while there does not exist an obvious ordering of

"As Barberd ot al. (1997) have shown, positive results still hold if preference domains are restricted
to the set of single-peaked prelerences closed on X, that is, the set of all preferences whose unconditional
peaks happens to lic in X, or further, but not if we enlarge them to allow for preferences with infeasible

tops. Iowever, since it is often the case that we prefer wha.t we cannot get, these closed preference
domains are \ory narrow indeed. #



alternative distributions of wealth, there does exist a natural ordering of individuals in
terms of individual wealth. '

Unlike single-peakedness, order-restriction imposes limitations on the character of
voter heterogeneity rather than on the shape of individual preferences. Under order-
restricted preferences, individuals are assigned a position along a left-right scale with
the condition that, for any pair of alternatives, the set of individuals preferring one of
the alternatives all lie to one side of those who prefer the other.

While similar in spirit to single-peakedness, it is easy to show that neither set of
restricted profiles contains the other. Furthermore, both assumptions yield that the
median voter’s ideal point is a Condorcet winner. But there is a subtle difference in the
meaning of these results. As Rothstein (1991) has shown, order-restricted preferences
imply that the median voter is also a representative voter.? This means that, for any
pair of alternatives z and y, (not just for the median top), such that z < y, if the me-
dian voter prefers z, then all voters to his left agree with him; and, if the median voter
prefers y, then all voters to his right agree also with him. In other words, there exists
always a majority that agrees with the median voter, so that the majority preference
relation basically coincides with the preference ordering of the median.

In this paper we analyze the existence of non-trivial strategy-proof social choice
rules on the domain of order-restricted preferences. We consider such analyses relevant
because order-restriction has been shown to be an important subclass of individual
preferences. In effect, in a recent paper Gans and Smart (1996) have proven the equiv-
alence of this condition and the property of single-crossing, which is also related to the
Spence-Mirlees condition, so frequently used in the analysis of the allocation of public
goods.®

Furthermore, single-crossing has been extended by Milgrom and Shannon (1994),
who found an interesting connection between this condition and monotone comparative
statics: it turns out that single-crossing is a necessary condition for a solution to an
utility optimization problem to be monotone in the parameters of the objective func-
tions. This solves again, in many majority voting settings, the problem of the existence
of a quasi-transitive majority preference.

%A representative voter is an individual whose strict preference for any alternative x over any
alternative y implies: (1) that z strictly defeats y by majority rule, if there are an odd number of
voters; and (2) that « weakly defeats y otherwise. This result holds by the median voter if & is his
ideal point or if the preferences satisfv a generalized svmmetry property, but not in general.

For example, Roberts (1977) examined the existence of quasi-transitive majority relatious in the
collective choice of redistributive tax and transfer rates. He showed that single-peakedness may fail to
account for the individual preferences and therefore raised the possibility of the majority prelerences
being intransitive. He resorted to a condition he called hierarchical adherence, which implies single-
crossing, to show that if it holds, there exists a majority preference with the desired property of
quasi-transitivity.
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The paper proceeds as follow. Section 2 provides notation and definitions. In Section
3, we present and prove our main results. By means of a simple argument, we show first
the strategy-proofness of the median choice rule. That is, that in the case of the median
choice rule no profitable deviation can occur because of the internal coordination among
the individuals that the structure of preferences generates. This result, which extends
the work of Moulin, Barbera and others to a different class of domain restriction, has
interesting consequences for many problems in political economy. In particular, the
result is used to prove the implementability of Rothstein (1991)’s representative voter
theorem in dominant strategies. Section 4 concludes.

