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Abstract

Thls paper investigates twa types of GEI models with productlort

B and_unawareness, extending the framerwork of Modica et.al (Eco-

nomic Theory, 1998). Existence of equilibrium in an entrepreneut-
ship economy is guaranteed given their same assumptions coped with
decr_gasing-retilrns-tuo—scale technologies. A non-existence example is
provided to show the necessity of some minimum awareness by agents.

- Two results from the standard GEI with production framework still _
- hold:. the maxirum net present value characterization of equilib-.
‘rium output and the Modigliani-Miller Theorem. A modified’ risk-

evaluation-by-owners formula is also ,prowde_d An example of cre-

ation of a new gTJOd shows that it is not always the case that a non-

trivial change in awaieriesé leads to a different equilibrium outcome.

- In an ownership economy, the Pareto ownership equilibrium is charac-" -

terized. As a side result; a modified version of the Minkowski-Farkas
lemma is proved. Finally, it is shown that unanimity in productlon
decisions still holds under multiplicative uncertalnty

Intrbdl}ction_ Yoo . Y

i * General Equilibrium Theory with Incomplete Markets (GET) has already a
- long history. Its development was not only important in a purely method-
ological sense but also for applications in asset pricing and macroeconomics. -

The modelling of uncertainty and risk in this framework was based mainly

*Address: Vito Dumas 284, Victoria, Buenos Aires (1644) Argentina. Phone: 3411 -
4725 - 7077. Fax: 5411 - 4725 - 7010. E-mail: kawa@udesa.edu.ar
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on the well-known Savage’s [13] decision theory. This has been Standard for
many years.
This theory has still been subject to major criticisms. For e‘cample im-

portant objections have come from Experimental Economics, as surveyed,

e.g.; in Rubinstein [12]. More importantly, the Savage paradigm intrinsically

assumes that the decision process takes into account all possible future con-
tingencies. This-assumption could be suitable for simple problems, in-which

the number of events to be considered is small. However, most of the typical
_non-trivial economic isstes involve-too many contingencies to be aware of.

For instance, it would be arguable to assume that an investor is always aware

of all possible facts that could influence her decision of investing in Internet

stocks. Nevertheless the standard GEI literature, as well as applications in
macroeconomics and finance, kept uSmg Savage's theory, given the-lack of
alternatives. -

" Recently a new literature on alternative foundatmns of decision theory

under uncertainty has been developed. One of the contributions has been — -
~ the work by Modica and Rustichini (see [7] and [8]). These two authors '
“developed a formalization of the concept of unawareness, as well as its ax-_
iomatic characterization. This is done mainly through a logical system with
limited reasoning ability of the subject. This is important since it constitutes
“the first. foundation for decision theory without awareness of all contingen-
cies. In Modica et. al. (9], a first application of the concept of unawareness in
the general equilibrium tradition is found. In brief, the main difference with
‘the standard approach is that, with unawareness, agents must re-optimize

"~ “in the future states- that agents did not consider in the first period. This-

gives different implications in terms of conditions of existence. Still some
classical results in the GEI literature such as nominal 1ncleterm1nacy arlses
"in the presence of unawareness. -
This-paper considers a first extension of [9] to production economies. The
“motivation for this extension, to my view, is not trivial. In a provocative pa-
per, Arrow and Hahn [1] have recently emphasized the role of uncertainty
modelling in traditional General Equilibrium Theory. One conclusion of that
;p,aperi is the convenience of finding an alternative way to introduce uncer-
tainty. As mentioned, [9] constitutes the first attempt to analyze unforeseen-
contingencies in the competitive equilibrium model. A pure exchange econ-
omy, though,is not suitable to capture how unawareness influences produc-
tion decisions. This is essential when inventions and innovations are taken
into account. Arrow and Hahn (1] emphasize the fact that hardly agents
can be aware of all possible events when considering innovations. There- -
fore the equilibrium investment and consequent output levels could change
dramatically among economies with different degrees of unawareness. B




- The first case considered in the paper is the simplest one, i.e., the en-
trepreneurship economy with one physical commodity. Here consumers own
firms (production technologies). They decide production quantities as well
as the portfolio of assets. Under the assumptions on preferences and states in
9], and assuming decreasing returns to scale in production, existence of equi--
librium is guaranteed. This may not be too surprising since the ownership
structure-is the simplest possible. However, assumption C' in [9] cannot be.
eliminated, as it is shown through example (modified from [9] ). The inter-
pretation is that all consumers must be aware of at least the states spanned
by the asset structure. This is clearly a serious limitation of the model How-
ever dropping thlS assmnptlon is out of the scope of ‘this paper and 0 it is

maintained.

-Under entlepleneulship many of the classmal results in GEI with produc-- -

tion still hold, provided that some small changes in definitions are introduced.
The equilibrium production allocation can be characterized by the solution to
 _a modified net present value maximization problem. The net present value

. formula includes an unawareness modification. That is, the expected net

present value uses the martingale prices over the states foreseen ex-ante by

the owner. This emphasizes the role of unawareness in production. In the
extreme, it could happen that the owmner is not aware of the ploductw:ty of
its firm and decides to invest zero in her own technology ) )

In the entrepreneurship economy a modified version of the Modigliani-

- Miller theorem holds. For the firm’s owner the financial decisions can be
. taken -independently .of her production demsmns _All that matters is the

combined. production-consumption decision, as in -the standard literature.- .
The-main reason for the MM theorem to hold here is the ownership-structure.
Since firms are owned by individual agents-(with full responsibility in foreseen-
contingencies), and since bankruptcy only occurs in unforeseen states, then
it should be obvious that the financial decisions and output decisions are
independent. The lesson here is that unawareness does not matter for the
indeterminacy of financial-structure in entrepreneurship economies. =

- In the same-context a characterization of risk evaluated by-entrepreneurs

" is presented. Although the main formula is similar to-the standard LI find
ane difference. With the riskless asset tle net present value of the equilibrium
output allocation is equal to the expected NPV discounted at the riskless rate
plus the covariance between state prices and output levels in the standard
framework. This formula breaks down here due to unawareness. Unforeseen
contingencies implies possible bankruptcy. This makes a bond with unit
constant payoff become a risky asset. This must be taken into account and

'See [5] for the standard formula,




the mentioned standard formula does not hold here. )
[ also provide an example with two agents, where one entrepreneur owns
a technology able to create a new physical commodity in one state.- The
main purpose of this exercise is to see whether is always the case that a
change in unawareness in one agent leads to different production allocations.
The answer from this example is: not necessarily. I consider the situation
when the agent who lends to the entrepreneur is not aware (ex-ante) of the
possibility of a new good in the future. Then I switch to the case in which

both-agents‘ are aware-of the invention. It turns out that the equilibrium in

‘the latter economy is identical to the one in the first case considered. Hence
this example, questions the potential dependence of the.procluc—tion allocation
on the awareness of agents. :

I finally present a first attempt to treat ownership economies. I introduce
a modified definition of Pareto Partnership equilibrium. [ characterize the
“equilibrium production decision as-the solution to the standard NPV max-
imization problem. ‘As a side result, a -modified version of the-Minkowski-
Farkas lemma is shown. I also-show that- Diamond’s (2] multiplicative uncer-
tainty assumption in this context still gives unanimity in output allocation. ~
_ Hence these two results suggest that unawareness does not change the main

~ characterization propositions in the ownership model.-

These results lead to the following conclusion. Economies' with simple

ownership structures and incomplete markets do not seem to change dramat- -

" ically with-unawareness. Most of the classical results still hold with slight-

modifications. However, real life firms usually take the form of corporations,

ignored in this paper. I discuss the possible issues of this extension in"the -

~ conclusions. Another lesson can be gotten here. The dégree of unawareness
" may or may not alter the equilibrium. The mentionied example clarifies this
point, although more work is needed to confirm this in a generic way. '
" The paper is organized as follows. Section 2 presents the entrepreneurship

“economy, and it states the assumptions to ensure existence. It also contains -

an example; modified from [9] introducing production, to show non-existence.
* Section 3 includes three main characterization results from the GEI literature
applied to the unawareness case. It-shows that the classical NPV characteri-
zation still holds; as well as the MM theorem. It-also has the risk evaluation
formula by the owners. Section 4 presents the example of creation of a new
good in the entrepreneurship context. Section 5 introduces the partnership
economy. It includes the NPV maximization characterization proposition of
equilibrium output, and the unanimity result, modified from Diamond [2].
Section 6 presents the main issues not treated here; as well as some other

possible extensions and some concluding remarks.




