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A closed-form solution for defaultable bonds
with log-normal spread

E. Cortina *

Abstract. In this paper we describe a two factor model for a defaultable discount bond,
assuming a log-normal dynamics for the instantaneous short rate spread. Under some
simplified hipothesis, we obtain an explicit barrier-type solution for zero recovery and
constant recovery. '

1 Introduction

The approaches to model credit risk can be broadly classified in two classes. The earlier
includes the so called structural models, based on the firm’s value approach introduced
by Merton in [14] and extended by Black and Cox [2], Longstaff and Schwartz [13] and
others. A review of the literature on these models can be seen in [20].

More recent is the class of the generally termed as reduced form models, in which the

assumptions on a firm’s value are dropped, and the default is modelled as an exogenous
stochastic process. This class of models has been studied in [4], [5], [6], [7], [12], [11] and
others. For a review we refer the reader to [7] and [20].

The goal in this paper is to describe a two factor model, in the context of the Black&Scholes
option pricing techique, that could be applied sovereign defaultable bonds. The price of a
risky Lond price is derived as a function of the risk-free short rate and the instantaneous
short spread, and the requirement is that the short spread must be positive. The dynamic
of the spread is assumed to satisfy a log-normal diffusion with bounded volatility.

Our approach is connected with a remark in [20], saying that an alternative to the modeling
of the term structure of defaultable bonds, based on the Heat-Jarrow-Morton (HIM)
approach (cf. [9]), would be a two factor model using an arbitrage free model for the
risk-free rate, and a model for the forward spread that generates a positive short rate
spread.

The model in [3], applied to Brady bonds, was developed in the same context that ours,
in the sense that they use the Black&Scholes pricing technique, but they took expectation
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on the risk of default instead of hedging it, so our pricing equation and its solution are
different from theirs.

This paper is organized as follows. The bond pricing equation is derived in section 2.
In Section 3 we obtain the solution for a lognormal dynamics of the short spread with-
out recovery, and in Section 4 we consider a constant recovery. Section 5 contains the
conclusions and some comments on possible future work.

2 The pricing equation

We work in a continuous time framework, in which r4(¢) is the defaultable short rate if a
default event has not ocurred until ¢, 7(¢) is the risk-free short rate, and the spread h(t)
is defined as

QOur assumptions are

1. at any time ¢ risk-free discount bonds and defaultable discount bonds of all maturities
are available,

2. the dynamic of r(t) and h(t) are governed by diffusion equations

dr(t) = p(r,t)dt + o, (r, t)dW, (1)

dh(t) = pp(h, t)dt + op(h, t)dWs, (2)
where W), and W5 are uncorrelated standard Brownian motions,
3. the spread h(t) > 0 is positive.

To derive a general equation for the defaultable bond, we set a portfolio IT containing a
defaultable bond P(r, h,#,T), of maturity T, a number A of risk free bonds B(r, t,T}), of
maturity 73, and a number A; of defaultable bonds C(r, h,t,T5) of maturity T»,

I = P(r,h,t,T) — AB(r,t,Ty) — A, C(r, h,t, Ts).

From It6’s lemma it follows that

OP 2p 1
dll = ((3_+ io-,.( )g T or,u;(h t) ghp) dt + a_Pdrﬁdh
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and we look for values of A and A; that eliminate the randomness in dII.
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Using non arbitrage arguments it follows that

L1(P) = AL(B) — AL (C) =0, (4)
where '
g 1 48 B 1,8 1,8
E()—g'—i—,)ra)—r and 51()—55—!—5\%%—!—5%% T
Replacing A y A, in (4) we obtain
1 [ac OP L(B)
7 £1(P) = o= L1(C) | = =5+,
(3252 ~ 22 acduh oh &
where, as we know, the right hand side is
L(B
D) (00 t) = (1),
ar

and A.(r,t) is the market price of rate risk.

Then

oC oP OPaC QPoOC )

a3 £1(P) = S-L.(C) = (heoe = i) (55}; S

Rewriting this equation as

El (P) + (PZT - /\'ro"r) % EI(O) + ()u'r' - "\TJT) %_f
3P = ac g
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1t can be seen that the ratio must be independent of the maturity, and hence equal to a
quantity dependent of ~ and ¢, and possibly of r.For a given u(h, t) and an(h,t) # 0, it
is always possible to write
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where Ay (7, h, t) is the market price of the risk associated with the spread. We shall assume
in what follows that A, does not depend on r. To shorten the notation we set

é('f‘, t) = JUT(T! t) - A1‘(T'k t)UT(T: t)': (25(7", t) = #h(h: t) - )\h(h: t)ah(hy t)
for the adjusted drifts of interest rate and spread, respectively.