2 Preliminaries

The basic model of order-restricted preferences assumes that the set of agents [ is finite
and its cardinality |/| = n odd. Without loss of generality we represent I as J =
{1,2,...,n}. The set of alternatives is X = {zi,...,zx} C Ry, while X = {z},...,z:}
represents a generic subset of X. We use x to represent the set of all nonempty subsets
of X, ¥ = {X|X € 2*\0}. In words: X is the universal set of outcomes, whereas a
particular situation, or agenda, involves a G X-

Call SW(X) the set of all weak (complete and transitive) and strict orderings >
on X. A maximal set associated with (X, >) is M(X, =) = {z € X|Vy € X,z > y}.
M (X, =) gives those alternatives that are top-ranked in X with respect to the preference
relation =. Note that if both z and y are in M (X, »), then it must be the case that
z ~ y. But, since we assume that orderings in SW(X) are strict, the corresponding
maximal sets are singletons.

Given »€ SW(X), we define & as its induced preference ordering on X,

Vz,y e X, z5y ifandonlyif z>y

A profile (>1,..., ) € [SW(X)]™is order-restrictedon X if and only if 3y: I — |
such that Vz,y € X,
{2(@) € Ilz =y v} > {7(0) € Ily >y )}
or
{1(@) € 1|z >0 ¥} < {7(2) € Iy >y 2)} OR-1
OR(X) c SW(X) will denote the set of all order-restricted preferences on X.°

4For any two nonemply finite sets of integers K and J define the binary relation > as K > .J il
min{k € K} > max{j € J}, i.c. if the smallest clement in A is greater than the greatest clement in
J. If both scts are empty, let K" >> J and J > K.

5This notion can be casily extended to non-strict orderings (=1,...,=4),

{v(3) € T2 =40y ¥} 3 {7(3) € Ily ~yqp 2)} 3 {7(3) € Ty >y 2)}
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Another property, single-crossing, has been proven equivalent to OR-1 (Gans and
Smart, 1996). Thereafter, we will use it instead of the original characterization,®

Vysae¥i>tigriz—ayrja OR-2
Order-restriction and single-peakedness are obviously independent conditions.” In
particular, preferences can be order-restricted but not necessarily single-peaked. In
order to illustrate this, suppose a social situation with three individuals, indexed 1,2
and 3, and three alternatives z,y, z € R, such that z < y < z. Assume that the agents
have the following orderings (weak but not necessarily strict): 2 > y ~ z; Yy ~o 2 > T;
and z >3 ¥y >3 z. [t is easy to show that this profile satisfies order-restriction, but not
single-peakedness.
Let X € x be a subset of X, with |>:’| = 2¢ + 1. The median of X, denoted by
med(i’) = Zy, is such that |{z; € X’]a:.; < 2Zm}| 2¢+1land |{z; € Xl2m <ziH 2 g+l
A social choice function f on (X,SW (X)) is a function f : [SW(X)]* — X. A
social choice function f™ : [SW(X)]* — X is called a median choice rule if,

V=€ [SW(X)]", F"(>-) = med{t(>:) }ier -

where t(>=;) € M(X, ;). Notice that if »; is single-peaked on X, then t(>-;) represents
agent ¢’s ideal point on X.

A choice rule f: [SW(X)]* — X is tops-only if,
V-, =€ [SW(X)®, f(-) = f(>) whenever M(X,»;)=M(X,=;)Viel
A social choice function f on (X, SW(X)) is strategy-proof iff,

iy i) >4 f(miy i), Vi € I, 4, ;€ SW(X) and »_;€ [SW(X)]*?

If a social choice function f is not strategy-proof, then there exist Z, >, >-; and >_;
such that f(>;,>_:) > f(>~i, >—_:). We then say that f is manipulable at (>;, = _;), by
i, via >

3 Results

Order-restricted preferences exhibit some characteristics that will be useful in the anal-
ysis of strategy-proofness. The first one shows that unlike single-peakedness, it holds
for every subset of alternatives:

or
{~(i) € T =g y} < {7(0) € Ty ~oygay )} K {7(d) € Iy >0y #)}

0This assumes that an appropriate relabeling of the agents’ indexes, v, has been already applied.