2 The Entreprenenrship Economy

2.1 The Environment

Consider a production entrepreneurial version of Modica et-al. [9]. The
economy lasts two periods, labeled £ = 0, 1. In period 1 there is no uncertainty.
At date 1, S possible states can occur, with S < co. Assume for now a unique-
physmal commodity in each period and state. There is a large number of

- agents, labeled ¢ = 1,2, ..., I. There is a set of assets, called_bonds. They are_

trnded at some price ¢; in period 0 and gives a payoff R, (s) in state s at

date 1. There is a set of firms, labeled & = 1,..., K. I assume K < I. This '

is So since I consider the simplest nroduction_eco‘nomy'version, which is the-

) entrepreneurship economy. Hence for each firm & there is a single agent ¢
~ that owns that firm. Hence there is a map from k to 7. However, to simplify

the analysis, T will consider the inverse map (from & to z) Here k (1) means

-the firm k& owned by 1.
- As in the referred paper, T assume that agents cannot be. aware of all

states. Indeed, each agent i is aware (at date 0) of a subset of states, S'CS

" Hence the ex-ante utility function is defined over consumption on states S°,

in addition to period 0 consumption. Denote’:l:‘( ) the consumption-by 7 in
state s at date 1. Similarly denote zy the consumptlon by a at date 0. Agent
i’ s utility at date 0 is ' -

()

However in perlod 1 there are states that agent i was not aware of at date --

-:_ 0. For these states we assume a utlhty functlon - .t e

g (wf(S)) sgS

Each agent has a positive endowment wt, > 0in penod 0 and also at date l

~ that is, wi(s) > 0.

~ Agents 7 (k) own a firmy, given by a technology For each firm % assume’
the existence of a production function. This transformation technology pro-
duces at period I with resources mvested at date 0. Given an amount of

- investment in period 0, denoted by y the technology gives a level of out-

~trades. For the moment I exclude the possibility of equity issues, although_

put equal to yf (s) = f¥ (y5)*. All the firms’s owners, called entrepreneurs,
are assumed to fund their own investments with their endowments and band

*This is a simple version of more general types of technologies. However, [ chose this

one since it captures the unawareness part. For, in the case of a technology set, Y*, given

by a transformation function 7% (¥%)

Pl




Agents face two types of budget constraints. At date 0 they confront the

following budget set.

k(i)

. ol e B vl L w4 (¢i“¢i)
B'=1{ ai(s) <wi(s)+(R®K), ¢ — Ry 9 + “"()
E o . = ¢1wt_0

Here ¢ denotes the amount of bonds bought by agent i at date 0. z,b denotes o

“asset sales. The last constraint states that agent 7 cannot be on both sides of
the bond markets. Since agents are not aware of all possible contingencies,

this constitutes an essential extensmn of this model For those acents who =
are not entreprenems assume y* = 0.

it is possible that at some state some agents who sold short assets must go =~

bankrupt. Hence perfect repayment of bonds is not guaranteed. This is why -

the term (R'® &), - ¢' shows up in the constraint. Following [9], the term

- -k is-defined as follows. Let K; (s) be the repayment rate of bond 3 for its

Let also

Finally, define .

holde1s Define: - IRy

:Mf-( )= rmn{Rd; wl +Z ) x K ( ))¢ +y““)( )} -

- V - 1['! )
T T](z s) Ry 2f R S >_0
' i I otherwzse :

*- | 7 5 : E :’?(‘S)ft;_;(s)tp
Kki(s)=1q" Z.’ e Zz— R ( w, >0 |
[0 1) otherwise -

In equilibrium, the repayment rate K ,-—(s) must coincide with K (8). However

Her budge’r constraint in this case is as follows

the last map is in fact a correspondence. Hence the equilibrium repayment
rate is a fixed point of this correspondence, which in (9] is called the g

correspondence, or the book-keeping correspondence. %
If the state reahzed at date 1 is not in S*, hence agent i must re- -optimize.

Bi(s) = {ai(s)eRs 2 (s) —wh (5) < (R®K), - 6 — M + 420 (s )}

s ¢ § .

f




This states that agent 1 consumes her incorne, ivhi_(fﬁ can be 0 if w‘l (s) +
Z LRI x KE) ¢ + yk( 9 (s) < R - Y. In fact, given the assumption of one
commodny it can be shown that ’ 7 ’

7 (s) = max{0,(R@x), ¢ 544 (5) - R, '}
s ¢ S )

Finally, I assume that agent i is only aware of §*. She is not aware of other
agent’s- characteristics and trades, including preferences and technologies. -
~ - This is essential since otherwise an agent i could infer more states than those _ -
included in 5 : 1f she could obsewe tlades by some other i with S-C S¥. o

2.2 Equ’ilib‘rium. ) _ )
-In equilibrium, agent i chooses (:cf), (ii‘.(s))ses ,yé(l), (yf{‘) (3))-69') such
-~ that itmaximizes v’ (zf; (z' ()),c5:) at date O subject to (z0; (z* (s )sest) €

~ _ B*. This problem is denoted as C'P'. For states outside her own state space, _

she just maximizes u! (z (5)) subject to (z} (s)) € B*(s), taking the date 0 .

production and investment decisions as given. Given that there is only one- - '
commodity the latter problem is just trivial: she just consumes what is left.

 The definition of equilibrium is a straightforward modification of the Mod-

"~ - _ica et. al [9] definition. The only dlfference is the presence of production.

'_demsmns by entr epreneurs ;

Deﬁmtlon 1 A competztwe equzhbmum for the entrepreneumal econ-
omyis aset of prices q, repayment mtes K and a!locatwns (1:0, (2% () ses> D> ;u)
such that - LT,

o i(waf(rats))bes‘,yo‘,(yf“)(s>)' ) solues GP, fori 1,20, T
= = < sESH7 i .= 5 .. i - 9 - ‘
i The feiloiumg co-‘ndetiah is satisfied - | ) o ) _

. 2T =-max {0, (RO#), ¢+wm<)~ﬂwwﬁ' -

- sE S o | -

mzuum)umn4ih£”Uﬁwmeszl'—%)
Syt and DL, (60— =0. _

W Kk s a fived point of the book keeping correspondence.