Writing £, (P) explicitly, we arrive to the pricing equation of the defaultable bond

0P 1 g, BF 1 P oP  oP )
B 2 i t)a,, - a,l(h t)ah2+¢(r t)ar—i—v,L(h,t)%—rP—O. (5)

Aslongasr and h were not correlated, the problem is separable; i.e. we consider a solution
P(T1 h? t? T) = Z(T‘ t’ T)S(hl t}?

where Z(r,t,T) is the solution of a risk free bond !. Replacing this solution in (5) gives

o5 1 ) ) 08 1.} ~@% 0z B
z a‘t (h t) ahz lﬁ(h t) ah:’ +3 I}a—t 50’7.(7'., t) 302 ’f"Q)( )E' —rZ| =0.
Then S(h,t) satisfies
85 1 8 S BS

If default has not occurred before the maturity T, the final condition is
i i s e o sy = g s 3 A
which leads to the following final conditions for Z and S

Z(r,T,T)=1, S(hT)=

3 Modeling the spread without recovery

The log-normal assumption for the dynamics of A(t) is the natural and simplest way to
assure its positivity. In [10] and [16] has been shown that this assumption is not suitable
for continuously compounded interest rates, since it implies that the rates explode with
positive probabilities, therefore expected accumulation factors over any finite time interval

'For a full description of interest rate models see [17].

-4




are infinite. This problem has been addressed e.g., in [8], [18], and [15], where alternative
log-normal type term structures that preclude explosion of rates are proposed.

However, for a log-normal term structure model, the spread is positive and remains finite.
The spread increases as it becomes (or it is perceived to become) more likely that the
bond may default. But it does not rise unboundedly; in the practice there is a finite upper
barrier, even if it is not known in advance.

For a log normal diffusion, imposing an upper bound to the short spread, 0 < h < Hy < o0,
is equivalent to define a bounded volatility process, i.e.

dh(t) = un(h,t)dt + o(h, t)dWs, (7)
with

on(h,t) = min(Hy, h(t))ox(t), (8)

where o, (t) is a deterministic function, and it is shown in [9] that this volatility process
gives finite positive rates (spread in this case).

For this first version of the model we shall make some simplified assumptions that allow
us to easily obtain a closed-form solution:

1. Ay = Ao and o, (t) = o are a positive constants.
2. up(h,t) = poh(t), where pq is a positive constant.
With the above choices, equation (6) reduces to

88 . 1 5488 as
57 T 3001 g5 T [0~ Ao Az =0, 0<t<T, 0<h<H (9)

ah
with the final condition

 Txa ™ | (10)

if default has not ocurred until maturity 7.

Requiring that, for spread tending to zero, P(t, h,t,T) should approximate to the solution
of a risk-free discount bond, gives us the first boundary condition, namely

lim S(h, 1) = 1. (11)

The second boundary condition, to be applied at Hy, arises from the assumption that a
default occurs if ever h reaches H;. Therefore, for zero recovery we must have

Flr.BatTY=1, (12)
which implies S(Hy,t) = 0.
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With the usual change of variables

h=¢*, t=T- ;—; S(h,t,T) = e**tF7y(z, T), (13)
and for 0
a==3(k=1), Blr)=—1(k-1)7r,
the problem (9) becomes
%:%, >0, —oco<z<lInH, (14)
with initial condition
u(z,0) = extk=1z=, (15)

and boundary conditions
U(lan?T) — 0’

lim w(z,7) = ezlh-Dat(k=1)?

T—3>—=00

Notice that the upper bound to the spread makes this problem mathematically similar to

an up-and-out barrier option.
The solution to (14), obtained by the method of images, is (see Apendix A)

’U.(DL',T) o e%{k—l)ﬂq- {e%(k—l)m]\,‘r(dl) 2 8%(k_l)(21an_$)lV(dg):l ,

where
InHy — 1
di(z,7) = == — S(k=1VaT,
da(h,t,T) = %ﬂ - %(A — 1)V,
T Z
and

N(z) = — / e” T
vV 27 S
is the cumulative probability distribution function for a normally distributed variable with
mean zero and variance 1.
Going back to (13), we can write the solution in financial variables

S(h,i) — .N(dl) — elk=1)(In H"’_lnh)i\‘r(dg),

6
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where

It is easy to see that the final condition and the boundary condition at Hy are verified by
construction.