"Formally, a preference profile (-1,...,>,) € [SW(X)]"* is single-peaked on X if for all i € 7, there
exists L(3~;) € X such that (1) L(>-;) »=; @, for all 2 € X\{4(>:)}; (2) y < = < {(>~;) imnplies 2 =, v,
and (3) t(>;) < 2 <y implies = »; y.



Lemma 1 Jf == (>1,...,>y) is order-restricted on X, then == (>1,..., ) s order
resiricled on any agenda X, for all X € .

PROOF. By way of contradiction, assume > does not satisfy order-restriction on X.
That is, suppose OR-2 does not hold on X. Then, there exist z,y € X, and j,i € /
such that y > 2 and j > i, and y>;z but =[y>;z]. Hence, by the definition of >, y »; x
and ~[y »; z], which contradicts our assumption that > is order-restricted on X. O

Even if we allow for weakly single-peakedness,® it seems that single-peaked pref-
erences does not satisfy a property like that stated in Lemma 1 for order-restriction.
This is a significant difference between both preference domains: the invariance of
order-restriction in the real line implies that, if a social choice rule f: [OR(X)]" — X
is strategy-proof, then it is also non-manipulable in every agenda X ¢ X. That is, it
is strategy-proof no matter what subsets of policies we are considering in the collective
choice process.

On each subset of alternatives the restriction of order-restricted preferences picks
out a single maximal element: : : ‘

Proposition 1 For all X € x and &; € SW(X), agent i has a unique top alternative
t; e X.

PROOF. Trivial. Consider X € x and i’ restricted preferences on it, =; € SW (X).
Since X is finite and >; is complete and strict, (X, >:—,) constitutes a chain. By Zorn’s

Lemma there exists a maximal element for =;, {; € X. O

Another property that follows immediately is that the median choice rule on the
domain of order restricted preferences requires only the information provided by the
maximal elements in the individual orderings:

Lemma 2 f™:[OR(X)]" — X is tops-only.

PROOF. By definition, a median choice rule is such that for any profile >, f™(>
) = med{t(>,),...,t(>n)}, where t(>;) € M(X,>;). In the particular case of order-
restricted preferences, by Proposition 1 we have that M (X, >;) = {t(>:)}. Therefore,
if given two profiles, &=, > € [OR(X)]", such that for each i € I, t(*;) = t(>;), we have

BBarberit and Jackson (1994) define weakly single-peaked preferences in the following way. For any
X C R, a preference relation > is weakly single-peaked on X iff there exist alternatives £;,1. € X (the
peaks of = on X). with £; < ta, such that: (a) t; ~ ta; (b) [t1.t2] N X = {th,ta}s () z <y <t —
tLiryraand (d) il <y<zr—ia >y

Cenditions (a) and (b) scem to e more restrictive than the others. In fact, it is possible to conceive
many situations where one of them or both at the same time fail to hold.




that f™(=) = f™(>). That is, f™(-) is tops-only.? O

For every agent i, to declare her top on each subset of alternatives X LU=, is a
dominant action: ) ’ :

Lemma 3 IJ & is the restriction of the order-restricted profile = on X, then
FHU 2™ (B )
for alli€ I, where B_y= (£1,..., Bi1, Big1y o o o Fn) € [lym X and z; € X.

PROOF. Let Z_; be a given vector of feasible declarations (in the sense of being a
vector of rational choices), where each component z; is the choice of agent j. We call
Em = med{t(>;),£_;}. Assume that for an i € I, i # m (the median agent), there
exists an alternative #; € X such that f™(Z;, Z_:)=if™(t(>:),Z-;). Without loss of
generality assume that the true top verifies that t(>;) < &,.

o If % < Z,,, then med(Z;, ;) = med(t(~;),%_;). Therefore f™(%;,%Z_;) =
F™(t(=;), Z_;). Absurd.

o If #; > %, then the new median top, %,,, will be in the interval [%,,,%;]. Sup-
pose that %, =%, (i.e. according to 4's true preferences). Then, by OR-2, since
3 > &, for every 7 > i we have that