Following the orlgmal setup, I suppose Jd <, #S‘ o S for all 1. Thelefme
there are incomplete asset markets by assumption. This is somehow crucial
to get existence of equilibrium, as it will be shown in brief. Define C' as the
set of the first J states. Following identical steps as in Modica et al. [9] I
present the existence result. :

Proposition 2 Assume the following properties.
'P.The matriz R is St-r*ictly positive ( all its elements are -st-rictly positive). )

—U Functaons u'_andul are contznuous strictly increasing and stmctly con- _

cave for alli and s ¢ S . ®

Y Functions f! are continuous, strictly increasing and.strictly concave for
alli and s in S. Moreover, assume that there is a value > 0 such that

for anyy > g then maxq, f (y) < y. Also assume that fory > g, and
_ or any As €RL, theny — Z A )( ) is strictly mcreasmg

W. Endowments are strictly posiéiv_e.

CC‘CS"foraliz——lQ A S

" FR The submatm: Rc, conformed by the first C-rows of R is non- smgu!ar

Then a competztwe equzlzbmum emsts. -

" The pmof s in theAppendlx Essentlally it is the same ex;stence theorem
as in [9]. The only extra ingredient is endogenous prodtction: However this
does not entail any special difficulty in the current entrepreneur flamework
provided that assumption Y-holds. This ensures that budget constraints
are still compact-valued, as well as continuous- In the case of a Partnership
Economy this-is relaxed to include constant returns to scale.
~ The strongest condition is in fact C, as in the original exchange economy

case. This is interpreted as a condition of su f ficient awareness on behalf of

agents. These are aware of the span of the existing asset markets. Otherwise -
equilibrium may not exist. This proved to be true in the original paper. The.
question is whether is it still important to keep this in the current situation.
We see in the next etampl e (modified from Modica et al [9]) that the answer
is afirmative. - _ : n

Example 3 Assume two consumers (or a continuum with measure one of
two types). Consumer 1 owns a firm. Consumer 2 only trades in asset
markets. There are two states of the world in period 1.

i 8




B v =0]¢>0 .

" Suppose that none of the two consur;ieﬁ"s care about date 0 consumption.
Moreover consumer 1 is only aware of S' = {1}, while consumer 2 of S2
{2} . Date-0 utility functions for each consumer are as follows.

U' = oL+t (1)]
U? = In[l1+2°(2)]

_ Endowments are as-in the om’gi’fzal e:r:ample b e gt == (0L, 1, 1) The
production technology for agent 1 is y} = (s —1+¢&)\/y}, where s = 1,2

~and & > 0 and small enough. Hence the technologJ is. only pmductwe in state

2. There are- two assets ‘The payoﬁ matric s ‘ %

_with a € (0, l)

1t can be shown (see [9/ page 288) that it cannot bg that 7

in any equilibrium. Otherwise arbitrage opportunities arise. Hence there

must be trade. On the other hand, note that in equilibrium
qu Y5 — Dot e, aue
Z% I

i J_Il-

The equzlabmum implies ‘that- Z! 1(1[)] = c,b) 0 for each j. Hence, this
implies that Yy = 2. Suppose for a moment that this is the case. Then the
budget constraint for agent 1 becomes 1=y 5_ q; (%] —0;) = - . B
_ " Let us consider the first case, in which ' - = .

S - [s0le=0] -

and where the asset tradmg for agent 2 is completely symmetric. Because of
full repayment for the state in which 1is aware then ky (1) = 1-in this cuse.
From the first period budget constraint we get that

@by — qé) = 1 (1)




Hence from the book keeping map:

Therefore the problem for agent 1 at date 0 is to mazimize ln[l + 2! (1))
subject to the constraint 1 and z' (1) = 1 + K (1)@1 — aw, +E \/_ The
corresponding FOC implies that -

_ ' i

m(l)zaa : '7 _ -

On the other hand, from the definition of the B correspondence (or the book

1. keepzng map) we have

B ' - k(L) ‘:77_7(2»1)

=t A D IV
R . ) c¢!‘;l', - = =
A .-+ aqﬁ% |
Ve V) -
"~ From agent 2’s budget constraint in pemod 0, we have that =2+ qz_lwf

o (Unidonsddads
- f - B qw%

ot b

Therefore to make both eapresswns equal we must have

‘—_--_: - __.:';2(1+ )—-0-_______'—.{

which impiies o negative price for asset 2, incompatible with an equﬁibriﬁni o
Then we cannot have an ethbmum with- the trading profile for agent 1 as

described above. -
The second -case is the symmetrza one. Assume . -

s Y120 ¢ =0 . -
- [#2=0]¢>0 -

Given this profile, it must be the case now that &, (1) = 1 and k2 (2) = 1.

Agent 1’s problem is to mazimize the same ex-ante utility fzmctwn subject to
the same definition for = (1) and the budget constraint 1 = QU — @2 B5°

- From the first order conditions the following equality must hold.

q2
K2 (1) = oy




Now, from the book—!ceeping frﬁap it must be true that
k2 (1) = n(21)
M? (1)
o)}
1+4
o)

' From agent 2’sf'budget'const-raint{ = B

—1=q2—qd; -

we obtain

N 1 q2 1
(U=t —F— =
Se 0 Tae T oYy am - aqid; L :
| S A\ DF o N
L : aq  ap; \ - @) . Fm @ R
Again, to equalize both expressions we get that Q1= —1, -a'mpossib.!e in equi- d

librium. Hence this economy has no equilibrium.

Although the utility functzons do mot satisfy the monotomczty condztzon
given by assumption U, it can be shown using identical indirect arguments as
in [9/ that if utility functzons were

. gt 1n[1+:c (W;ul(»-)
- _:'7U2- : ln[ +z ( )]+5gu ( ) '

with stmctly mcreasmg, eontmuous and concave, and 6 N O and 5 — 0,

_ then for these preferences there is no equilibrium. - o

ThlS examplé shows that absence of assumption C' may 1mply no exis-
tence ‘However whether this property is generic (in the sense of being true
for almost all economzes) is not known. ‘This is one of the key aspects to_ be

e studied in future research. - . . B s

3 Exténsjon of _(stahdard)__results'in entrepreneﬁ_r-
ship economies. | ;

This section modifies and proves traditional results in the GEI literature for
entrepreneurship economies . The main motivation for doing this is to see

For a presentation of these results in standard production GEI economies see Magill
and Quingzii (5] or Magill and Shafer (6] for 2 more advanced treatment.

11



“whether one can easily extend results cbncernin_g risk eva'iua:tigjn and a version -
of the Modigliani-Miller theorem. The answer is that extensions are indeed -

not very difficult to make. However some definitions need to be changed to
accommodate for the inclusion of unforeseen states.
First [ introduce an extra assumption on preferences and technologies:

D ‘Assume that all utility functions and productlon functions are C* with
k>2 satlsfymcr Inada. COIldlthIlS ik g

" ThenIcan characterize the equilibrium through standard first erder con-
ditions. However, a difficulty arises because of-the constraint ¢' - ' =
This makes the budget constraint not convex.. Still this is not a_real prob-
lem. One can show (sée the proof of existence of equilibrium, in [9]) that this
is automatlcally satisfied if ignored. -In other words, the problem thhout
- this constraint has a (unique) solution such that ¢*- ¥ = (), provided k¢ = 1.
Since we consider eqt_lih'bria. with trade in all assets, then this conditio‘n holds.

) 3 1 Charactemzaflon of equ1l1br1um asset prices.

The followmg proposition characterlzes the non-ar bltrage asset prlces From
this pomt to the end of the paper [ con31der equlhbrla with trade in all assets.

Pz oposition 4 In an ethbmum with trade n al! assets the correspondmg
formula for the pmce of asset J is given by the follounng ea,presszon—

SESE E S

S fil,.iﬁ"{Z-fri'(f") Rj_(s)}

SES"

g = m:a.*{{zz_r; '(fi-),Rj (5);‘; (S)} _ ,‘ - ,

where T (T°) is the equilibrium MRSfor agent i between consum,ptwu at date -

=& state s, and consumptzon at date 0. - -

- Proof. See appendix. m S - =

This generalizes the asset pricing formula for standard GEI economies.
"Note that the awareness of agents are crucial: It is also obvious to see that,
if the agent i that solves max; { " & 7% (3°) R; (5) &; (5) } has a state space
S'-= C only then bankruptcy does not matter for pricing. As long as this
consumer ¢ is aware of some state such that some other consumers (who may
be short in asset j) is not aware of, then the bankruptcy possibility enters in
the expression for g;. .




