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Abstract-

1hi; paper.._investigates two types o(GEI -models \vith product_i_on-
. an<f_ unawaren·e~s. ext~nding the framenvork of Medica et . al . ( Eco
nom-ic -Theory, 1-998), Exi;tence· of equili~rium in an entrepreneur- ..: 
ship economy isguaranteed given their same assumptions coped with 
decreasing-retÜrns-to-scale .technologies. A non-existence exá.mple .-is 
·provided to show th~ necessity -of sorne mínimum ·awareness by ag_ents·. 
Two ·results from the standard_ GEI with production framework st~ll __ 

· . hold: . the ma.~imúdt net present value characterization of eqtiiiib- . 
·-rium .output _and Ü1e Modigli~ñ1~Miíler Theorem. _ A modifie<l-risk- _ . · -
evaluation~by,owne-rs formula ·is al~o piovided. · Ari exaínple of cre
ation· of á ne,v g;od jhows that it is ~ot alw~y~ · the case that a non- . 
trivial change in awa~eness leads to a. different equilibrium 9utcome. 
In an ownership eeo11omy, the Pareto ownership equilibriu·m is char.~c: · 

. tedz~d. As· a side result~ a modified version of the Minko,vski-Farkas 
lell).ma is pro~ed. Finally, iJ; is shown that- unañimity in ·prodi..tction 
decisions .. still-holds- under multiplicative un"certainty. -

Introd uction = 

General Equilibrium Theory with Incomplete Markets ( e El) l~as already a 
long histori Its developrnent was not onTy irnpoTtant in a· purely rnethod
ological sense but also for applications in asset pricing ancl macroeconornics. 
The modelling.of unGertainty and risk in this framework was based mainly 
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on the well-known Savage's [13] decision theory. This has been standard for 
mahy years: . 

This tbeofy has still beeñ. subject to· major criticisms. For example, im
portant objections ha.ve come from Experimental Economics, as surveyecl, 
_e.g. , in Rubinstein [12]. More importantly, the Savage paradigm intrinsically 
assumes t~!=).t the decision ptocess takes {nto account all possi9le future con
tingencies. This..assumption could be suitable for simple problems, in -which 
the ·number· of events to be. considered.is sm·alt Howeyer, most of the typical 

_non-=-triviaf eéonomic issúes involye-too many contingencies to be awaie of. 
-For instance; it would be arguable· to assume that an investor is a l\vays aware 
of afl possi.bl~-facts that éould influence her- decisiorr of in'7esting-in Internet 
s_tocks. _ Nevert_~eless the standard GE! literature, as well as applications in 
inacroeconomics and fj.nance,· kept using Savage's. theory, given the· lack of 
alternatives. 

· Rece.ntly a riew li!eratute- oñ altefoative foundatións of décision theory 
under uncertaihty ·ha~r been developed. One· of the· -CQ.ritributions has been _-- • 
t~e wo1J by -Nfodica and Rustichini (see [iCand [8)-) ._ 'Í'hese- -two ·authors 
developed a formalizatfori _of t~e concept of.·unawareness, .. as· well_ as it~ ax- . 
iom_at-ic characterization. This is done mainly t.hrough a logicá:l system.wi~h
limited reas_oning ability of the subject·. Tus is impor_tant since it constit·utes 
the_ first. foundation for decision · theory without· awareness of · all éontingen-· 
cies. In Modica et. al. [9]; a first.application of the conc;ept of. unawareness in 
the general equilibrium tradition is '(ound. In b'rief, the main dífference with 

_the sfandard approach -is. that, ·with unawareñess, agenfs must re~optirri.izé 
: -._ . in the future státes- that- agerits _dio not· consider. in the first period. 'Í'his . . -

-gi'.@~ different ·implic~tions iri tei·ms of có~ditions of existence. StiU;ome _ 
classical results iñ the GEI literat.!ll'e such as norriinal 1ndeter:rriinacy arises _ 
in th~ presence of unawarene§s.. · · · 

This-paper ·c.onsiders a first- extension of [9] to production económies·. The 
~moti vation for. this extension, to my view, · is not triyial. ~n · a provoca.ti ve pa
per, Arrow_ ana H9-hn [ll have recentrly' emphasized the role of uncertainty 
rñodelling in traditional General Equilib'rium Theory. One conclusion ·of that 
·paper is the convenience Óf finding an alternative _way to introduce üncer-

- taint_y. As m_entioned, [9) coñstitutes the first atte~pt to analyze unforeseen
contingencies ·¡n -the competitive equilibrium model. · A pme exchange econ

omy, th_ough, -is not suit~ble to capture liow ünawareness influences p1yduc- · 
tion- decisions.-· This is essential when invenfions and innovations· are taken 
into account. Arrow and ·Hahñ [l] etnphasize the_ fact that _hardly agents 
can be aware of all possible events when considering innovations. There- -
fore the equilibrium investment and consequent output levels coulcl change 
dramatically among economies with clifferent clegrees of unawareness. 

') 



' . 
• 
' 

-. The _ ~rst ·case . considered \n the papet' is the simplest one, i. e-., the en
trepreneurship economy with one physical cornmodity. Here consumers own 
firms (production technoÍogies). They decide productron quantities -as well 
as the portfolio of assets. Unc!_er the assumptions on preferences and states in 
[9], and assuming decreasing returñs to scale _in production, existence of equi--
libi-ium is gua(anteed. ·- This may not l;>e too surprisil!g since t.he ownership 
structure-ís. the simplest possible. However, assumption C in [9] cannot be. 
elimi!1ated, as· it is sho~vn through example (modified from [9] ). T!!e inter
pretation is that a11 corisumers mu~t _be aware of at least the sta~~s_ spanned 
by the asset structure. This is clearly a -serious limitatioñ. of the model. How
ever clropping th_is assumption- is- out of the scope of-this paperJ. ·a.na so it is 
maintained. ·· _. . · - · - · · -

· Uncj.~r entrepreneur~hip many of-the clis~ic-al results·in QEI with produc- · -
tioñ still: hold,. provided that sorne small changes in definitions are intro~uced. 
The eqµililiriüm production allocation c;_an be charae,t_eri~ed by the solution to 

_· _ a 7J1,odified net prese1}t -value -maximization problem. The net present value 
.· formula incl{1des ;n_ unaware.ness -modificafion, That. is, the expected net 
_ preseñt _value use.s the niartingále prices over the states foreséeri -ex-~nte by 

the _m-.¿I].er. This ·emphasizes the tole of unawa~·eness iñ pr.9duction. In the 
·extreme, it ··coulc;l happen tha:t the owner is ñot aware- of the productivity of 
its firm and decides ._to i_nvest ~ero in her· o~vn technology. ~ · · _. _ 

In th~ entrepreneurship .econorñy a modified vetsiori of the Modigliani- . 
"i'viiller the01:em hoids. For the firm ,-s:· owner-the financia! decisions can ·be 

-_ taken · indep_endently .of _her . produ¿tioh decisjons .. -·_ AJl . that m~tters -is_ the 
comb1n-ed- productiop-consúmptiori decísion, - as ln -the . sta~dard literátw-e.- . -
The-rrnt'ln reason for the MM theorem to ho_ld here is the-owner~hip-structure.- . 
Since firms are owned by individ~al agents{with fuJl respon~ibility in foreseen · . 

. C'Ontingencies), and since bankruptcy only occuis in unfQres·e-en states, then 
it ·should be obviQUS that the financia! c!_ecisions ancr output_ decisi.(?QS are 
inde2_endent. Th~ lessbn. here is- thª't unawar"eness does not matter .for the -
indeterminacy of financial -structure in entrep~·ene~·ship eéonomi¡;s. _ --

- In the sarne:eontext a characterization of risk evaluated by-entrepreneurs 
- is presented. Altl}ough the· main for!Ilul<:l_is similar to-the standard 1- I iind 

one_difference. \Nith the riskless··asset tñe net preseñt value of the equilibrium 
output allocation is equaLto the expecteét NPV dis.counted at the riskless rate 
plus the covariance between sta.te p1:ices and output levels in the standard 
framevrork.. This formüla breaks do\;n here dueto unawareness. Unfores·een 
contingencies-·implies possible bankruptcy. This makes a bond- with unit 
c-onstant payoff become a risky asset. This must be taken into account and 

1 See [5] for the standard for~ula. 
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the mentioned standard formula does not hold heré. 
I also provide an· example with two agents, where on·e entre.prenem owns 

a technolog;y able to create a new physical commodity in one state. · T he 
main purpose of this exercise is· to see whether is always the case that a 
change in uhawareness in one agent leads to different pro_duction allocations. 
The answer from this exarñple is: not necess_a):ily. I conside·r the situation 
when· the agent who lends to the entrepreneur is no·t aware ( ex-ante) of the 
possibility of _a new ·goc:id in the -future . . Then r" switch to the case in which 

- both ·agents are aware-of the invention. It turns out that the equilibrium· in . 
· the latter economy is identical to the orie in the first -case considered. Hence 
~his example._questions the potentiaf dependence of the production allocation _ 
OJ.?. t he awareness of agents. · . 