Fort =T, N(d;) =1 and N(dz) = 0. Hence S(h,T) = 1.

At h = Hy, dy = dy = —3(k — 1)/2(T — ¢), wich vields S(H,,t) = 0.

It remains to check the boundary condition for h — 0,

2 e 12 7 _ plk=1)(In Hg—Inh)

lim S(h,t) = lim (N(di)—e BN (dy)] .
Since for A — 0, d; — oo, then lim,_yo N(dy) = 1.

To calculate the limit of the second term in the bracket we use the assymptotic expression
for the cumulative normal probability distribution function (see [1]). For z < 0

Z 1 1.3  1.3. -)™1.3---(2n—1
oy -2 [1- & 1 0B O]
T e i) e
where
BT = = gz,
2T

and R, is less in absolute value then the first neglected term. It results (see Appendix B)

h—0

Therefore, limy,_,o S(h,t) = 1.

4 Modeling the spread with constant recovery

Introducing a recovery is equivalent to specify a boundary condition

S(Hy,t) = R(t),

|



and, due to this contribution, there will be an extra term Sg(h,t) added to the solution
(16).

For the particular case of a recovery paid in cash, or when the recovery is a fraction of the
face value, R(¢) = R is constant; this makes the problem mathematically equivalent to
the modeling of a constant rebate for and up-and-out barrier. The additional term takes
the form (see Appendix C)

Sr(h,t) = e—%(!:—L)1nh—§(k—1)9(T—t)R [1— erf(ds)],

where _
InHy;—Inh 1 ¢ _»
dy = ————, d erf(t) = — 4
3 W, and erf(¢) " € dp

5 Conclusions

Under some simplified assumptions we have obtained a barrier type closed-form solution
for a two factor model of a defaultable bond, modeling the spread as a log-normal random
walk with bounded volatility.

This log-normal type model for the spread is the simplest one, and by relaxing the hy-
pothesis it may be improved to better agree with some phenomenological facts. In [6] is
pointed out that the behaviour of instantaneous risk of default was observed to be mean
reverting under the real measure. Therefore, out next step shall be to consider a mean-
reverting lognormal type random walk, and preliminary calculations show that, in this
case, a quasi-closed solution may be obtained in terms of the Hermite polynomials.

A jump diffusion model should also be considered for the spread. Allowing jumps would
be a more realistic assumption, especially for certain sovereign issuers, where it is likely
that political events may produce jumps in the spread.

6 Appendix A

Consider the problem (9), (10), (11), and (12).
Setting
2y

}zzem? t=T—'—.), S(h,t):v(x,r),
2k}

and replacing this change of variables in (9) one obtains

ov &% ov
or ~aw T Uy

with initial and boundary conditions

r>0, =ooxe<Infy (17)




v(z,0) =1, v(lnHy7)=0, lim »(z,7)=1.

T—+—00
Now we set
?)(.’E, 7_) — eax-{-ﬂdauu(mT T) (18)
and (17) becomes
ou Ju ou .
EZ@—F[Z&—F(A.—I)]%—}—[& ~+~a(L—l)—ﬁ]u. (19)
The choice
1 1 2 :
a=-5(k=1), f=-7(k=1) (20)
eliminates the terms in g—; and u, thus reducing (19) to the heat equation in a semi-infinite
domain
%:%, 7>0, —co<z<lInHy,, (21)
with initial condition
u(z,0) = ez (k=17

and boundary conditions

(M By Tr="1

* Lit— 1l 1y2
lim u(x,'r) — o3 lb-Dz+i(k=1)
T—r—00

The well known general solution this problem, using the method of images, is

ll’lfj’d
wlm, T = /_oo u(y) [G(z —y,7) — Gz — (2In Hy — y)7)] dy, (22)
where
1 22
Glz,7) =3 R (23)

is the fundamental solution for the heath equation.
Replacing (23) in (22) we have

T In Hy _“._u):‘ Inf, _(z—‘llnH[+y)2
wlz,7) = 5 / up(y)e™ 7 dy —/ uo(y)e a dy| =1, = I»
ZASTTT —00 -0

where 1 is given by (15).