3.2 Characterization of equilibrium allocations: the
proﬁt max1m1z1ncr crltermn ' '

As it is usual in the hterature one can Charactenze the production decisions -
through a m0d1ﬁed profit maximization decision. The proof of the following
result is in the appendix.
- Proposition 5 The proa’uctzon deczazon n eqmlzbnum can be characterized
- as the solution of :
YITONE

; - 1- . k()
= max + Z
Yo se§i
Note that the profit mafximization must be done only on the subset of
states where the entrepreneur has awareness. This matters for the computa-
tion of the risk evaluation formula. This is done in the next sub-section.

3.3 Characterization of risk evaluation byfe'ntrepfeneurs-.’
Another sta.ndald decomposﬂ;mn is the USk evaluation by entrepreneurs. To
do this in our context, I add another assumption on prefe1 ences.

- VNM Assume that the ex-ante, date 0 utility- function of each consumer %

_takes the followmg form.

S 5 o =3 7 _',, 77 - SES‘ ’_ . = =
; . 2 -’w%th _ 2 T
S B =L, EEE. ¢ , o EERT

T sed

_ with " being strictly iﬁcreasiﬁ_g, strictly concave and 6", kz 2,

Note that, unless §F =
~homogeneous.”

S* for all & # ' it is impossible to make beliefs
Therefore the risk evaluation by entrepreneurs must be in . -

general subjective. Having said-this, one can evaluate the expected profits

13




or net p-resent value of the produetioﬁ' stream as follows.

NPV = O LB [FF] . -
= “y01)+§§ fs(yo ) -
8 (;5 () ) (sezagf (st ))

. SES SES; SES;

which can be rewrltten as

NPV = 0 4 g, (7r ) ] (fi (yk(i))) -I-‘covi (:;‘r‘;f; (yk_{i)))

ThlS is close to the standald fmmula, Howeve1 this cannot be reduced

to the sum of the expected net present value (discounted at a riskless rate)

. and the covariance, at least in general. This is only possible if 7 is short on a
 riskless bond, or otherwiseif §' = C, or at least S* @ S, for all L_such that {
is short on a 1lskless bond. Only in thls case we can state that ' :

) "1,
-1+rr

- :E;‘l' (ﬁ-l) =gy =

where ¢ q,_ is the priee of a bond: paymg one unit- of consumptlon regardless of -

the state and 7, is the cor l.espondent riskless rate. Only then we have

N N.I;V’:=-;y;(i)+ (f( ")) +;;v;( fl( am))

1T+

The reason of the (strong) condifion is the presence of bankluptcy f(n
those states not foreseen by agents who are short in assets. If4 is a pur ‘chaser
of this bond and is aware of some states that some other agent i* is not aware
of; and this agent is short on this bond, then the last expressmn mdy break
down due tox < 1. = : -

Another straightforward though essential featule is the fact that en-
trepreneur i may be aware of too little states. In particular the agent may be
aware of only one state in the future. In this case this implies no subjective
risk and the only variable to look at is the discounted expected production
flow. As one can see, this can be a way of analyzing pessimistic or opti-
mistic entrepreneurs. Those who are only aware of bad states could be seen
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asfpessi-mistic entfepreneurs. They would invest too little in the production

_ technology. Those who are only aware of extremely good states could be

"~ ifications. The inawareness assumption demands some miror changes to the
- proof and statement.. However the idea remains as long as entrepreneurship

called optimistic, which easily would lead to overinvestment. However, my
goal here is not to pursue an efficiency analysis due to the unawareness of
consumers. [ leave this as a task for future research.

3.4 Indetermlnacy of ﬁnanc:1al pohcles in entrepreneur
economies. '

 The well known Modlgllam - Miller theorem [10] has been the center of
the discussion for at least thirty years. A broad literattre appeared during

 the seventies and éighties. This sub-section attempts to re-check the valid-

ity of this result under the assumption of unawareness in entrepreneurship

economies.” -
The main conclusion is that the MM 1esu1t is still vahd under certain mod— l

economies are concerned.
Assume-that the entleplenemshlp k (2) takes de01s1en on: productlon thl oucrh ”

“the followmg criterion. - ) e . . ) -

B 0 Vsx, Zﬂ'in@)ﬂ‘DS(i) T1TYP K-

sest
-where ) o v = e
h iy {Dg(i_),_:, %yé"‘""—é?(a?%ﬁ") ) JE P . =2 .__
DI = 1O (559) + (x() ®R(s)) - o ~R(s) - -
o3 = 0 :

I call this the productzon problem. Here D0 1ep1 esents the dividends that
( ) obtains in period 0 and D5 0 those obtained in period 1, state s. In fact.
D —really represents what the entrepreneur invests in her own ploductlon
technelogy [t also ineludes the financing policy as entrepreneur, given by
the expression gq- ( - ) Here o' represents the asset purchases and 3' the
-sales that the entrepreneur demdes to finance production. It can be shown
again that at the solution ot - §*-= 0. Note also that I allow DY and D iH
to be either positive or negative.
Let (y’*(‘),a ,,8) be the solution to this problem. Let D denote the
dividends arising from the solution. The entrepreneur as a consumer solves
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in period 0

' méx u! (CEEH (' (S))ses‘)

squect to )
TH — wo § km (‘35 Y ) .
At (s) —df(s) < U“+(()®Rw%w—ﬂwfﬂ,*?9
’ ﬁn’f’i,,'lf)’; 2 0 - " e ~ 7-7 ] -

and for states s ¢ S* the agent just consumes.

(()@Ruy¢43@yW}

z' () =- max {O'-w" s) ;I~’Ek(-i) 7

_ This is Called the consumption problem.

I define an entrepreneurship equﬂlbnun_l.

- Deﬁmtlon 6 An entrepreneursth eqmlzbmum s an allocatwn (y"(‘

. . The vector :v qzﬁ 'qb) solves the. agent’s con’éu%{zﬁtéo-n problem, taking

- and asset pr‘zces q such that-

o The 'uector (‘ D) a5, ﬁ) solves the entrepreneur S pmductwn problem

takmg q and " as given.

q and D¥O) g5 given. -

K} Ma'rke; clearing holds :

"

R S ST R
- _, Ti=l = i .
- s - ‘i(:ﬁ— ;-_igk(@)_ © TR A 7
- =l - =1 L . .

This is the standard definition of an equilibrium with separation of deci-
sion policies. With this it is possible to show the following result. -

Proposition In an entrepreneurship economy (f:i,,zj_i,(}‘)'i, 0 (__Y',Bi) is an
entrepreneurship equilibrium allocation if and only if (a‘:", i, o, @l) is a comn-
petitive equilibrium allocation with 5! = éi +a' and -El = ¢ + Bi.
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Proof See Appendm ]
This last proposition shows that financial pohc1es do not matter in en-

frepreneurship economies provided that dividends do not include limited-li- -
ability properties. Hence unawareness does not change radically the sense of
the Modigliani - Miller theorem, provided that bankruptcy is not strategic

~ or foreseen.

4 An _-e'xéi’n_ple with creation of a new good.

So far we have seen an economy such that entrepreneurs owned technologies
that producéd the same commodity that agents faced in period 0. In other -

words, technologies only were able to produce the same type of good. In this
case agents and specially entrepreneurs were only unaware of the productivity .

-of their technology in some states. On the other hand, as Arrow and Hahn

(1} emphasized, it is impossible-in practice for innovations and snventions

to account for-all possible future contingencies. It is then hard to describe

all’ possible outcomes that an’ invention -could carry on. What this seetion -
attempts to do is to present a very simple example with a technology that
creates a new good in period 1, at a certain state. The point of this section is

- to illustrate whether unawareness of investors (non-owners) affect ‘the price
of the new good in the case of successful innovation, as well as asset prices. "

Suppose an economy with two agents (or a continuum of two types).