I final~y present a first attempt to treat ownership ~conomiés: I int-roduce · 
a modified definition of P.areto Partnersrup equilibrium. I characterize the 

· equilibri~m produc"tion decision as -the solution· fo the stan·dard NPV max
irnizati_orr problem. · "As a side result, a -I11odified version of" the.-MinJ<0wski
Farkas lemma 1s sh<?_wn. I also-shÓw that-:Pia~9nd's [2] inult_iplicative uncer
~ainty asstimption _ in this context still gives únanimity in outpL!t allocation: -
Hence these two resu}ts sugges.t _that unawareness does not c~ange .the main 
characterization·propositions in the ownership model. · · · 

These results lead to the follm~ing conélusion. Economies· with. simple_ 
ownership structures and incomplete -mar~ets do not -seem to c~ange dramat- · 

- ically \vith -unawareness. Most of- the classical results s_till hold . with slight 
modi_fications. Bo_wever, real life fi.rms usually take the form-·ofcorpQaitions, 
.1gnored in'l:his pape,i . . I discuss the_possible· iss11es of thi_~ -e~·<tension in• the 
conclusions. -Anóther iesson can be g_otten here. The degr:ee of. u_na,,~areness 

- · may or may not ·alte( thé equilibrium. -The mentioñed éxamplé s:larifi..es this 
poiI1t, although rriore work is needed to co~rm 1hls in a gener-ic way. _ 

- _The paper is organized.as follows. Section 2 preserits the entrepreneurship 
· economy, and it states the assumptiof!s to e_nsure existence. It also contain-s · 
an-exam_ple; modifi.ed from ¡g¡ int.roducing production1 to show nof!.-existencé. 
Section 3 includes three métin characterization results from the GÉI literature 
applied to the· unawareness case. It---shows that the classic·a1 NPV characteri
Jation still holds,. as well as the MM theorem. It--atso has the i'isk evaluation 

formula by the owners. Section 4 presents the example of creation of a new 
good in the eñtrepreneurship cohtext. Section 5 introduces the partnership 
economy. It includes the NPV maximization characterization proposition of 
equilibrium ·outpuf, and the una.nimity result, modifi~d from Dia.mond [2]. 
Section 6 presents the ma.in issues not treated here;- as well as sorne ot.her 
possible extensions and sorne concluding remarks . 

1 
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2 The· Eritrepreneurship Economy 

· 2.1 The-Environment 

Consider a proauctioq entrepreneurial version of Modica et -al. [9]. The 
econorrty _lasts two perióds, labeled t = O, l. In pei:iod 1 there is no uncertainty. 
_At date 1, S possible states can occur, ,vi~h S < oo. Assume for·now a unique-

- physical commodity in ea9h period and state. Thei:e i_s a lúge nun:ib_er of 
agents, lab_eled i = 1, 2, ... , l. ;r'here is a set of assets, callecLboncls. They are_ 
traded at sorne ·price qi ·in períod O and .. gives- a payoff Ri ( s) in state s at 
date i. 'fhere is a set- of firrns, labeled. k = 1, ... , K . ..-I assume K::; -L. This 
is so since I ·consid-er the simpl~st production eco·nomy version, which is the- -

. entrepreneurshlp eCOQomy,.. )íence for each firm k there is a singl~ agent i 
_ that owns that °firm. Hence there is a máp fróm k to i. However, to· simplify 

.the ánalysís., I will consider the inverse ·rriap (frorn k to·ü. · Here k (i) means 
. the firm k owned by i. ~ · • - · · · - · -

- - As in the- ref erred· paper, · I- ·assume that agents . cann~t be. aware of _alf 
states.- I~deed, ea:ch agent i is aware ( at d~te O) ·of-a-subset -of states-, Si e- S. · 

-Heñce the ex=ante utility funGtion· is ·deñned óver co_nsumption on states Si, 
in addition to period O consumption. Denote- xi (s) the c0nsumption-by i in 
sta~e s at date 1. Similarly denote xb thé consumpt1on by ·i -at date o. Agent . 
i' s utnity at date O is · 

. Howe;er, in ;eriód -1 the;e are· stat~s· that agent _ i was ~o€ a\~are. of at date · -- . 
---_ .. ·9. _For these states w~ assume a ;tility function.·· - ' · · 

·it; (xí (s)) -_ s t S 1 

· E¡ci agent.has a positfve eñdmvment wb > O in. period_·Ó and also ¡t. dat~ 1, 
that is, wt (s) > O: . _ 
- Agents i (k) own a firm, given by ª technology . . For·-each· firm ·k _assum.e · 

the _existence·of a productio_n· function. This transform~tion_technology pro
duces at period l withJesomces invested at date o. Given añ amouht of 
-investment in period O, denoted by y~, the technology gi ves a leve! of out- -
p1.1t equal to yj (s) = [} (y~)-2. All the firms 's owners, called, en.ttepreneurs, 
are assufned to fund their own ínvestments w1th their endo"wments and bond 
trades. Far the moment I exclude the possibili-ty" of equity issues, although.... 

~This is a simple version of more general types of technologies. However, I chose this 
one since it captures the unawareness part. For, in the case of a technology set, Yk, given 
by a transformation function Tk (l) , -
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this constitutes an essential extension ·of this rnodel. For tho~e ágent~ who -
. are not entrepreneurs assurne .yi = o: . 

Agents facé two types of budget constraints. At date O -they c-onfront the 
following budget set. 

Here </Ji denotes the arnount ~f bonds bo_üght by· agent í at date o:· 'lj)¡ 9enotes 
c-asset sales. 'J'he last coñstraint states tliat. agent i-cannot be on bo_th sides of 
the bond rnarkets. Since agents are not aware of all possible contingencies, 
it is possible that at sorne ·state sorne age._nts- who-sold short assets .rnu!'t go 
bankrupt. Hence perfect repayrnent of bonds is not guaranteed. · This is-why -
the term (R® K)s · </Ji :shows up in the constraint. Following [9], the term 

-K· is de.fíned· as follows. Let L<; (s) be the repayment- ra_te of bond j for -its 
holders. Define:· - · -

. ,~;'( s) - min { R,,t,'; w[ (s) + t (R; { s) x Jf; (s )) (IJj + y;ui Ú)} · 
Let also_ 

Fina:lly, c!efine 

:. 

- -
· In equil~briurn~ th~ repayrn~nt rate I<r (s) rnust coincide viith "'i (s). HQwever 
the last rnap •is in fact-a correspondence. Hénce the equilibriurn repayrnent 
rafe . is ~ fixed point of this correspondence, which in [9] is called the /3 
c~rresµ~r1Jeuce, or the book-keepiHg currespundence. -

If the state real~zed at date 1 is not in Si, tence agent -i must re:optirnize. 
~er bl!dget constraint in this case is as follows. 

' 1 
1 _-
1 



. ' . 

Thi!'> states thát age,nt i consumes her" income, ,vh(~ti can be O- i(wi (sf + 
·_I:,f=1-(R{ x_ K{) e/>; + y~(i) (s¿ < Rs · 'tj/. In fact, · given the assumption ·of one 
commodity, it cari be shown ·that - · 

Finally, I ass!.}me thát agent i is only ·aware of Si. She 1s· not awa,re of other 
·agent's- characteristics aná'_tradéS, including -preferences and -technologies. _. 
Thjs is essential since othf?rwise an agent_ ·i could infer mo_re ·states than th_ose _ 
incluaed_in Si ff she éould observe trades by_ sorne othér i' with B_i.. e Si'. . 

2. 2 Eq üili ori um. · . 

- In ~quili~ri:\1m, ag~nt i ch~oses ( ;b, (x1" (s)) ~ES' , y~<Ó .· (v~{il .( s) tEs:-) _sue_h _ -

that it-ma."<imizes~ui (ib; ·(x~ (s_))sE-;i) at date O subject to (xb; (xi (s)tEs;) ·E 
. Bi. This problem is ·ctenote.d as C p_i. ·For· states outside tier own state space,-
she just maximizes u~ (xi (s)) s~bject to (xi (s)) E Bi (s) ~taking"the date O -
production and iñ.vest¡:nent _ decisions ?S giverr. Given tnat the1:e is only one
cominodity· the latter problem is just trivfal: _she just consllll).es_\vhat is left . 
_ .The a.efinition of equilibrii.un is a straightforward rñodifi.cation of the Mod-

ica et. 
0
aL[9] definition. !he- only differe~ce is the pre~ence of production 

:. decisionS by e_nti·eprenews.. · . 

Definiti~n 1_ A· competitive equil:ibrium far _th'e entrepren·eúrial ·econ-. _ 
omy_is a se~ of pFíás q_, repayment"~ates ",,, and allocaÜons (xb, (_xf (s)\-E-s· , e/>, f)_ · 
-such th-at · · 

i-( X~ ; ( xi ( s) tESi ,-Y~(i~'- ( y~(i) (s) tESJ sol-ves G_Pi,_ fo~r _i -~ 1, ~• -... ,J . . 

ii 'I'he f ollo~ng ~a~nd-it-ion ·is soJisfi_ed - -

~ - m-ax { b, (R~® KL-- epi+ y~(i) (s) -- Rº · -f~} 
s -i si 

fo K is a fixed po·int of the book keep·ing co-rrespondenc~. 

7 
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Following the original setup, I supposé J ~. #Si i $ for all i. Therefore 
there a.re incomplete a:sset markets by assumptión. This :-is sornehow crucial 
fo get existence of equilibrium, as it will be-showrt in brief. Define .C as ·the 
set of the first J states. Following identical steps as in Modica et al.· [9] I 
present the existence result. 

Proposition 2 Ass~me "the follo·wing properties. 

P !-he matri.x R is s~rictly positive { all 'its elements are ·stri~tl_y_ positi:..ue). 

-[f Func_t·ipns ui _and u~ are continuous, strictly increasing and strictly C<¿n- _ 
· · dive fo-r. all i arid s ~ Si - ·. 

Y Functions J; are conlinuous, strictly increasing and.strictly ~Óntave for 
all i and_s· in S. 1vloreove.T, assu~e that the(e· is a value f/> O such- that 
Jor any y > fj then maxs,i J; (y) < y. Also assume ~hat.f or y > y, and 

.-:for an_ii )..5 E-R++ then .y __: ¿;,;,--;->-.~¡;(i)_ (y) is · strictly increasing. . . _ 
. . 

W. Endowments aie str(ctly P<?Sit-iv_e . 

. Ce- ~ Si for all i = 1, 2-,_.· .. j -_ 

FR The submatrix Re, conformed by the first C -r.ows of R is nen-singular. 