Here

1 In Hy _(z=p)®

= [ st e e
Z =00
Substituting
“T 27

in I yields

lnHi-—-‘z 2

Il _ ]; V2T 6%(k-—1)ze%(k-1)v/2—:—e"‘5§'dz
27T J—c0

1

Llk—1)z In A -z &
_ 0T P v,

27 J-oo

Ltk i(k=1)2+ InHg—=x a
ez(k-Na+3(k-1) f Ve e=VE] g,
V2w ~00

Calling
1
p==z— ;(k—l)vg'f
we obtain
glh=Da+ (k=12 MHTE_ L1 B 2
R il g g
2m —oc
= gD+ -1 g1y (25)
where
In Hd =i
di(z,7) = ——— — (k= 1)V 2T,
1(z,7) = ( )V
and

1 z 10
N@)=—= [ ¥z,

is the cumulative probability distribution function for a normally distributed variable with

mean zero and variance 1.
The calculation of I is similar to that of I;.

1 In Hy (x=21n H +)°
A R——— o

2/7T J-

10




Putting

z—2InH;+vy
2T

z:

1

we obtain

l r_Ir")Hi

L= — " w(2InHy — 1 +/2r2)e T dz
2 m e 0( d ) s

where we substitute
up(V2rz —z + 2 In Hy) = e%(k—l)[ Trz—z+21n Hy]

to obtain

i ) z—In H
ez(k=1)(2ln Hy~z) —prd e_%[zg—(k—l)‘/f-;:1 dz

27 —00

Iy =

L(k—1)(2In Hy—z)—+1(k=1)27 Z=InH, .
ex(k=1)( a—z)—+3(k-1) =l e—%[z—%(‘“—l)\/?-'f]“d,
27 - -

The change of variables

1
p:z—;(k—l)\/Q_T, dp = dz,

gives
exlb-1)2n Hy—a)—+3(h=1)*r (EmMd bk 1)var 2
I = e REY T
= 6%(‘,"_1)(2 In Hd“x)_""%'(k_l)g'r;V(d?):
where

z—InHy; 1
= == O (f -1/ 25
% V2T Q(A 1€

u(z, ) = esth-17= [eé‘(’“_ljxﬂf(dl) - e%wnl)(gmH‘rz)N(dz)]

Going back to (18) we can write

’U(SL',T) = e—{;(.ﬂ:—l)x [e:}(k—l)a:iv(dl) _ e:}(kﬁl)(‘zlnh’d—x)mv(dg)}
- .Nr(dl) _ e(k—l)(ln Hdﬁ:c)mr(dg)

11



7 Appendix B

To calculate

T——00

1111'1 e(!:—l)(ln H“_x)N'(d ]

we use the assymptotic expression for the cumulative normal distribution. For z < 0

Z 1 1.3 = 1.3.5 —1)".1.3---(2n—1
Z Z T T rin
where
Z(z) = ——e-t

V2w e
and R, is less in absolute value then the first neglected term. Then

3
hm e(k—l)(ln Hd_m)e 2 [1 _ i L 13 135
Z—r—00 do

(=1)".13--- (20 — 1)
ET @ Tt

7o

— lim ek-D0nH,~z)€

T—+—0C

T——0Q

(z—ln dez
27

s exp [(k —)(InHy—1z) - 3 [

dy

(k= 1)(z —InHy) + (k- 1)*

exp {—%[—H"\}g" +%(k—1)\/‘2_T]"J
= lim s=lnfy _ L |
At k-1

=)
2T

8 Appendix C
The problem (14), with a specified boundary condition at z = In H,

u(ln Hy,7) = g(r)

15

can be reduced to two simpler problems with solutions u; and us such that u = u;+uy. The
subproblem for u; is the already solved model with zero recovery. The second subproblem

fuy B
ot Oz?
iL-_g(.’L',O) =
12




us(In Hy, 7) = R(T)

lm us(z,7) =0

Taking the Laplace transform with respect to 7, we get the ordinary differential equation

0242

ox?

= pls (29)
where

ta(z, p) =[0 u(z, T)e PTdr

is the Laplace transform of u(z, 7).
The solution to (29) is

dz(z,p) = §(p)ePE I HI

where R(p) is the Laplace transform of R(r). Therefore, u(z,7) can be written as the
Laplace convolution of R(r) with the inverse Laplace transform of ev?(@—1n fa)

walin, 7 = 2\1/7? [ o) = In Ha)exp [_. (34(“71?3)*} ( 1

Setting y = ==, and for R(1) = R = cte, we obtain

T—u'
R(z —In Hy) [e° —y(z —In Hy)?] 1
ug(.’r,"r) — —(3-\7-%—0!-/; exp { 4 & ﬁdy

du

[T

T —u)

P

R o 2
= \/; /;—lnh’i & dz
' T

afm(:23%)]

where

1s the error function.
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