" There are two states of the world in period 1. Consumer 1. owns a production . _

techriology.- This ltechnology produces a second commodity only in“state 2,

- but rioi in state 1. . Hence at state 2 in period. 1 there are two physical
- commodities. Let the endowments of agent lbe - =

=0, W ()=1, Wl@=1 wi@=0

}IL}.Eé production technglogyfis' given by the production function

. o
y%(‘s):{\/y_o, ifs=2-

0, - otherwise =

where y$ is measured in terms of good 1 and yj (‘2) denotes the units of good

2 obtained through this technology.
On the other hand consumer 2 does not own any technology. Her en-

dowments are -



[ will consid_et a special case. - The entrepreneur (agent 1) 15 always
optimistic with respect to her technology. This is captured through the
assumption S' = {2} . Given this I assume the following utility functions for

agent 1. i

lnmg( )-l—ln:.',2 (2)

(note again that she does not care of consumption at date 0). If state 1
is realized the utility function is just u] (2} (1)). I am not assuming any
part1cula1 functional form since-she just consumes what is available. I Just '
need that_|u] (0)] < oco. For agent 2 the utlhty functions will be

) u§ i
) b 1n state 2 and S| | _
AT Inz? (1)
in state 1. In 'pe'ri_od 0is B T,
- R | F ; 2'H'ln :c.?, . 7

"There is one rlskless asset. Payoffs are written in good 1 (the numeraire
- in'state 2). The asset pays one unit of good 1 per unit of contract. .
I consider two subcases: one in whlch 82 {1} and the other when

h S=1, AL/ AT T

4 1 The case when 2 is unaware of the new good

- ThlS is the case when the only relevant state for acrent 2 is theone without -
_ the new commodity. On the other hand, agent 1'is only aware of the success
~ 7 of her invention. In this case, it is natural to search for an equilibrium (if it-
exists) such that ¢ > 07 This is stating that agent 1, the entrepreneur, uses
the riskless bond to borrow funds from agent 2 to run the invention. The-
preblem for agent 1 in this case reduces_to . B,

i . n;a:\ InJJI(d) —i—lnmr, (2)- 8

" subject to - )

= o _ (97+pzfcz <1+pz\f+¢
(where I omit the parenthesis for ps f01 obvious reasons) and
(5 - 9) g =18
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The FOC with reépect to P, assruming that bhis is positive, is:
'PQ 9\ _
-+ B () -0

e P
‘b_“c;

which gives

~ and then _ )
- 0.5
= e o -1 TP - 1 _gp2

From the rest of the first order conditions it is s_traightforwarcl to get:

2
1+ %
S = - B " 2 =
= o l+E
_ e e - -

-In this eqﬁilibriu?n agent 2 must purc_klaée the riskless bond. This‘mil'ét
solve the following maximization problem. ' '

max Inzj+Inz} (1)

.- _subject to - B s T AR N e
S @ =g () "
o Ca(D) = KW~y -
The solution to the problem is . B _ T s
- ) - 2 1 = = -
s 2= _ S . ) -
- ) o . - ¢ _'2q, _— g

- Note that this is independent of % (1) . Then,-by imposing market clearing in

the bond market, we get =

Then we have o _ -

e e e e e
N



-and also

In state 2, agent 2 solves

. o - max Inz?(2) +Inz(2)
sub_ject to . =", o
()+P2$2(9)”1+¢ :

The optimal demand fllIlCthl'lS are-. _ - . =T

. A .j" - | pupiis
.L_ & $2 (2)_: 7 22 2; 332 (2) _ - 2p22\/§

Imposmcr market clearing in the market for good 2-we obtain that the equi-
-hbuum price of good 2 is’ Y- 2 e

- p;. _ _—

i -

7 e \/§ P 1~ .

7 Wthh is cleal ly pos1t1ve \Ie‘ct Iget k(). To do thlS note that
- _ e M’1 (1) = min {3, 1}

But in this equilibrium -

O 7-_?”[)“:

Hence- ﬁ/f L(1) = 1. By definition % (1}7 n (1'1) —71. (there is no bankruptcy
in equlhbuum although consumer 1 gets 0 in state 1). The equilibrium is as
follows , . e o _ -

l—"u
i

1o |g[d =0 - ; =
IVETIE 1 -
S e () e () [2@) [a5 [«f () 27(2) [25(2) | 7
3 - 5 2 (P
0 1 ”/5, =l N
i |2 4

and equilibrium output is y» = 0.5v/2. In this equilibrium there is no default

(here & (s) = 1 for s = 1,2) although agent 1 has just the amount of good
1 to repay her debt in state 1. In state 2 both agents have exactly the

same ex-post utility, although agent 2 was not aware of this state. The next

- subsection modifies this dssumption to see whether any change results.

0N -




4.2 Case -'v;fh_ére 2 is aware of the_z:new good

_ This version of the rlrhéntioned €conomy assumes
s = {2}
for both ¢ = 1,2. This is the case when both agents are aware (only). of

the success of the invention. The idea is to compute the new equilibrium to
. compare the outcomes. LI

Tn this new economy the problem for agent 1 is- identical to the one we

got_before. Hence we cFet the same expressions for the demands:”

S LA - 1428 -
1 2 = g -
2y ( ) 5
: 7 . ) 4
. = Tngd¥ 1+
o o (4 25 R) gl
: e pg . : =t
The problern for agent 2 1s different- -In period 0 she solves the following
ploblem e S N R
- max In z +Hlnz? (2) F lnzl(2) . __'_ L
- subject to 7 - 11 | -

T $3_= 1-g¢* PR
23 (2) +po23(2) = 1+9°

In thls equilibrium %' > 0 and hence & (2)7—_ 1. The solutlon to th1s probiem 7

“gives the following Optlr{l&l‘ bond holding:
‘ — ¢2?;;;__2“q T
v R T " ,
) Imposmcr mar ket clealmg in the asset ma.rket 1mphes the followmrr e*cpresswn

for the equilibrium asset price:

= (1+m>(3)
S &

The Optlmdl consumption for agent 2 in state 2 of good 1 is

. B 5 o l+¢)"*_ =
L 2l = L

= 1

+ G(L@)(é)

[ S

P
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Solving this:

Imposing market clearing in this market:

2 ] 5 5
11 3p3 + 1 — +/1 + 6p3 +1+"%__,)
2 6 \/1+6po—1 )

" Solving this we get p; = \/_ the same equilibrium price! In fact this gives
exactly the same equ1hbuum outcome as in the case where 5 = {1}.

This example shows that ‘the intuition saying that more awareness would

imply a higher ¥ (2) is not satisfied. In the last case the agent that purchases

the bond is aware of the new good. However she acts in the same way as -

~ when she is not aware of it. The main lesson is that there may be some cases

" in which-awareness may not matter in terms of how-much is invested for.
inhovations. How much this outcome depends on the value of endowments,
state spaces and utility functions is something 1mp01tant to know, but left

for future research. . 3

It is important-to see that agent 2 in the first case is not aware of state 1- -

- .and even not aware of the demand function of agent 1. Recall that, given the
competitive-markets assumption, they only observe prices and then decide
~ how much of the asset to buy or sell short. ~But they do not know other
" people’s preferences and-trades. This is relevant since otherwise agent 2
 could infer something about state 2 if she observes agent 1's trade. Buf then
_agent 2 should be aware of state 2. To. avoid this problem we never allow
- any avent to be aware of other acent’s characteristics or trades. -

5 Towérds Pa{rtnership Ec‘or,l_'om_i‘es

Although: entrepreneurshlp economies are somehow the smlplest case to btalt
analyzing unawareness issues in-the GEI literature, it is not necessarily the
_most realistic one. Production is usually organized in firms with multi-
" ple owners or partners. There is a vast literature on GEI in partunership
economies in the standard framework. My goal in this section is to present
the preliminaries of an extension of this analysis to the unforeseen contin-
gencies case. This includes a modified definition of a partnership equilibrium
and some results regarding the objective of the firm.