Th~n a comp~titive e_quilib·r_i·u~ e;i,i.sts. _ _ _ 

The p1~of is in .th~ App,endix,. Essentially i.t is the sáme existe_nce theo~·em. 
as ·in [9]. ·The only extr_a ingred~ent is _end~genous prodtictio.n-:-· However th1s 
does not entail any speda1 difficulty in the current entrepreneur-ftamew~rk, 
provided that assi.únption Y- holds.- This ensures tfo;t budg-~t constraints 
are still compact-v~lued, as well as . continUOl,!S, ln the case of a Partn~rs~ip 
Economy tliis -is relaxed to include constant returris to sca_le. 

The strongest condition is in fact C, as in the· original exchange economy _ 
cáse. _This is interpretecl as a éondition of suf ficient awareness on· bebalf of 
agents. These are aware of the· span of the existing asset markets. Otherwise -
equilihrium may not exist. This próved to be true in the original paper. The_ 
question is whether is it still importaI?-t to keep-=this in the current-situation. 
We s~e in the next exaá1ple ( m9dified frorü Modica e_t al [9]) that the answer 
is affirmative. -

ExanÍple 3 Ass-ume two consumers (or a continuum -with measu-re one of 
two types). Consumer 1 owns a fi,m. Consumer 2 only trades -in asset 
múkets. There are two states of the world in period 1. 

8 
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- Suppose that nane aj the twa carisumers care ab~·ut _date O cansumpt-ion. 
ivloreaver carisumer 1 ·is anly aware aj S1 = {l}, wh-ile consumer 2 aj S2

· = 
{2} . Date-O utiJity fünctions }ar each cansumer are as fallaws. 

U 1 = ln [ 1 + x 
1 

( 1)] 
U2 ln [1 ·+ x2 (2)] 

. . . 

. Enda-wments are as -in the original exar.n'[!le: w 1 = w2 = ( 1, 1, 1). The 
praduction tecf_J,nalogy far agent 1 is y; = ~s - 1 + e) -/yJ, wheré s = 1·,2 

- - and €-> O and smát(-enoúgh. Hence ·the technalagy is. anly produÚive in state 
2 . .Th_ere _ar.e -twa assets.' · The payaff mairL"é is 

._wdh a E (0,"l) .. _ 
- - It_rnn· be sho-wri (s_ee (9/, pag--e--288) that it cannát be_Jhá~ 

-
_ ín ariy eqúilibrium. Otherwi-Ú arbitra.ge oppartunities arise. Hence there 
myst be trade. On the_ ather han~, note that in equil-ibri·um _ 

2 . 

-Yó .=-__ ¿ _qi (~j - <J>;) :t-1 
.. j= 1 . . . 

. 2 . . 

o ·= L Qj (-~; = <P;) +_l . . -
. j=;"i 

The equil-i_briurn implies :that :J.:,¡=1 (-¡/};~~ ~;f = _-b far .each-j. Hence, th-is 
- impl·ies that yf = 2. Suppase )or a mo-rrJ,ent thát this 'is th_e case. · Then the 

budget .con;straiñt Jor ~gent rbecomes 1 ~ ~:=l Qj_· (-1/1; - 0]) .- - ·, 
· _ · Let us consider the Ji_rst case,_in wh-ich 

= ·¡/Jt = o </>_!.>o 
1 . 

·¡/Jl > Q • 2 d>~ = o 
and túhere the assel trading far agent 2 is completely symmetric. · Beca·use of 

- full -repayment far th_e- state -in whi.ch 1 _-is aware then "-'2 ( l) = 1-úi -Uiú; cil8e. 

From the first period budget constra·int we get that 

(1) 

() 
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T_herefore · the probleTTJ, for agent .1 at _dat~ O -is · t~ 'ma1:i~ize ln [i +· x_1 
( 1)] 

S'ubject ·to the ·constraint 1 and x1 (1) = .-1 + 11: 1 {1) cp: - ex¡/;~ + ¿J?,. The 
correspond-ing FOC implies that · 

r,;1 (1) = q¡a 
q2_ 

On the other hand, from the definition· of _the {3 corres.pondence ( or the book 
·_ - kee¡>ing map) 'll!e have 

From agent.'2 's ll'udget constrafot in pe,i~a Ó, 'lVe hiivé . that _# = · 11.· +:-S._ 
_ _ . _ · ,¡,1 en - cn.,,1 
.He:nce fr~ni the book keep-ing map: . · 

- . . 

Theref ore, to. mak~--bo·th e2f!ressions equal we mÜ§!· have _ 

- :
1 

( L; ;, ) ~ O~ -__ 
. -

wliich implies a negative p,ice. for-assei 2, incompatible with an equilib,i~rñ. 
Then_ we cannot hav~ an equili_b,i°'~m with-the ·-trading -pr_o.fi_le for agent 1 as 
des_c,ibed above . .. 

The second ·case is tlie symmet-ric.. one. Assume 

1/;~ >- o -</Jt = o 
1/;~ = o </); > o 

-

- ' 

Given this profile, -it m~st be the. case now that r,;1(1) := 1 -and "-2 (2) = l. 
Agent 1 's próblem ·is to maiimize the same ex-ante ·utility functio·n subject to = 

. the same defj,nition f or :t 1 ( 1) and the budget constraint 1 = 1]1 ¡/J ~ - Q2 4)~ .
From the first arder conditions the following equality must hold. 

K:2 (1) = _22... 
aq1 

,n 

- 1 

1 

= 



-. 

N ow. from the book-keeping map it ffi'I.LSt be true that 

r¡ (2, 1) 
iv12 (1) 

Ct.'t/} ' 2 

1 + <Pi 
a.?µr 

Frgm _ag_ent- 2 's · budget · const·ra-int 
- . 2· ? 

· -:l = Q21P2 - Q1<Pi 

-we obta_·in 

l ·Q2 1 . - --2+-+~ 
·a.1/J2 Ct.Q1 . · qq¡ 1P2 

. Q2 - -1 .: ( :: 1 ) -
·= - - + ~ 1 + .- . 

. a.q¡ . o:1/J1, . -q¡· -

_ A_q_ain, to _equ-alize both exp_res§i{Yns-we get that q1 =:= ~ 1, impossible in· eq·ui-
l.ibrium._ Hence this economy has no equ-ilibr-ium. _ _ _ 

Altnough the ut-Uity functioñs do not satisfy the monoton·icity. condition 
given by assumption_ U, it can be sho_wn_·_using identical indirect arg·uments as 

. in (9/ tfiat if üt-ility functjor1:s w~re ·· 

- U1 . = -ln [(+ x 1.(l)) + i1u
1 (x6) 

-- _=- · _U2- _ =- -In (l.+x2 (2))" +·ó2u
2_-_µ:6) 

- - - .. .. -

-with ui stríctly increasing, c;on1.in·Úous ·and" concave, and ói >. O. and ó; _, O, 
then far -~hese prefereñcés there is no· equilíbr-ium. . 

-

_ · · This example shows that absence._ of assumption C m,_iy imply n:o exi~-
. tence. Ho,vever \yhether this prop~rty is gei1eric (in the sense of b·eingtrue 
- for- almost ali econorrJ:ies) is not known. · Tllis is cine_ of the key asgects to_ be 

--_ studied in future -research. · 

3 Extensjon of (_standarq) .results-in entrepr-eneur

spip eco°:omies. 

This secti.Qff modifi.es and ·proves traditional results in the G-EI literature for 
entreprenemship economies 3 . The main motivation far doing this is to see 

;¡For a presentation of these results in standard production GEI economies sce Magill 
and Quinzii-[5] or Magill and Shafer [6] for a more advanced treatment . 

1 1 
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-whether on_e can easily ~xtend r.e_sults c-once'rning risk evalua'tión and a version 
of the Modigliani-Miller theorem. Thé answer is that extensi9ns are indeed -
not very difficult ºto maké. However sorne de6n1tions need to be chángecl to 
accommodate for the inclusion of unforeseen states. 

First I introduce an extra assumption on preferences añd technologies: 
. . . . - · 

D _Assume that all utility functions and ptoduction functions are -ck with 
k ~ 2, satisfying Inada conditions. -

Then I can-ehatacterize the eqtúlibriúm tli.rough standard-first order -coñ
ditions. I:_fowever, a difficulty arises because of-the- constqtint rj;1 

• 'lj;' = O. 
This makes the budget constraint not convex-._ St-ill this is nót a_n~al prob- -
lem._ Orie e-an-shü\y (see the proof of existenc·e_ of equilibrium; in [9]) that_this 
is -automatically satisfieq if -ignored.-~ 1n- óther -words, the -probleÍn without 
thi~ ecnstraint has a ( unique) solutiori su_ch that· q{ ¡µ¡ -~ Q, provided K,c i= l. 

Since w_e-cons0er equilibria with -t_rade in all a:ssets, then this conditian holds. 
- .- . - . - . --

3.1 Characteriz~tion of -equUiJ:>ri~rn asset 'prices. 

The _ fÓl_lowing pí·oposition characterizes tlÍe non-arbit~age asset -prices. From 
this point to_ the end of the paper r consider equilibria with trade in al_l assets. 

- __ Proposition 4 In an equilibrium with trade in all assets,- the co·-,,esporiding 
fomula for_ tke p_ri_ce o/ cí.ssefj is given by the following e~cpressioñ-:- --

- . . . - . -

{Jj - ~rx-{L;¡; (x')R; (s)~~ (s)}-_ 
sES• - -_ . _ - _ 

- ~i~--{Lir'.(X') R; (s)} 
_ sES• -

where ñ! ( :ti) is th~ equilibr:iwii 1'vlRS for agent i between consmnpt'ion at _date 
- 1, state s, and consumption at date O. 

Proof.- See appendix. _■ -
This generalizes the asset prícing formula for stanqarcl GEI ec;onómies. 