-l

| EniEv . . (*)
On the other hand we have that {(>;) < .. Suppose that m < 4, then, since
Emml(>=;) (otherwise, m would have chosen ¢(>;)) by OR-2 we have that for
every j > m, Z,p;4(>;), in particular for i. Absurd. Therefore m > i. So, going
back to expression (%), it follows that :'i:;n;m.i',n. Absurd, because then, if we
replace the declaration of m, Z,, by the alternative declaration %, we have that
fm(fi‘i,."x‘v:;m ij#i/\j?ﬁm);‘mfm(ii,im,i"j?ﬁ/\j;&m). That iS, .’1‘_,; 13 not feasible, contrary
to our initial assumption. O

It follows immediately the following:

Theorem 1 f™: [OR(X)]* — X is strategy-proof over each X € ¥.

9An alternative proof of Lemma 2 was advanced in Rothstein (1991)’s vepresentative voter theorem.
This result says that, as long as preferences are order-restricted, the preference relation of the median
voter coincides with the ordering induced by the majority rule. Thercfore, it is possible to determine

the chosen alternative f™(>) in every subset X by considering only the maximal set of the median
voter.



PROOF. Tmmediate from Lemmas 1,2and 3. O

This result can be used to prove the implementabilily of f™:

Theorem 2 There exists a mechanism that implements f™ in a dominant stralegy
equilibrium over X .*°

PRrRoOOF. To implement f™, we have to define a game form &, find and adequate outcome
function ¢, and show that ¢(D(G, (>1,...,>n))) = f™(>~1,...,>n), where D yields the
dominant strategy equilibria of the game. Let us assume that A; = X, for each i € I.
Then, an action by agent i is to choose an element of X. The outcome of the game is
¢(x1,. .., 2n) = med{x;}; that is, the median of the choices of the agents. Consider the
action profile (¢t(>,),...,t(>n)). We will show that it constitutes a dominant strategy
equilibrium. That is,

¢(m1: » Wy {‘(>_z)1 L 1In) i qﬁ(:l?]_, BRIRIPE 4 PR 12:71-)1 V’L, Ty :li t(}i)': Tr_; € H AJ
i
Since, by definition, @(2);...;80~:).¢. .. %a) = /med{zy,...,t(>:), -, Zn} =
™z, ..., t(>~i),...,Zn), we can easily recast the proof of Lemma 3 to show that
given any undominated profile z_; for the rest of the agents, no z; exists verify-
ing that ¢(z;,z_;) »; ¢(t(>;),z_;): Suppose that there exists such z;. Then, calling
ZTm = ¢(t(:), z_:) and z,,, = (s, T_;), we have two cases:

1. 2; € Zm. Then med{t(>;),z_;} = med{z;,z_;} therefore ¢(i(>;),2_;) =
¢(zi,z_;). Absurd.

2. 2; > 2,,. Then the new median z,, will be in the interval [Zm, z5]). Suppose that
z,, >; Tm. Then, since the preferences verify OR-2 and z,, > 2, then, for every

7 > i we have that
Bon, 75 Bon (%)

On the other hand we have that t(>;) < z,,. Suppose that m < i, then, since
Tm >m t(>;) by OR-2 we have that for every j > m, z,, =; t(>;), in particular
for i. Absurd. Therefore m > i. So, going back to expression (%), it follows that
x:n m Tm. Absurd, because we assumed that z_; was undominated.

A nicchanism implementing /™ @ [OR(X))* — X is a strategic game form G with consequences
in X. G = {I,(A;). ¢) such that A; is the set of actions available to agent i € [, and ¢ : []; A; — X
is an outcome function. Given the preferences (>-1,...,>5) € [OR(X)]™, (G, (>1,....>n)) becomes
a game. Finally, given a solution concept &, ¢(S(G,{>1,..-->n))) = ™ (~1,..-.>x) (Osborne and
Rubinstein, 1994).