Modify the economy of section 2 in the following way. Assume that each
of the K firms could be exploited by all I agents. Instead of having some of

]
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“economy in the usual way B - R " K

the agents bemg individual 6wne13 each agent could purchase a fraction 8% =~
of firm k, with 8% > 0 and $°/_, 6% = 1. Hence the budget constraint faced
by agent 7 in perlod 0 is the following one. v u :

K

Czh=wht Y (W - e g — D0k 7 - (2)

j=1 k=1

s ) o fr . ; J } K _ ’ .
sy =w ()4 ) R (s)k; ()85 = D Ri(s)ws+ ) 6ifS (5), s€S
=1 j=1 k=1 )

m L wm

and for s ¢ S we ha’ve.juét:

’ . ey : , ; v._; AKV ; |
e {wf(s} + DR, ()85 (5) 8 = 3o R, ()] + 3 0Lf2 (o) :o}
) =1 _i=1 k=1 : -

The definition of K; (8) follOws exactly the same-'expressions as in the en-
trepreneurship case. _ ' .
Hence I can define a (Pareto) competitive equilibrium for this partneIShlp _®

Deﬁnition 8 An ( ea:-cmte )-Pareto Pcirtner:si@ip-EquilibTium is-a set of
T = -z i '-..---'_-']7 = s 7 i
nsset prices G and ailocatz'onsA(:T:‘,B.,-,rb‘,'t,bg)‘ “ 4 (’f&k}f_i, such that -
= - = P iy i=1 e £

= R a 7 | - _ il ’ . . - -y = £ -
o For each agent i, the allocation ('a“:;,, (2 (3)),esi5 05, ab‘,zbl) ~ solves
- = - B =1

e (g (6 G es)
:ubject to 2 and 3, and the non- negatzmty constmmts (a.:L in the en- -
trepreneurship economy). _ - T =7

o For each. agentz the allocatzon( ( ))sgs: satzsﬁes wzth (9 &5 J_;')

T gwen ) B

o (Non-ez-ante Pareto improvement) For each k, there is no y§ such that
u' (16 —0: (y5 — T0) s (&' (s) +6: (£F (v5) - f* (53)))5@) > u' (25, (2 (9))es1) -

23 -




e Market clearing hoflds_r

&= = where §f (s) = f¥ (g5)%

‘The only important difference with respect to the standard definition is
the fact that the- no Pareto improvement condition only requires that there
cannot be an ex — ante 1mp10vement in production.. There is no ex-post
non improvement condltlon [t seems natural to assume so since production
demswns are-taken at date 0. This is key to characterize production- deci-
sions through net present value : maxtmlzatlon The lesult is presented in’ the
followmg proposxtlon U : :

Prop051t10n 9 Assume condztzon U. The Non-ex-ante Pareto amprovement
s equwalent to the followmg

': = g There 48 no yo > 0 such tha.L = 2 1A

—yo+Z"fs yo ‘—yo+sz‘f yo

sESi SEST .

for every i _such that 8, > 0. _ - B ‘

o s i There are hon-negatz"&e scalars (a',:.., o ) such that
T s {zak [z st ) -] |
) o i€l _ Lsest ] y

Proof. See Appendix m - -

This result is a modification of the standard NPV characterization. The
proof needs some modification due to dimensionality issues. Concretely, the _
following new version of the Minkowski-Farkas lemma needs to be shown in
order to prove the equivalence between i and ii.

Proof.

24



Lemma 10 Let S* = U;S', let @ € R, “and let 7 € ‘RS The mequai-
ity ZSES TsYs — ToYo = 0 is a consequence of the system of inequalities

sesi TeYs — Yo = 0 of and only if there are non-negative real numbers
al. ..., af su.ch that

ﬁ':Za‘ﬁ'
= 4 =

where _ i
_ v . B e :(—1,7?",07) i i
R TR RIS

— The proof of this is in the appendix. In spite of the technical changes, the
production characterization result is still valid in the unawareness case. That -
- is, in equlhbrlum the ploductlon alloca.tlon must maximize the subj JeCtJVE net
‘present value for each-owner. -~ =

" On the other hand, the result of unanimity in productlon decisions under
consta,nt returns to scale, together with multiplicative uncerfainty in the pro-
- duction function still holds when unawareness is considered. The fol-lowmg

s prop051t10n shows this.

Proposition 11 Suppose that fs (yo) =p (s) v for all k. Asstme moreover -
-~ assumptions:C, U and consider an equilibrium with trade.in all assets. Then

alk pa’r‘tners of each ﬁrm k agrees on the optimal productwn decision. - -

This is an extension of the xvell-known Diamond’s [2]71‘esu71t.7 The mul-
tiplicative uncertainty assumption still plays the same role with unaware-
ness as in the standard partnership economies. This is relevant since the
usual problem arising with this type of equilibrium concept is the intrinsic
non-agreement in production -decisions. This proposition then states that~
unawareness does not change the main property of multiplicative shocks. -

6 Cong:luding Remarks and Eutui'e R’ésearch_.

~ The main message of the paper is that unawareness does not seem to be key
~ to change classical results in GEI with production. Still along this paper
assumption C was assumed to hold all the time. Dropping this assumption
is essential for future research, still in pure exchange economies. The coun-
terexample presented at the end of section 2 may not be generic. As it was
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“the rule in this literature, generic existence of equilibria in GEI economies-
were shown after the famous counterexample by Hart [4]. In a similar fashion,
it is essential to study whether similar techniques could be applied to GEI
economies with unawareness, in order to understand the role of assumption
C. This is important because, if assumption C' were shown to be generically
essential to get existence, this would mean that studying unawareness in the
competitive framework may not be the most interesting market stmctule to -
-analyze. If, in order to get consistency of the model, all agents almost always
- must be.aware of at least the subspace spanned by all assets, then we would_
finally be 1mposmff in some sense too much awareness. In reality many in-
vestors may not be even aware of what the assets could span in the future. -
Much discussion must be done in order to improve our understanding of the
relationship between these two concepts. - ) SR ' -
~ Another lesson from this paper is the fact that two economies with dif- 7
ferent awareness ‘conditions may lead to the same equilibrium outcome. A
rmore-profound analysis is needed to understand the generality of this result. Tt
This is imiportant because models like this could provide some clanﬁmtlons '
of differences in investment and production decisions across countries. - It - ] : -
seems sensible to think that some form of awareness may affect those dif- : ' '
_ ferences. However the-example presented here clearly shows that unforeseen
: contmgenmes may not imply any heterogeneity. \/Vhethel this example can
be generahzed is left for future research. . .
The ownership structures considered in this® paper are rather qulte sim- -
ple Therefore considering corporations is another important step to take.
However; some new comphcamons may arise. In-a stock market equilibrium,
- the asset structure includes shares of the firms. Assets in this case are the - -~ s
shares of the K firms together with J bonds. The question now is whether- o
assumption C' should be modified to include the first J + K states of the _'
economy rather than-J. If the former is the case, it would make the condi- '
tions for existence even stronger. This may show again some weakness of the
concept of competitive equrhbuum with unawareness, since makmcr the asset
structure richer would demand agents being aware of more states. Also, the
issueof limited liability in corporations could introduce a major complication i
in the analysis. This is another key point to study in the future. = =
- Two more issues need some late discussion. All these economies last for
two periods. Note, in seetion 5, that agent 2 has well defined preferences
on both goods, when state 2 is realized, even when she is not ex-ante aware
of it. This is clearly strong. The interpretation of this assumption could be
the following. The outcome of some learning process by-agent 2 after seeing
an unforeseen state is the period 1, state 2 utility function. However that
process is clearly not modelled. In a sense periods 0 and 1 could be thought of
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two steady states. It is stlll very important to think about modelhntT learning
processes with the unawareness structure * . This is indeed a major challenge
for ‘extending the work in (7] and (8] to dynamic contexts. Perhaps recent
papers in foundations of adaptive learning such as Easley and Rustlclum 3]
could be a good starting point. ' -

The second point-is the efficiency discussion. The reader can see that I
avoided that problem. This is not a trivial task. The main question is to
know what is the relevant Pareto efficiency concept. It is clear that it can
never be Pareto efficient in the usual sense, due to the unforeseen states. The
dis¢ussion would focus on what kind of constraints are needed to be-added -
to the Pareto efficiency criterion. In other words, how one characterizes the
conditioned Pareto problem is the question. Because of potentially hetero-

~ geneous awareness among agents, defining a.s_ensible social planner problem
_is not easy. Probably this could be considered a major challenge for entire
field of economics of uncertainty. - . - 7
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7 Appendnc' Proofs.