Note that the awareness of agents are cruciat It is also obvious to see that , 
if the agent ·i that sol ves max¡ { LsES~ rr~( xi) Rj ( s) 1\-j ( s) r has a s_{ate space 
Si -= C only then bankruptcy <loes not -matter for pricing. As long as this 
consumer ·i is aware of some state such that sorne other consumers ( who may 
be short in asset j) is not aware of, then the bankruptcy possibility enters in 
the expression for qi. 

1'2 



3~2 Charac-terizatfon of equilibrium allocations: the-
profi~ ~aximizing criterion 

As it is usual in the literature, one can characterize the production decisions 
through a modified profit ma.ximization decision. The proof of the following 
result is in the· appendix. 

- Propositión 5 Tfie prod·uct-io·ñ decision in equilibrium ca??, be éharacterized · 
- as -the sol-idion of :_ - - - -

max 
k(i). 

Yo . 

ni~_. k(i) ·+· '"°'- -i ("""'¡) ji ( k(i)\ -- _ Yo - -¿ 1r s x s Yo _ -7-
- sESi 

Note thát the profit maximizatiop must be done only on the s1:1bset of 
states where the_ entrepreneur has a,vare1:1ess. This matters for-the co1:Ilputa
tion ·of the risk evaluation torníula. This is- done in thé next sub-section. 

· 3. 3 Charac~~rizatiq·n-of risk eval uation by-entrepreneui-s~ 
. - . 

Anoth~r standard _decomposition is the risk evaluation by entrepreneurs. To -
_ do tl;i.is {n om context, I a(ld ánother assumption on preferences. 

VNM As~ume thaL the ex-ante, date O utility. function of each_ consi;mer i 
_takes .the follo\'iing fotm. - _. 

.-

- - with 

1, - ~! ~ O -- -

_ With vi being strictly i~creasin_g,_strictly concave -and Ck, k_?. 2. 
- -

I'{_ote- ~hat, unless Si = Si' -for all i =!= •i' it is- impossi ble to .rñake beliefs _ 
- homogeneous.- Therefore the i·isk ev"aluation by entrepreneirrs mi.1st. be in - -

general sul.Jjective. Having said·this, one cari eváluate the expecteJ profüs 

13 
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or net present value of the productioñ stream -as fo_Ilows. 

N PV; - ~ytl + E; [ñ¡ t] 
-yi(il + ¿ (! 1r! ( x') ¡; ( yi(il) 

sES; -

which can be rewritten as 

N PVi ~ -y~(i) + E¡-( rr') B~ (Ji (-ut))) + cov; ( ñ'; f (:i<•l)) 
--This· is -close to the -standard-formula. However this c-annot _he reduced 

t_o tlie sum of the expect~d net pres-enf vatue ( discounted at a risk\ess rate) -
ani:Lthe covariance, at least -in genernL This is ·only possible if i is short on-_a 
riskless bond,: or otherwise -íf Si -=- C, or at -leást_ Si e -$1

, for all l_ such that l 
is short -on a riskless bond. Oniy in this case we can state that _ 

wheriir is -the priee of a· b-o~d· payinl on~- unit-of éoñsumption regardless- of ~ 
th_e _state-and r r is the con'.espon~erit riskless :rate: · O~ly lhen we -have - · 

. NPV' ~ C-yi''1 a- E, { ~· I ~(i))) + ~OV¡ ( i ;. ( Y~''1)) 

Thé reason Qf- the (;trong-) condifion is_ t-he presence of b~n½ruptey fo~· 
those states not foreseen by agents who áre short in assets. If i is a -pufchaser 
of this_ bond and is- aware of sorne states. that sorne other agent ·i2 is not a\vare 
óf and this agent is short on this -boñd, then the last exp:·ess1on may -0reak 
down due to:~ < 1. -

Anóther strai~htforward though essential feature is the fact. that en
trepreneur i may be aware of ~o lütle states. Iñ particu_far the agent may be 
,nvare of only one state in the future. In this cm;e thb implies 110 subject.i ve 
risk and the only variable _to look at is the discounted expected production 
flow. As one can see, this can be a way of analyzing pes::;imi.-;tic or upti
mistic ent.repreneurs. Those who are only aware of bad states could be seen 

1,1 

1 
r ¡ 

1' 
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,-

1 

L 
1 
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as pessimistic entrepre_neurs. They would invest too little in the production 
technology. Thóse who are only awar;e of extremely good states could be 
called optimistic, which easily-would lead to ·overinvestment. However, my 
goal here is not to. pmsue an efficiency analysis clue to the unawareness of 

_ coñsumers. I leave this as a task for futme research. 

3.4 Indeterminácy óf financia! policies in entrepreneur 
- - . . . . .: - - -

economies. 

The ,veÜ known Modigli~ni - Miller theorem [10] h~s been the center of 
the discus-sion for at least thirty years. A broad iiteratüre appeared dming 
the ~eyenties __ and eÍghties. This sub-section attempts to_re-check the valid
ity · of ·this result únder the ?,SSumption of unawareness -in ~ntrepreneurs.hip· 
economies. -

The main conc1usión is that the M~I resuft"is still valid under certain mod-
. - - ifications. The tfnaw.areness:·assumptíon" demands S_Qme mirtor. ch_anges to tBe -

--proof ar:id sta_teinent._ However the idea remains as long as -entrepr~n-eurshlp 
economies are concerned. - -

:-

. . - -
Assull}e--that.the·entrepreneurship k (i) takes decisién on production through 

_the following crit~rion. · 

- wljeré 

·max 

. Dk(i) --'- . k(i) . ( i ~ /3¡) o · _ ·-_ -:Yo - q ~ a - -

.o:( i} = _ J:(i) ( y;(i>) + ~~ ( ~ j· 0 R ( s) )_. · ª.¡ _:_ R ( s) -.. ,8¡ 

aiJJ_i -> O 

- - I _5:all tl)is the praductfon probiBm. Here _b~ii), représents the. divi.dends that 

_ k (i) obtarns in period O and D;(i) thos'?-obtain~d in pe~iod 1, state s:In fact . 

.Di(i)_really represents· whát the entrepreneur invests in her own production -
techn0logy.- It also in0ludes the financihg policy as entrepreneur, given by 
~he expression q · ( a~ - ,(3¡) .-Here a¡ represents the asset purchases and- ,t3i . t.he 

-sales that_the-entrepreneur decides to finance procluction. It_can be shmvn -
again that at the soiution o/· /Ji-=_0. Note also that I allow D~(i) and Dtl 
to be either positive or negative. 

Let ( f/(i), a¡, li ) be the solution to this problem. Let D denote the 

clividencls arising from the solution. The entrepreneur as a consumer solves 

l-5 

n . 
1 

1 

- 1 
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1 

---:-

in_ period O: 

subject to 

. . Xo -wb ~. nt) - q (1i-·1;/) . 
xi(s)...:.c../(s) ~-n;<il+(K(s)@R(s))-1}-R(s)·'lf;\ -sE;S1 

and for státe.s s .(/4 Si _the agent jl)st consumes. 

xi (s)- ~ inax {ü;-0/ (s} +·ñ;{i) + (K_(_s) 0 ~R(s)). f ~ R (s) ." 'lf;i} . 

This is_ callea Jhe · consumption problérn. _ 
I defin~ -an entrepreneÜJ_·s~p equili~riu_m. 

--Defi~ition 6 An ~n~repr~-n-~'11,_rshi~ equÜib~'l),m is an ·attoc~tiQn (yk(il ,·ai, "/Ji, xi, ~i. J/) 
_ ·· and asset prjces q such _ thci,t- · · - - · -

• The -~~ctor· (yk(i)' a\ l/) sol-ves the .entrepreneur's prod-u(tion problem, 

taking q and i/ ai given. -
~ 

• Tli1 _vector (~i, -~ ¡, i¡; i) 
c¡-an_á [)k(i) as "f)ZVen . . 

salves :the. agent 's con-su7t:pt·ion prqbtem, 1ak-íng · 

-

. --lvlarket cleg_r-ing ñolds . 

- l . I 

-L (~¡-+: ªi)_ ~---- L (0i _+ ~1) 
i=l i=I · 

¡_ - l 

-¿ ( xi --wi) ~ . L fl(iJ_ ~ 
- i=!" 

= 
This is t.he standard defir_ütion of añ e_quilibriugi with separation of deci

sion policies. vV-ith this it_ís possible to show the following result. · 

Proposition---7 In an entreprene·urship economy (xi, f/, ~;, J/ .. c'i·;, 11;) is _rm 

eiltreprene-urship eq-uihbrium allocat-ion if and only -if ( xi 
1 

"[/, ;i, Ji) is a com-
.-.¡ . --i . . 

petitive equ-ilibri·um allocatia.n -with rj) = ~1 + 5 i and 1/J = ~• + ,T3'. 

-
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Proof. See Appendix. ■ 
This last propo~Ítion shows that financia! policies do not matter in eri

treprenemship economies provided that ·dividends do not include limited-li- -
ability properties. Hence unawareness does not change radically the sense of 
the Modigliani - Miller theorem, provided that bankruptcy is not strategic 
or foreseén. -

- 4 An .-ex~ple wifh .cr~9,tion· -of a new good . 

~o far we have seen an eéonomy such.that entrepreneurs owned technologies 
- that producéd the saine co111modity that agents faced in period O. In othec -

.words, technologies only were able to produce the same ty_pe of good. Jn this -
case ~gents and specially entrepreneur·s were only una\vare of the productivity . 