Therefore, (t(>1),...,t(>,)) is a dominant strategy equilibrium, and by definition
¢(t(-1), .. t0-n)) = med{t(1),. . ., t(=a)} = FP(E(=1), .., 2(>0)). O

It follows immediately that this result extends to every subset of X:
Proposition 2 For every X € x, [™(F1,...,5n) = M(X, m).

PROOF. According to Theorem 2, there exists a mechanism that implements f™
over X. This mechanism assumes that each agent chooses an element of X. If we
restrict the mechanism to X, by Lemma 1 we have that preferences remain order-
restricted on this subset, therefore the argument of Theorem 2 applies also for f™
over X. Since f™ Yyields a dominant outcome for each agent, we have that this is
also true for each X. That is, G, where each A4; = X, and ¢ = ¢, implements f™
over X, yielding (¢ (>—1),~...,t(>—n) as a dominant strategy equilibrium. Moreover,

(1), ..., t(=0) = ¢(t(>=1), ..., t(>4)) = t(>m), where m is the median agent in
1.0

4 Discussion

This paper analyses the existence of non-trivial strategy-proof social choice rules on the
domain of order-restricted preferences. It is important to remark that the approach
here is original as long as it studies strategy-proofness on a preference domain where
there exists a natural ordering of individuals, rather than of alternatives (as it is usually
the case in most of the related literature). Furthermore, it turns out that the prefer-
ence domain considered is relevant in many branches of economic analysis. As it has
been proven recently, the more abstract condition of order-restriction has important
connections with the more simple and economically intuitive property of ordinal single-
crossing, which is invoked frequently in several applications of voting theory, mechanism
design, principal-agent theory and information economics.

The main result of the paper shows that the so-called median choice rule is strategy-
proof not only over the full set of alternatives, but also over every possible policy agenda
(Theorem 1). This result, which follows from the invariance of order-restriction in the
real line (Lemma 1), has significant implications for models of political economy, where
voters usually have to choose from sets with few policies rather than from the full set
of alternatives. Besides, it contrasts with the results found by Barbera and Jackson
(1994) and Barberd et at. (1997), on the domain of single-peaked preferences. In fact,
both papers show that social choice rules, which satisfy strategy-proofness over the full
set of alternatives, may fail to satisfy this property over arbitrarily restricted subsets,
since single-peakedness does not restrict too much the direction of preferences among
alternatives that are not top. That is, single-peakedness allows a great amount of heter
ogeneity, across individuals, among those alternatives that are not top-ranked.

10



[Furthermore, the article also answers to the problem of the implementability of
Rothstein (1991)’s representative voter theorem in dominant strategies. This result is
important because it offers a formal justification for a common analytical technique.
frequently used in models of political economy with multiple and heterogeneous voters.
This technique consists of reducing the electorate to a single voter.!!

The justification for such procedure resides in Rothstein’s representative voter the-
orem. But, unlike the median one, whose non-cooperative strategic foundation was
provided by Moulin (1980), this result is based on the assumption of sincere voling.
That is, it is based on the hypothesis that in every election each citizen votes for the
alternative that gives him the highest utility according to his policy preferences.

Obviously, this assumption is hard to maintain when we study policy choices in
game-theoretic frameworks. Conversely, following the general perspective that votes
are resources and that voters would like to do the best use of these resources, in such
strategic environments players will be assumed to be forward-looking or sophisticaled
voters. So, a natural question is whether or not Rothstein’s theorem continues to hold
in those cases. Theorem 2 provides a positive answer to this problem.

Finally, this work suggests a number of new questions, such as the general form
(i.e., the complete class), if any, of strategy-proof social choice rules on the domain
of order-restricted preferences; the extent to which we can relax order-restriction and
maintain at the same time strategy-proofness; the kind of information that is suflicient
to demand from individuals if social choice rules are strategy-proof and preferences
order-restricted; etc. We hope to consider these and more questions in future research.
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