’ Proof of - Proposxtxon 2 ’I‘he proof: iS’eSéenfiaIIy_the rei)lioation of the

one in [9] The only difference is the production-technology to the budget L

constraint. [ then show how the original proof should be modlﬁed The rest

is asdin the cited paper.
- The date 0 budget constraint is

| ¥ ERH g ‘<w+(w &) g g
Bi={ zi(s) <wi(s)+(R®k),-" mE b0 |
L = 0@ =A%) _

“Then one can modify lemma 3.3.3 in (9 by the following.

Claim 12 The co'r'responde'!ice (q, k)= B'(q, k) is compuct valued on Qg (k)
k € [0, I]J (where Qg (k) is defined in [9], pp. 267) and continuous.
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- The pIOOf is a,t the end of thlS demonstratlon Lemma 3.3. 5 in [9] then -
follows. Note that the optimal yo is also unique because fs is strictly
concave. The proof of this lemma also shows that the constraint ¢y = 0
is in fact non-binding at the equilibrium. This ensures that the optimal
policy correspondence is uhc and convex-valued (in this case I also use the”
continuity assumption on f¥). On the other hand, because there is only one
commodity, there is no real maximization problem in states s ¢ S*. Hence it_
is immediate that z* (s) for s ¢ S' is continuous.

Let 7 be a natural number._ If we limit g to lie on_the set Q" deﬁned in
the original proof. Let ¢ < M, with M positive and large enough so that
_the intersectjon [0, M] N Q" # 0 for every n. Thenq is on a compact set.
_ Therefore, a very similar argument to the one in lemnma-3.3.9 can be given

to-show the existence of a fixed for-the excess demand correspondence, the - -
market maker correspondence (as defined in pp. 274) and the book keepmcr
correspondence (as defined in the text).
~Finally, when n — oo, we know that the sequence of fixed points (qn 9
must-have a convergent subsequence (because of boundedness of domain).
Focus on those ny such that (gn,, R"k)k | converges. By the same argument as
‘in Lerama. 3.5.1, the sequence of allocations (a:nk_, Ynis P r U ) ., is bounded
‘and then it has a convergent subsequence. Invoking simihr reasonings as in
lemmas 3.6.1 and 3.6.2 it can be shown that the limit of (Gug Kny ) pey 1S part -
of an equilibrium. Finally,. following the same lines of the proof of lemma
"3.6.6.(or-equivalently, the proof of Theorem in Werner-{14]) implies that the

" limit of (&nk,ynk,¢nk, lbn,c)k is_indeed an equilibrium allocation. m

_ Proof of claim12. That_ B’ (q,x) is closed follows from the Y assump- -
tion and the standard sequence arguments. Boundedness follows from the -
_ same arguments as in the original proof of lemma 3.3.6 (ii), with the addi-~
tional fact-that 3§ is bounded. By the non-arb1t1age asset price set, Qsi (x),
defined in [9], it is clea1 that : :

. = A BB A Ly (¢ ).

_ Then, if we multlply each mequahty in B for s € S by A and the we sum
over states s € S* and over dates, we Uet -

x0+ZM; g Z\fg(')(w)<“0+2’\“’

- sESY = seSi= seSt

By assumption Y, the consumption allocations and producLion allocations in
B* are-bounded. This shows compactness of B*. The proof of Lh.c. and u.h.c.
is identical to the proof of lemma 3.3.3 (iii) and Corollary 3.3.4 in page 276.
In our case we need to use continuity of f¥ (y§) to ensure that the sequence
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{ ,'l,ynm qbn, gb } is bounded when ¢, — q and Kn = . Hence clairr_l 11
>1 2 o

- and also some other ¢ such that

is shown. m ,
Proof of Prop051t1on 4. The first order conditions of the C'P? problem

are
oo
. Ozt o
ou' -y i
: : Bm}(s) < = il bl
S X D XR (8 ks (s) < 0 =1,
i 565" ’ -
. XEIQJ \ | ZXLRJ (S) < 0 j T 1! ) J =
) i SES? i \,
& R X0+Zfs(y0 ) =0
= . wmn TF €S — TR 2 s

" where the x' ’s denote the Lavra.nge multipliers of the budget con&tramts -
~ Here at least one of the two inequalities above holds with strict equality. -

From the third and the fourth Elequalities is clear th'af “for all 1:

- 'Zwi(fi)Rj(s <qj<Zﬂ' : 7 |

SES‘-, ) - SGS' =

SRR TE )__ (22) (=) -

dzg

-and Z' is the equilibrium consumption allocation for agent 1. Since the

_equilibrium considered here involves trading in all assets, it is the case that

-there 1s some 1 such that

' - ZW’ (2') R; (s) k; (s) = ¢;

seSst

ERPYAGLTE

seS¥

These two agents are those included in the statement of the proposition. That
is, i € argmax 3 g 7 (') R; (s) & (s) and ' € argmin )~ s 75 (2') B, (5) -
This concludes the proof.
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Proof of Pr o'position 5. The FOC of the pxoﬁt maximization problem -

(which is sufﬁment and necessary due to strict concawty of f1)is

S ) =0

By definition of #* (#') and assumption U this is equivalent to

Bu" ’ i 3ui it kN 7 | -
__a_zgfz(ag;f(s}) f(y"‘)“o r e om ol

wed

SES

which i is ‘identical to the last equation in the characterlza,tlon of the optlmal

choice in equilibrium by agent i given in the last proof H
~ Proof of Proposition 7. The FOC of the production problem-(in

~ addition to constraints) are

- A Z‘:f"“’.("(‘) =1

SES?

'_Q'J+Z l)R' (5)_50

s&ESi 1 B T _

ST | = > ,)R <0

SEST

On the other hand the first order conditions from the consumptlon problem-

(bemdes the constlamts) arealso . . . _ . ) : JP

. - (Em;)qﬁ;(afu(s))& (‘5)“-‘1‘(5). <o o

It is obvious from the definition of T ( ;) that these Jast two mequahmeb_
are identical to the last t\yoﬁmequahi:res from the production problem. This
implies that there are two expressions which are redundant. Hence, when

computing an entlepleneulshlp equilibrium, one can assume without loss of =

generality that o, §', ¢' and ' are such that (o' + qb) (8" + ') =0. For
example, take _]uSt o = = §' = 0. This satisfies all the conditions. We_see
immediately that these allocations satisfies all the optimality conditions in
the standard competitive ethbrlum -

For the reverse, just fix o ,ﬁ* such that o' - 8 = 0 and such that , if we

define @' E,Ebﬂ —of and ¥' = -@1— o', then ¢ - =0 m
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Proof of Proposition 9. To simplify let NPIC denote the Non-Pareto
improvement condition. “Also, define [y = {i €/ | 0 >0}. The first two

‘parts follow standard lines. The last part is slightly. different.
Suppose that NPIC holds but 7 does not holcl This implies that there

exists y§ such that

"yo + Zﬁifs (yc') —yo + Z fs 'yo

’ _ sest ] SES!
rfo.lz_ every 1 in . Hence this implies - :
""égk“‘zﬁsfs JO)BL 39 +Z7T fs (W) 9.L
seS! sest

Then -

9,\+Z"’[' 9L+i'}>m0 ekTZ { (78) 9;\+.L]-'.-.l

. sES “SES!