-of their technology;in som:e states: _ On the other hand, ·as Arrow and Hahn 
[l} .emphasized, it i& impossible_ in practite for ·innovations· anclinvent-ions 
t_o a.ccciuñt for· ali possible futµtEr contingendes.- lt is then· harcf to ciesc~ibe . 
an · possible outcomes that an· invention-cciuld · carry on. vVh~ü this seetion. -
a.ttémpts tó do is to present a very simple exa~ple with á technology that · 

- crea tes a new good in pedod J ,·at a certain st~te. The point of this section i:s 
_-_ to illustrate ·whether unawareness of investors· (non-_owners) affect -th~ price 

of the new good in the case of successful innovation,_ as well as asset prices. ·· · . 
Suppos~ an economy with two ·;gents ( or a · contimium oT two types) .- · 

There are two st_ate§ of the world in period 1; Consumer Lowns a ·prQdliction 
· · tec}:!riology~ J'hl§ ~technology: produces a second· ·comniodfti only in:state 2, 
- but ris>t in· . s10-te·. l. : _ Hen~e- at state- 2 in per_ioa_ i there·' are two physical 
· c_ommodities._ Let the- e_ndowments _-of agent- 1 be 

.. 

l - Ü Wo = ' w} (1) :;:= 1, w~ (2) = 1, w~ (!2) = O 

T~e-production techn~logy _is given by: the production function 

y1·(s-) = { /yJ, if s = 2- -
· 2 • _ -O, . otherwise 

-

where Yó is measured in terms of good 1· and yJ (2) denotes the uuits of good 
2-obtained through fhis technology . 

. On the other hand, consumér 2 does not own any technology. Her en
dowments are 

2 - 1 Wo - , Wi (1) = Ü, w¡ (2) = 1, 

17 



· I •will considÚ a special · case. ·. The entrepreneúr ( agent "!) is: al ways 
optimistic with respect to her technology. This is capturéd through the 
assu~p-tio~ ·5'1 = {2} . Given this I assumethe following utility functi6ns for 
agent l. 

· u 1 ="lnx~ (2) + lnxi (2) 

.(note · again that she does not e are of consumption at date O). If state 1 
is realized- the ufitity functión is . just ut(xt(l))~ I am not .assuming ·any 

·. · · . particular. fünctio_nal" form sirÍ¿e-she just tonsu:r:nes .what . is available. _ I just 
need tbaLiu} (O)I < oo_. For agent 2 the utility funct_io:1s will be 

in state 2 ánd 

in state_ i,... In pel'lod D is . 

· There is one r-iskless asset. Payoffs are written in_ good · I. ( the num-eraire 
- in ·staté_ 2) .. The asset pays eme unit of good 1 pet únit of contract. 

I consider tw¿ subcases: · one in whidi 3 2 {1} ·and· the_oÜ1er·_when 
32 = {2}. . . . . 

. -

4.1 The· ~ase -wheñ 2 is unáwáre of _t4e· ri~w-_good 
. - -_ This is the case wh_en tl).e _only relevant state. for. agent 2 is the :one ~thout·. 

. the n~w comrnodity. On the ofher fiand: agent 1-is only_ aware of the success 
-of he(invention. In this case, it is natural .to seai;ch for an equilibi"ium 0f it-. 
exist~) such that -¡/J1- > Q~· ThÍs is statihg that agent 1, the· entrepreneur, uses 
the riskless__ bond to borrow fünds fr?m agent 2 to ·run_the- inveo.tion. The · 

· · ·prnblem for agent 11n this _case redtices_to 

·max lnx~(2J+lnxi(2)~ 

subject to 

(where r omit the parenthesis for p2 for obvious reasorrs) ancl 

lX 
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The FOC with respect to 'lj;1 
, assuming th9-t this is positive, is·: 

which gives 

and then 
2 2 

- - 1- q P-2 
·Yo= -

. 4 
-

=> y~ (2) == qp2 
2 

From the rest of the first order conditio_ns it is stráightf-orward to get~ 

X ~ (2) -
1-- m + 4 

. 2 . . 
. 2 

- . 1 + ~ 
· ·x~·(2[ = q-

. - 2p2 -

: In t his eq_uilibrium agent 2 must purc!lase the riskless . bond._ This-_múst 
solve the following maximlzation problem. 

ffi8u'( in xr + ln Xi ( 1} 

. subj_ect to 

-X~ ;== - .1 - q \ cp2' - _· '1f;2) -

Xi (l) ~ JI: {1-) q>2 ~ 1/J2 -

The. solution_ tó the prob_lem is 

<j}* = _E. 
·2q . 

Note tñat this is independent of "' ( 1) . Theri,-by imposing market clearing in 
the bo~d market, we get 

. -

Then we have 
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and also 

- ¡. - 1 
Yo = 2, 1- v'2 

Y2 (2) = 2 
1n state -2 , agent 2 solves 

- . max In Xi (2) + ln x~ (2) 

S1.J.bject to _ 
. . 

~Xi (2)-_+ JJ2Xt (2) . = · 1 + rp~• 

Th~ optima! _de~and_functions are . _ 

· 1+ _Ei_ 
Xi (2)_ = 2,/1 

. 2 

Imp?sing market clearing -in the markerfor good_ 2 -~ve obtain that_ the equi~ 
· lLbrium p·1:ice of _good 2 is- -

which ·is dearly positive. -Next, I get ¡,¡, (1) ,-To do ~his, not.e that 

-_ , ~yí1 (Í) = rnin {~lo' 1} -
But iñ this _equpibriÚm ~. 

-

·_ 1/J~* = 1 - _- : _--

_ He.nc~-1~!~ (1) = i. f?y definition-~ (1}-= 1J (1, 1)-= 1 {there is n~. bankruptcy_ 
in eqÜiÍibrium, although co~wñer 1 gets O in state 1). The equilibrium is as 
follows · · - · 

-

= X~ (1) · -X~ (2) X-~ (.2) x't o X~ ( 1 )- xf (2) X~ (2) 
/2 l - - /2- . o - 1 - - 1 1 -
4 . ?- 4 

and equilibrium output is Y2 :::: 0.5./2. In this equilibri-um there is no defau1t. 
(here ¡,¡, ( s) = 1 for s = L, 2) ~ltnough agent 1 has just the amount of good -
1 to repay her debt in sta-te l. In state 2 both agents have exact.ly the 
same ex-post utility, although agent 2 was not aware of this st.ate. The next 

- subsection modifies this assumption to see whether any change results. 

•')() 
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4.2 Case ·where 2 is_ aware of th~_ riew _good· 

_. This version of the méntioned economy assumes _ 

. for both i = 1, 2. This is the case when both agents_ are aware ( only) of 
the success of the invention. The idea is to compute the new e_quilibrium tó 

. compúe the o_utcomes. 
- In this new e~ono"my the problem for agent 1 is identical to the one we 

got. before. Hence we get the same expressions for the demarrds: · - · 

-
X~ (2) 

2 . 

__ X~ (2) = 

The- problem )or agent 2 is differeµt.., -In period O she -sol ves- the íollowing 
problem: 

_ subject to 

. --
. max. In Xó-+•lI]. Xi (2)-+ lnx~.(2) 

x5 - l -qq} · 

;i (~) + P2X~ (2) = 1 + q} __ 

-In thí~ equilibrium 'lj;1 > _O- arid lience K- (~2)° = i. Thésolution to this prQblem 
~-gives the followi~g Ópti~al_ bond-hol_ding: _ - - -

~2~-~ 2;q __ _ 
imposi~g µiarket clearing in the asset market __ implies fhe followi~g: expression 
for the equi!ibri_u.tn asset price: -

. . 

. g"; = (-1 + ~-1 ·-+--6p-j) (Ü 
The optimal consumption for agent 2 in state_ 2 of good_ l is 

1 + q;2•* -

2 . 

1 2-(-l+~}(D-
= - +---'-----'-----

2 6 (-1+~) (-n 
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Solving this: 

- _ x2 .. (2) = -! + ! [3p~ + i - ✓1 + _6p~l 
1 

2 6 / 1 + 6p~ - 1 _ 

Imp.osing market clearing in this market: 

-+- 2 2 + . 4 =2 
_ 1 1 I 3p2 + 1 _ ✓1 + 6p?J 1 + qp~ _ . 

2 6 : -✓1 +_ 6p~ - 1 - - _ 2_ 

- - S~lving this we get Pi = ·✓s, the sam~. equilibrium ·price! . In fact this gi.ves 
exactly the s-a_me equili_bóuin outcome as in-the c~se where 52 ·=~_{1}. 

Tµis example·shows that 'the intuition saying that more awareness would 
_imp!y ·a hígher y2 (2.) is· not satisfied. In Ú1e last""case the agent t_hat pw-chases 
the bond is aware · of the nev,:- good. However she acts in. the same way as · 

. wlien she is ·no~ aware of it. J'he main lesson ·is that tp.ere m~y_ be-·so·me cases 
-· in: which- awatenes·s may not matter in terms of ·how: rnuch }s invested for _ 

inñóvations. How m~ch this outéome depends on . the yalue of endowments, 
state spaces and utility . fÜncti"ons is something-important to kñm'{, bu~ left 
for future research .. 

It is importantºto see .that agent 2 in the first case is not a,váre ofstate 1-
. _ · -ánd even not a\vare_ofthe· de~and function of á.gent--1. Recall that, given the 

competitive-·markets assumption, they onl5( observe prices and then decide 
: -_- ho~ much_ -of_ t'~e asset t_o bu_y or sell short. -·But- they do not know othei:_ 

· p_eople's prefereri~es ancl.. tr.ades.. This is releyant since otherwi_se _agent 2 
"could infer som~thing about stáú 2·if ?he_ observes agent: i_'s-tracle. Bué" thén 

. agent 2 should be awal"e -of. st~te 2-. To .ávoid th_is próblem we _nevet allow 
_any agent_to _be a,yare of other ag~nt's charácteristics.or ttades. _ 

S- Towards Partnership-Ec"qnomies 
. . -

-Although-_entrepi:eñemship economies are.somehm~ the simplest-~se to start 
apalyzing una~ai·en~ss "l_ssues in J;he GEI literatw:e, it is not necessarily_ the 

=most. rea)istic one. Prnductíon is usually organized ih firms with multi-

- !}le owners or partners. There is a vast literature on GEI in partriership 
economies in the standard framew_ork. -My goal in this sectiÓn is t0 present 
the preliminaries of an extension of this an_alysjs to the unforeseen contin
gencies case. This incfodes a modified definitio_n of a pártnership equil_ibrium 
and sorne results regarding the objective of the firm. 

Modify the economy of section 2 in the following way. Assume that each 
of the J( firms could be exploited by ali I agents. Instead of having sorne of 
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the agents being indfvid-uál ~wners, ea~h agent could purchase a fraction 07 
of firm k, w_ith 0f 2: . O and ¿{=1 07 ·.= l. Hence the bud_get constraint faced 
by agent i. in period O \s the fqllow!ng_one. .- · 

- J K 

xb = wb + ¿ ( 'l/J~ - <t>D qj - ¿ 0.7y~ - (2) -
j=l k= l 

J · J K 

1l(s) = w¡ (s_)-+·¿ Ri (s) "-i (s) <!>} - ¿ Ri (s) ·¡/)~ + ¿ 07 ¡;(y~) ,· ·s E -Si -
j=l j=l 

. . 

a11d far s (j. Si -wé have)ust: 

The · définition of_ ~í-( s) follóws exactly the same-· expressions ás -in the en_- . 
tiepr~neurship case. · - · -

. Henc~ I Cél:n defirie a (Pareto) compet_itive equilibrium for- this p_artnership 
econorny in-the usual way. 

Definition 8 -An {e-x-ante)::Par.eto Partnershjp-$quilibriu.m 'is ~á set ef 

'l;3~t pric~s ij and ~llocaii(!~S :(xi I Bi, 1>< -~i) ;~e' (trt=l! su.ch ºth~.t -: - : . . -
- - --

subject to 2 ·and 3, and the non-negativity constraints ( aS- in the en
trep-reneurship econoiny). 

-

• Fo-r each~ ag~·~t i, ·tlie allocati;n ( x~ ( s) tts• !ati;fies -4 wi-th (H.~, ~¡. J/) 
given 

• (Non-ex-ante Pareto improúement) Far each k, there -i::; n.o y§ fruch that 

= 

1(-i 0- ( k -k) (-i () 0- (fk( k) j'k( -k))) ) > i( -i (- i( )) ) u :ro - i Yo - Yo ; X s + i $ Yo - s Yo sESi - u :ca' X ::; sES' . 
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• lvlatket clearing ho.lds . 

I . 

I: (1/ -ii/) 
i=l-

. 
= o 

1 K. 

¿xb+ ¿Y~ 
i=l k=l i=l -

I .K I 

I: ~i-(s~ = ¿Yt (s) +:¿wi (s) ·. 
i=l k=l i=l 

.wherey} (s) == J: (y~) .. 
.. -

_ The only important difference with respect to -the · standard definition is 
_ J he fact that the··n_o Pareto ·tmpovemerit c9ñdition only requires· _that there 
cannót be an ·ex··- _ante imp{·ovement in prnduction .. -The;-~ is no ex-p_ost 
noñ _improvement condition. It seems natu;al to assüme so since production 
decisions are-takeri át date O. This is key· to char?cterize production •éieci
sions tlÜ-ough _net present -value ·maximiza~ion. The re;-ult is presented in · the 
followi.dg proposition. 

Proposition 9 -As.sume co-r:1..dition él. The Non-ex-ante Pareto ·improvement 
·is ~q7:!ivatent . to the joUowing: · 

-( There .is no y~ > _O su_ch thát. -

f OT ~ver-y { such tha"t et >- o. 

_ n !her~ are ñon:negati·ve scalars· ( a 1, : ._., e/) · suc~ that 

Proof. See A-ppendix -■ 

ThÍS result is a n1odification of the standard NPV characterization. T he 
proof needs· sorne modification due to dimensionality issues.· Concretely, the _ 
following new version of the i\tiinkowski-Farkas lemma needs to be shown in 
orcler to prove the equivalence between -i and ú. 

Proof. 

. 
1 
t· 
l . 

1 

1 
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~emma 10 Let s•_ ===° U¡Si_,_ let ir- E !Rs•. ,·-and let *¡ E •!Rs·: The inequal

üy LsES' ir sYs .- iroyo 2'. O :is a -consequence of the system of inequalitie's 
LseSi ir~Ys - Yo· 2: o-if and only if ther_e ·ate -non~negat-ive .real numbers 
a 1 • . • . , ci:' such that 

where 

■ 

ir = ¿ cirri 
. i 

·:i _ . ( - 1, ir¡, '!_) _ 
O E !Rs·-s~ 

- T he proof of this is in_ the appendix. Jn spite of: the technicafchanges, the 
production characterization result is still valid ·¡n the· unawareness._case. That - -_ . . 
is , in equilib~-ium-the production a llocation must ma.~i-~ ~ze the subjective.- net 

· present vaíue far each-owrn~r. -- -
. On -the. other haml, the result- of unanimity in production decisions under · 

. c9n~tant returns to scaÍe, ·together-with multiplicative u_ncérfainty in th~ pro-
. duction .function still holéls when unáwareness is coni;;idered . . The foHo,;ving 

. - propósition show~ this. 

Proposition ll Suppose that Jt(Yt) ~ p (s; y~ far all k. A~sü-me moreover - __ ,. --
. . assumpt·ions:C, U and Úmsider •án·equilib-rium ·l)Jith trade .. in a·ll ássets: Then· . 

al[:pa:rt·,;_ers of-each fi:rm; agrie; on the' optimal produ:ct'io11 decisíon. ~ _ -
• • + • 

This ·is an extension ~ óf the wel_l~l<no~n · Dia~ond's [2]_ result._ The mul~ 
t1plic?,tíve uncertainty ass~mption still plays t he saine- role- with unawal'e
ness as in the st andard paitnership-: éconori}.ies. This is relevant ~ince the 
-usual proble!U· arising with thi13 type of eq1Jilibdum conce-pt i~_. the intrinsic 
non-agreemen_t in production -decisfons. This proposition then _states that 
unawareness <loes not change the mairi property of multiplitative shocks. ._-_ _ 

- -

6 Concluding Remar-ks and F).iture Researcl} 

- The main message of tne paper is that unawareness <loes not. seeru tu he kt~y 
to change classícal results in GEI with production. Still aloug t-his· paper 
assumption C was assumed to h_9ld all the time. Dropping this assumptiou 
is essentia.l for future research, still in pure exchange economies. The coun
terexample presented a.t the end of section 2 may no_t be generic. As it was 
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· the rule Ín thi_s literature, generic existence of equilibria in GEI economies· 
were shown after the famous counterexample by Hart [4]. In a similat fashion, 
if is essential tó study whether similai techñiques could be applied to GEI 
economies with unawareness , in order to understand the role of assumption 
C. This is important because, if assuinption C were shown to be generically 
essential to get existence, this would mean that studying unawareness in_ the 
competitive framework-may JlOt be ·the most interesting marl<et structure to 
analyze: If, in order to get consistency of the inodel, all age_nts almost alwa.ys 
_must be.aware of at least the subspace spahned_by all assets , theñ we would 
firi'ally be imposíng in sorne sense. too much a\vareness .. In reality many in- _ 
vestors rnay __ not·be even ªware of wh?,t the assets· coukl sp_an -in the fature. -
Muc-h discussfon rnust -be done in arder to irnprove om. understanding of the 

· relationship betweén these · two con~epts. 
. Another lesson frorn this paper· is the fact that two econornies with dif-

. fe~ent awareriess coriditio_ns may· l_ead· to the sarne equilibriurn outcome. A 
more.profound_ analysis is !_l~eded fo un'derstand the generality of .this res\ilt. 
This is important because inodéls -like this could provide~·ome clanfications 
o( differences ·in investment and pr9duction. decisions across ·countries: ~ It -

· seeins sensible to....:think that sorne form oCawareness rnay_affect those clif
ferences. However the=exarnple presented ·here dearly shows that unforeseen 
cóntingencies rnay n_ot lmply any heterogeneity. vVhether this example can 
be genera)izéd i~ left for future resea~·ch. . _ 

_ Tlie ownership structures cónsidered in tliis_.paper are_ rather quite- sim:. 
ple. _ Therefore considering corporations is_ another important step to take. 
Howevei-; sorne ne\~ cornplicatlons~n:i-ay arise. In- a stqck rnai-ket equilibriu:m,. 
the assef strncturé includes shares of-the ·firms. Assets in this cas-e are the . 
shares óf- thé R 'firms-_together with J_ bonds. • The question now is -whether
a.'.'sumption C shoulcl be rnodified tó inclu1e· th~ first J + K states of tríe ' 
economy rather than-J. If t!°ie forrner is the ~ase, it would_rnake the concli
tiohs far existence even sti~oilger. _This may show again sorne weakness of the · 
concept of competitive equi-libriwp \_Y-ith unawareness·, sinc_e maki11g trie asset 
strücture richer. would aemé_!.nd agents being aware of more states. Also, th~ _ 
iss.ue-of limite_d liability in COipOrations could- ihtroduce a maj0r c.:omplication 
in the analysis. This is ª!1other key point to s~udy in the future. 
- Two m01:e issues need sorne late discussion. All these economies last for 

t\110 periods. Note, in seetion 5, that agent 2 has well clefinecl preferences 
on bóth goods, when stat~ 2 is realiied, even when she is not ex-ante aware 
of it. This is clearly strong. The interp1~etation of thi_s_ aSSJ.tmption could be 
the following. The outcome of sorne learn·ing process by-agent 2 after seeiug 

an unforeseen state is the period 1, state 2 utility function. However t.hat 
process is clearly not modelled. In a, sense periods O and 1 could be thought of 
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two steady ~tat~. It is s·tiÍl very important tó think about ·modelling learning 
processes with the una,vá1:enes_s structure ~ . This is indeed a major challenge 
for :e.xtending the work in [7] ~nd [8] to dynamic contexts. Perhaps recent
papers in foundations of adaptive learning such as Easley and Rustichini [3] 
could be ·a good starting point. 