- By definition of 7!, given assuniptioh U, thisis equiva;lenﬁ to

(2560) (3ot 52 (2 ) [ty o]

(%9) 5-52) 5 (52650 i ]

;33':0_ =

- Therefore ] ,’ o™

) (S%O (?‘).) (2 - 6 - %) 9k) ‘+2(aﬁiis)'( )) [t (Qo) 3 —.y;))ek+a] |

(e e

Applying pIOpOSltlon 31.2 (ii) i [5], Pp- 359, there exists a 'n(dlctl p £ (0,1]
such that ' : = -

(o= =) (w0 () ~ £ G e ) )
> (B (8) )
Defining 75 = 75 + 1 (5 — §§) we contradict the NPIC.
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i show the reverse now. Assurﬁe thats holds but not N PIC. Hence there
exists vs cl;stmct from g§ such that '

o ((fo—(youg*) ) () - £ (yo))em)ses)
> (:EO’(_.)SES) |

By assumption U, u' is strictly quasiconcave. Hence for any p € (0, 1] |

| (f;f—' b (vl = 5) 8) (n (1 () . (@) 8 +32) )

3 (.’LD, (:c')ses) ) T A ) .-

Define 7t = yo +u(ys — go‘) as before. By Prop031tlon 31.2 (1) in [5] pPp-
- 359 the last 1nequahty nnphes :

} (B—q:;) (z )) («To (?OR N yt’ij) gk) -l- ;(5‘1‘ B (3: )) [(js (@}?) =T (yg)) 6, + :1:5}
Ou' - [ ou 7 kS | __ B - ' .
(6:1. (z ))-:1:_0 +Z (axi (s) (:’;)) _fcs- A , .

By assumptxon U again this irnpiies afterfob';fipus_ m_anipulat_ion;

S —yoﬂﬁz [r.1a8 s 9k+1]5f‘° ' 39*’“2 {fs b 9*”1] e

aES' : X SES' = L s = Ele

which implies -~ -

T & *"yo“‘zﬂfs o > yo+z7rssyo

seSt 5 = sES‘

- = 5 i

contradicting . - = s ' " @
It is immediate that ammphes i. It remains to show- the converse. To

do this I usé the modified version of the Minkowski-Farkas lemma (Lemma
- 10). The proof of this-lemma is presented-after ﬁmshmg this demonstration.
Assume the lemima is true. Define the set '

5 (@) | -
SR —1 ~k —i rk [ =k
~ {y = ?R++ C— Yo + Z TsYs > —Yo 3 Z ﬁsfa‘ (UO)}

sES! sES!

f-Lr“ i
Il

[l
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Hence, condition i is equivalent to Z, N Y* = 0, where )
Y o {yeRT g = )
Note that Z is open. Since it is also a convex subset in RS *!, then it is
true that riZy = intZ; (see [11], pp. 44). In fact, we can also consider both

the closure of Z and of Y*. By the standard separation theorem (see [L1],
theorems 11.1 and 11.3), there is a non-zero vector 7 such that for any y in

- clZ, for any e ¥, it is true that

Ry + D Tyt < Fow + D Fays
N 3 s -

o o UE ’ vt e Y& -
’ ' .‘ vy € Cle
and. because 7 ;é 0, we can assume without loss of generahty that 7 T{'{) 2 .
-Define 79 = — 7 and 7y = 7,. Then the last inequality is eqmvalent to:
o= - —Troyg %+ Z oYy < —Tolo + Z ToYs o
3 B v SES* i s€S* . .

Now, we knowrth‘a,t 7* € ¢lZ,. Then the follow_ing must hold.

~Toys + Y Tshh < —Wogp+ » el VY EYE
s€s- ' seS* .
—

- Tr S N,_,k(g“) 1€ ] N |

~ where - > . ) i *

B Nyk(g)'—{frfe?RS“]fr g* >1r y*, vy* EYL}

This last condition is 'in fact the consequence of Z, N Y* = 0. It demands’
that the vector that forms the hypelplane Mazimizes the net present value

of the production plan y w, *
- It is also true that §* €.Y* (smce it is an equihbuurn plocluctlon plcm) :

Therefore . 5 _ -

*"7—1'0?{\1 Z "’:".sg.f S _'7:1.'0?)'0 + Z :rsys -

SES” A SEST

for all y in Zj. Now Z,\ is defined by a system of inequalities. Hence thh
last condition is equivalent to the followmg

(%0 — %) Zvr ys—ys > 0 Viel
seSt i

—p (yD e gé) + Z 7_rs (ys - gf)

SES"

IV <=
=)
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By Lemma 10, there i is a set of non-negative scalars (&1, ...,'a[)_such that
= Z" a 7, with 7 being deﬁned in the statement of Lemma 10. Let
w=a/0 Thelefcne 7=S" o 8 7. Since 7 is different than 0, it must
be true that there is at least some 4 such that ;8F > 0. But @ € Ny« (7).
Then S0, aiéf?f" € Ny« (7*) . This implies that, for all yk in ¥%,

[

ZZQBRM}& y Z ﬁejé> ZZQHkW;Ji Zaﬂ T"oyo

aES =l "=l B SES =1 -

_ which'is equivalent to - L

. F oy .
. Zafef{fo () - o} > Zae {Zf" ) %}

; i=1 X X - Lsest )
{recall that, if * € Y*, then y¥ = fF (y5)). But this is‘jusf condition ii. m

Proof of Lemma 10. Ishow that, if the mequahty ZSES Tsls — ToYo =

0 is a consequence of the system of mequahtles D oseg TsYs — Yo = 0 then it
must_be the case that 7 = ), /7', where 7'is defined above. Suppose this
last equality is not satlsﬁecl Let .

= ()2 {W YL TE 0} 5

IEIk

Thelefore T gé K Hence by the- Separation Theorem for convex sets, there
“exists § € R%" ™ such that 7§ < m- § for every m in K. We know that 0€
K (define_a; = 0 for all 7). Hence 77 < 0. On the other hand, it the last
inequality implies that > cqTids —P0 = 0 for all . Suppose the contr axy

- there is an ¢’ such that ) esit @t ys To < O ‘However, the vector T =-au 7"

Is in K for any oy > 0. Hence o (Zsesi’ TrcT f, = yg)- < 0. and with oy — o0

we obtain that (Z gt T y& yo) — —o0, contradicting 7 - < w - § for - '

every m in K- Hence ¥ s #.9s — §o = 0 for all 7.-But we also had that 7 -7
= 2 sYs — Tofo <_0. Then we have contradlcted the assumption that

" 2sesi Ts¥s — Yo = 0 Is the consequence of ) cqi T 395 = Yo > 0 for every 1.
The converse is immediate. ® : ) : ) )
Proof of Proposition 11. - The proof is standard. First, with the

technological assumption the date-0 budget constraint can be written as

J K 7
zy=wp+ ) (¥~ 9)) 0 -
A’:

=1




2 (s) = () + > R; (3)k; (5) 65 — D Ri ()05 + D _p(s)7hy s€S'
: j=1 TRER K= ' 5

where TL = Bky'g . Hence the choice variable for age'nt i is T}, since yE =
ZK Th '

The first order conditions, (together with assumptlons C, U, and the fact
that r,D > 0 for all j) determine uniquely the solution to i’s problem. Then

this umquely— determine 7%, and then total output of firm k is just the sum - -
Zf‘_ 71... Therefore there can be no dlsafrreement in teLmséof the optimal

scale of production. ®
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