The se.cond point. is the efficiency ·.discussion. The reader ·can s~e that I 
avoided that pro_blem. _.This_is not a trivial task. The main questiói:t is to 
_know what is the relevant Pareto effiGiency concept. It is clear that it can 
never be Pareto efficient in the usual sense, due to t he unfoi:.eseén states. The 
a iscussion· ·would focus ó~ wh~t kind of consh~aints -are needecl to be~·addeél . 
to the Pa~et.9 efficiency cdterion. 1n 6th_er worqs, aow one c}1ar~cterizes the 
conditioned Pareto problerri i_s the question. Because of potentially heter9-
ge~eous awareness amorig agents, defining a sensible social planner problem 
is not ea~y. Probably· this -cc:iuld be cónside1:ed a majot challenge ÍO!' -entfre 

· field of econornics of úncertai~ty. · · · 
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J? roof of -Prop~sitio~ -2, . : The proof is ·es~entially -the replication óf the 
one · in [91 The oI).ly diff~rence is- the production- technology_ to the· bucigét 
constraint. I then show how the 01·iginal proof should be rnod"ified. The rest 
is as =in the cited paper. -

- The ?ate 9 budget constraint is 

_· · { xi E-1?S'+l : xb :S ~b + (Ji - 1/) -·q - ·y;(i) __ . } 

Bi = _ xi (s) :S w·i (s) +··(R ® 11:\ · ~i - -R5 _· 1/Ji :" y~(i) (s) 
,.¡..i . ,,¡,i _ O· k(1) ( ) _ ¡k(,) ( k(1 )) __ 

- _ '+-' 'f' . - , Y1 s - s Yo . 

Then o.ne cañ rnodify le!Dma 3.3.-3 in [9] ~by ~he following. 

Claim 12 The correspvnde'fice (q, K¡--+ B¡ (q, K) is .compud ·ual'!leá un Q s• (¡.,,) , 
K E [O, l] J (where Q5• (n:) is defined in T9/, pp. 267) and co-nti'f1:uous. 
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-_ The proof is at the end of this demonstration. Lemma 3.3.5 in -[9] then -
foli-ows. - Note- that the_ optimai y~(il is also unique because ¡;<il is strictly 
concave. The proof of this lemma also shO\vs that the- constraint <fJ'lj) = O 
is in fact non-binding at th~ equilibrium. This ensmes that the optima! 
policy correspondence is uhc and convex-valued (in this case I also use the
continuity assu_mptio·n ·on g). On the 9the1:·hand, because there is only one 
commodity, there is no real maximization problem in states s (/: Si. Hence it _ 
is immediate that xi ( SJ for s ~ Si is continuous. 

Let n be· a nafural number._ If _we limit ·q _to lie on_the_ set tr defiried iÍ! 
. th; original proof. Let q ~ 1vl, with lvf positive and large -enough so that 

- -- _ the intersectjon _[0,-1~!]7 n tr -=/= -0 for every ?1" Then-q is on a _compact set. 
_ T~erefore, _a, very similar argument" to the o~e in lehuna-3.3-.9 can be given 

to-show _the -éx.istence óf a fixed for -the excess demand correspondence, the - -
market :maker: correspondence (as defined in- pp. 274)-a_nd the book keeping 
corresponcf-ence ( as defined in the _text). _ _ 

_ Finally, whe·n n_ -'-: oo, ,ve know t~af the sequen ce of ~xed points ( {[n, ¾) := 1 

rñust-have a convergent- sÜQ_sequence (because of boundedness of doma.in). 
l'.ocus or:i those nk ~uch that_(qn;, K:nk ):1 converges. Bit he same ·argumentas 
in Lermna 3.5: 1, the sequence of .allocations ( Xnk) Ynk' rt>;;k' 'lj)!!k) :1 is bounded 

· and-then "it has a conve:r:gent subsequence. Iñvoki_ng similar reasqnings as in 
lemmas 3_.6.1 arid. 3:_6.2 _it can be shown-th?,t the limit of ( qnk' K:n~ J:1-is part 
of an equili_briurn. Finºally, _ foilowiñg the-same lines of the proof of lemma 

-3.6.6 (or-equivalently, the proof ofJ'heorem in vVem~ril4]) implies that the 
- limit_ o_f ( X11k, y~k ,-í/>nk:,-'lj}nJ t'::1 _is_incleed a,n eguili~i·tuin "a:l_lo~atioft. -· - - -

Pr~:>af of claim~12. -'J:h-atB~ (q,x:)_is closed -follows frorrt the Y assump-- -
. Üorr: a:nd _the ~tandard sequen.ce argumen~s. Boundedñess fo~~\VS _from thé -

_ same arguments as in the origi1_1al --p!·o9f of lémma 3.3.6 (ii), with the ·actdi-
-tional fact -tbat y§ is bounded-. By-the non-arbiti·age asset :pr1ce set, Q5• (K:), 
définecl in -[9],-it_ is_ clear that -

- ,\ . (E}, -® K: )_ . r/> - A · R · ~¡/J ~ q_ · ( 4> ~-1/J) -

T hen, if w~ müitiply ~ach inequality in . .ÉJi_for-$ É- Si by As and the we sum 
over states s E Si and over dat~s, we ~et~ -

By assumpt1on Y, the consumption allocations and produc.t.ion ?,llocations in 
Bi are-bounded. This shows compactness of B.¡. The proof of l-:-h.c. and u.h.c. 
is identical to the proof of lemma 3.3.3 (iii) and Corollary 3.3.4 in page 276. 
In our case we need to use__ coutinuity off: (Yt) to ensure that the sequence 
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- --

- -{ x~, ;~(il ,-<P~, :l/J7 }n> 
1 

is bounded when qn -- q and 11:~ __ - 11:. _-Hence clai~ 11 

is shown. ■ - · · 
Proof of Proposition 4. The first order éonditions of the C pi probleÍn 

are 

aui i 

axi - Xo. 
o 

aui - i s E Si 
8xi·(s) - Xs, 

+-

-xbq1 + I;•z¿Rj {s) ':i (s) < _ O ~ j = 1, ... , J 
sESi 

xbq1 - ¿ x_!R1 (s) < o j = _l,_ ... ,-J 
sESi 

_: - i + ¿ f' ( k(i)) Xo s Yo _ - "O 
·sESi 

where the _ xi 's denote _ the: L_agrange ~multipliers of the budget cons.traints: 
Here at · teast one of the twó inequalities aboye holds with _ strict equality. -
From the third and th~ fow'th inequalities is clear tµ:at,·for all i : 

· ¿ 1r: (x'J R1 (s) ~1 (s) ~ qj ~ ¿ 7f: (xi) R1 (s) 

where 

-

-and xi_ is the .e-quilibriurri consumption allocation for agent l. Süíc_e the 
équili_brium considered here involves trading in all · a~sets, ie is _the case that 

--there is sorne ·i such- that · -

--L 7f: (xj Rj (s) i'sj (s) ·=· qj 
sES' . 

a11<l aJso sorne other -i' such that 

~qi,; ¿ 1r~' (f) Ri Cs) ~ 
sESi' 

These two agents are those included in the statement of the proposit.ion. That. 
is , i E arg max LsES' 1r~ (xi) Rj (s) ""i (s) and -i' E arg min ¿8 ES' rr~ (x;) R¡ (s) . 
This concludes the proof. ■ 



,, 

..., 

Proof of PÍ·oposition 5. The FOC of the profü ma..·<imizati◊-ii problem · · 
1 whi~h is sufficie~t_ and necessary due to strict concavity of J;) is 

. -1 + ¿ ¿¡-i (xi) ¡;'-(y;(ii) = o _-
- sESi 

By definition of ¿¡-i (xi) and assumption :u this is equivalent to 

... 

which_is identical to the last equation ín the charácterization of the optima! 
choice in equilibrium.by agent -_i given·in the last -proof li 

-· · · Proof of Proposition -7...! - The F.OC of the production problem- (in 
- . . 

. - _:...addition to constraints) are 

¿ j:(~' (Yt~) = -1 
sESi 

_ -~q5 + ¿ 1r!.(x¡) Rf"is) x;i (s) ·~ -_O _ 

. qi - ¿ 1r! (xi) Ri (.~) . ·-< D 
sESi . 

On the other hand, the..first order conditions from the consumpti;n problem· 
(besides the constrafots) are ·a)só _- . : - · · · 

-

. ~ '( ;) q; + ~ ( 0:;,¡s;)~, (s) t</ (s) ~ · Ó 

:{t is obvío~s f;om the de6ñitiQn· <?f 1r~ ·( xJ that these J;st ~wo ii:iequalities_ 
are identical- to the last t\yo_inequalittes from tbe production prqblem. This 
implies that there are t.wo- expressio_ns -which ar.e redrrndant. Hence, _when 
computing an entreprene:µrship equilibrium, one can ~ssume witpoutJoss of _ 
generality -that ai, /Ji, epi an? 'lj;i are_such that ( e/ + q/) • (/Ji+ ·1/}) = O. For 

example, take just (/ = {Ji = O._ This satisfies ali the conditions. vVe_'$ee -
immediately that these allocations sa_!;isfies alJ the optimality conditions in 
the standard competitive equilibrium. _ 

For the reverse, just fix ai, /JÍ such that ai • {Ji = O and such t.hat. , if we 
-i . . -i . . . 

define q/ =.e/> - a 1 and ¡// = ·t/J - el , then <j/ ·¡//=O. ■ 
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Proof of Proposition 9. · To simplify let NPIC denote the Non-Pareto
improvement condition. -AJso, define h ~ { i ·E I I et > O}. Th_e firs.t -two _ 

· parts follow standard lines. The last part is _slightly. different. 
Suppose that NPIC holds but -i does not hold. This implies t.hat there' 

exists y§ such that 

fo_1:_ every i in h -. Hence thi_s implie~ 

---~y~e~ + -L 1r!1s CY~re~ > -y~e~ + I: fr~J~ 0~) e~ 

Then 

: By .definitión of-¾~, given assuniption U,-this is-equivalent to 

. . ( ;;; (x')) ( xo :_ y§iÍ:) ; ~ e,:~·.) ( x') ) [¡, (y§) e; U: l 
> (!;: (x•j) {xi ~ y§e:) :t ( 8~·,) sx·) ) [!, (yj) e: +x:J _ 

- O· _ - _ · sES'. , . · -
. . . - . · 

: The"refore_ 

- Ap_plying proposition 31.2 (ii) irr.[51, pp. 359,- there exis~ a sc:alar µ E (O, l] 
such that -

Defining -¡¡~- = y§ +µ(y§ - Ji5) we contradict the NPIC. 
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_-I _show the reverse now. Assume-that"i holds but no·f N P IC'. H·ence ther"e 
exists y~ distinct from y~-such that 

i((-i ( k -k)0-i) ((f(k) f(-k))0-i -i) ) u Xo - Yo - Yo k ; s :yo - ~ Yo . k + x s sES 

. . i (-i· (-i) ) > -~ Xo; xs sES : 

- By assumption U, ui is strictly quasiconcave. Hence for ~n:y µ E (O, lJ 

· ·.. -- üi-( ( fb- ~ µ (Yt - gt) e~) _; (~-(Js (Yt) ~-Ís fit1) 0~ ; f~.) sES } . 

. ·> -~-ui (1/ (xi) · )-. · · 
. · · . . 01 s sES 

Define W =y§+-µ (y~ - iit) as before. By Propositión 31.2 (i) ln [5], PP
. 359, the last inequality iniplies 

. -

-_ (-;;¡(xi)) -(~b ~ (~--~ ii~) e~)~ I:-{i):i~is) (_xi)) [u~(~)~~ Ís 0.~t)). -e~·+ ~:l 
· sESf 

> · (;;:· (xi)) -1:h +=¿ ·(a!~is) (x_i) ) -x~ . _ 
O-. sES' _ · - · 

By assump~ióri U again this 1rnplies1 after· obvi?us_ m_áni{?ulations, 
- - - . . --

~: xb ~:-ria~+_ ¿ -1f! ·[ts--(~~ e~·.+~!] ?- xb ~~ii3-~~ + E 1í~ [fs . .(ii3) 01 ~ x!] .. _-
. . . , _ . · ·sESi · : ·: - · · - . s·ESi · . _ ~ -

. 

\Vh.icli implie_s 
-

-~ +_.¿ .1r!fs (~) > - yt + L ñ~_Js (iit) 
sESi . -· - sES( -

~qntradicti!_lg i. -
It is immedfate that i-i -implies i: It rema:ins to ·show· the converse. To 

do this I use the modifiéd version of the MinkowskÍ-Farkas lemma (Lemma 
10). The pro-of of this-lemma is presented-after finisliing fhis demonst1·ati<;:m. 
Assume the lenima is true. Define the set -

- zk.. zk (-g§ i(-ñ-i) iEIJ - -. 

{ y E ~{/
1 

: -yo+ ¿ fr:Ys > -y~ +¿ fr:J": (:9~) } 
sES' sES' 
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Hence, conditioñ. i is eqi.tivalen_t to ~k n Yk = 0,_ where 

yk = {· ·)RS"+l. k = fk ( k)} Y E · Ys . s Yo 
. -· . -

Note that Zk is open. Since it i~ also a con~ex subset in )R5 · +1, 't hen it is 
true that riZk = intZk (see [11], pp. 44). In fact , we can also consider bot4 
the closure of Zk and of y k_ ·By the standard separatior:i theorein (see [11], 
theorems 11.1 and i 1.3); there is a non-zero vector 7f such that _for any y in 
clZk ,)or any yk E Y\ _it is true that 

'iroY~-±- ¿ ~sY; < 'iroYo + ¿ 'irsYs 
s s 

- Vl E yk 

. \/y_ .E clZ~ · 
. . -

and. beca~se-7f -f O, we cá·n assume without 1oss of generality thát 7f0 "-f O . 
. : Define iro = _; 'iro and •frs = 1rs, Then the las"t iriequality is eqúiv0,lent to: 

·._ - - -ftoy~ +.¿·fi"sy!-·s; :.... ftoyo·+ ¿ fisY_s· . . 
. - . - sES • sES· 

Now, we know tha~ f/ E c~Zk. Then the follo~ving musf hold; 

k '""' k - · k '""'. w -yk ·E yk_ - }foYo + ¿ ft!Ys ::; - ñ"ofio .+ ¿ 1rs'[Ís, · V 

ses· sES· 

where _ 
-

N y 1c ( tl i "i=. { ft E )R5~ + 1 j ft . · f/ -~ ir_ • yk·, V-,/-~: -~~ }-. 
This last co~dít ion -¡s_· iñ faét the c~i;isequence of zk n Y'."k = 0.- lt dem an.ds -
that the ·vector ·tnat foi-ins the hyperplane maximizes the net present value 

. of the production plan i/·. · :. _ 
It is a!q"o tru~ that i/ E_Yk (sinc~.it is an equilibrium procluction ·plan) . . 

Therefore 

-rrotfo. + L 1rs:il: s; -iroYo + L 1rsYs 
sES· sES' 

- -
for ali y in _Zk. Now, Zk is defined by a syste_rn of inequalities. Hence this 
last condition is equivaleI?,t to the followipg. 

-

- - (Yo - Y~) + -~ ft! (Ys - Y:) 
sESi 

-U-

- 1ro (Yo - Y~ ) + ¿ 1i's (Ys - y; ) > o 
sES· 
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By Lemma 10, ther~ -is a set of no_n~negative scalai-s (&·1, ... ,·&1fsuch that 

ir = ¿¡~1-~/i ,_ with 1r1 being defih:~ i_n t~e statement óf Lemma 10. Let 
~ / ek Th e - ""1 ak~, s· - . d'ª t h . o . -a ¡ = ai ; . ere1ore ir = L,i=l O'.¡ ¡ 1r . mee 1r 1s tHeren t an , 1t must 

be true that there is at least ·some i _such-that a¡0~ > O. But ir E Nyk (i/). 
Then I:;=1 0'.¡~~7?' E Nyk (;yk) . This implies·that, for ali yk in Yk, 

whích-is eqttivalent to -

-

i rec~l_rthat , if yk E- Y~, then ·y; -= -g (y~)). But this is.~just _c~nditíon- ii : -■ 
_ · Proof of L-emma 1q._ I sh0w that, if _thE: in~quality_ LsES· ir sYs - froYo 2 

O is a coriseque_!lce of the system of inequalities LsES' fr~Ys - Yo-2 _ O then it 
must_ be the case that fr =· ¿ 1 é{rri, where ir' -is defin~d above. Suppose- this 
l?st equality is .-not -satisfied. Let · _ · 

__ ~~ (-(ir1)i_E-fk) _= {" E !Rs·H¡"" '¿ cii/'; "' :> n} _-
. - . _1E[¡, 

Ther~for~, :¡¡- tf. f{~ :Rene;, by tlÍ.e -Se.parátion-Theorerñ for ·co_n~e_x._"sets, --there 
exists y e ~s· + 1 such _that if • fj < :rr--, y for every rr- i~ K. vVe l<n~w that O· E 
_f( ( define _a¡ ~ O for all i). Hence fr ·. y < -o: On :the other hand, jt the· last 
inequality implies that LsESi 7ir~Ys- - jjo 2 o for ali i. Suppose_ the cont~ai"y: . 

th_ere is an i' -such that L;sESi'. rr!' Ys - Yo < o. tiowever,· ~he vector ñ- - -0'.11 iri' 

- is in K, fot_any O'.¡t· > O. Hence ·a¡, (LsE~i' fr!
1

Ys :._ -yo)< O, and with ai' __, oo 
\v~·obtai"n-~hat Q'.¡,~(Ls~Si' ir~"Ys ~ ti9) - _-oo, cont~·adicting :¡¡-. y)_< 1f. fj fo1; 

eve~y 1r iri K--. Hence ¿~ES; fr~Ys - fj_o 2 9 for ali i. -BJ.tt we also had _that fr_.- jj 

_ ~ -¿sES· frs'f}s =- iro'fio <º· Then-we h,we contradicted the assumption tha t 
- -¿.sESi rr!y,\ - Yo 2: O is the consequence 9f ZsESi ir~Ys. - ü_o ~ O for every -i , 

- The converse is immediate. • 
-Proof of Propositlon _ 11. . " The proof i9 stau-dard. Fir~t , ·with the 

technological as~umptio_n the date-O budger constraint- · c-an he wri t~en a~ 

J K 

:ri = Wo + L (l/Jj - e/>~) qj - L T), 
J=I k=I 
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._ 

J J K . 

:ti (s) = w; (s) +·¿ Ri (s) 11:i (s) cp} - ¿°Jli (stwj + ¿ P_(s) rk , · s E ·S; 
j=I - j=I ,k=I 

where T1. = 0ty§. Hence the choice variable for agent ·i is rL. since y§ -
""/( i 
Ln=lTk . . . 

_ . The -fü~st order conditions, ( together with- assumptions C', U, and the Jact 
that i/J i > O for all j) detérmine uniquely the -solutis>t1 to i's probleTJ). The9 

. this- i¿niqueiy- determine -fb and t~eri total output of firrn k is just the··surri -__ :z;:;.rt .. Tnerefore t)Jere can be no _disagreement in te~·ms- of-the opti~al 
scale of production._ ■ - · . 1 

= 


