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Abstract

We present an estimator for a nonparametric function that depends on
an unobservable random variable in a nonadditive way. The unobservable
random term is assumed to be distributed independently of the observable
exogenous variables, with an unknown distribution. We show that, when
the function satisfies some properties that are implied by economic theory,
such as homogeneity of degree one, the nonparametric function and the dis-
tribution of the unobservable random term are identified subject to minor
normalizations. For the cases in which the properties of economic theory
are not satisfied, we provide a convenient normalization. The estimators are
shown to be consistent and asymptotically normal.

interaction with Joe Altonji, Jim Heckman, Chuck Manski, and Whitney Newey,
and the research assistance of Ulrich Doraszelski and Elie Tamer. This paper is
to be presented at the Invited Lecture on New Developments in the Estimation of
Preferences and Production Functions, Latin American Meeting of the Economet-
ric Society, August 1999. '
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1 Introduction

A common practice when estimating many economic models proceeds by
first specifying the relationship between a vector of observable exogenous
variables, X, and a dependent variable, Y, and then, adding a random un-
observable term, &, to the relationship. In the resulting model, € is typically
interpreted as the difference between the observed value of the dependent
variable, Y, and the conditional expectation of ¥ given X. This procedure
has been criticized on the grounds that instead of adding an unobservable
random term to the relationship, as an after-thought, one should be able
to generate this unobservable random term from within the model. When
approaching the random relationship in the latter way, ¢ may represent an
heterogeneity parameter in a utility function, some productivity shock in a
production function, or some other relevant unobservable variable. When us-
ing this approach, the random term ¢ rarely appears in the model as a term
added to the conditional expectation of ¥ given X. (See McElroy (1981,
1987) and Brown and Walker (1989, 1995).) In general, even when paramet-
ric functions are used to specify the underlying functions in the economic
model, the resulting function by which the values of Y are determined from
X and € is nonlinear in €.

Most nonparametric methods that are currently used to specify the re-
lationship between the vector of observable exogenous variables, X, an un-
observable term, and the observable dependent variable, Y, define the unob-
servable random term as being the difference between ¥ and the conditional
expectation. The resulting model is then one where the unobservable random
term is added to the relationship. Although one could interpret this added
unobservable random term as being a function of the observable and unob-
servable variables, the existent methods do not provide a way of studying this
function, which has information about the important interaction between the
observable and unobservable variables.

In this paper, we present a nonparametric method of estimating the rela-
tionship between a dependent variable Y, an observable vector of exogenous
variables, X, and an unobservable exogenous variable . The method does
not require that the unobservable variable € be additive. It also does not re-
quire that either the function or the distribution of the unobservable random
term be parametric. More specifically, we consider the model Y = m(X )




where ¢ is distributed independently of X, and both the function m and the
distribution of £ are unknown. While, without any restrictions, the function
m and the distribution of £ are not jointly identified, we present some re-
strictions that, in some economic models such as when m is a cost or profit
function, may be derived from economic theory. When these restrictions are
satisfied, only minor normalizations, such as fixing the value of the function
m at one point, may suffice to jointly identify the function m and the dis-
tribution of . For the cases in which economic theory does not imply these
restrictions, we present convenient normalizations.

The estimators are very easy to calculate. They are defined as nonlinear
functionals of a nonparametric estimator of the joint cumulative distribution
function of the observable variables. We present the asymptotic properties of
the estimators for the case in which the nonparametric estimator of the cu-
mulative distribution function is obtained by kernel methods. The estimators
are shown to be consistent and asymptotically normal.

Other papers that consider nonparametric models where the random
terms do not enter in an additive form are Roehrig (1988), Brown and

Matzkin (1996), Altonji and Ichimura (1997), and Altonji and Matzkin (1997).

Roehrig (1988) provides a general condition for the identification of non-
parametric systems of equations. Brown and Matzkin (1996) extend Roehrig
(1988)’s conditions and provide an extremum estimator for estimating non-
parametric simultaneous equations of the from studied in Roehrig (1988).
Altoniji and Ichimura (1997) consider models with one dependent variable,
and estimate an average derivative. Altonji and Matzkin (1997) consider the
estimation of models for panel data. In nonparametric models where the
unobservable random term is additive, shape restrictions have been used in
previous work to identify otherwise unidentified functions, and to estimate
nonparametric models. (Matzkin (1994) reviews some of the existent liter-
ature for limited dependent variable models and nonparametric regression
functions.) In a different vein, Manski (1997), uses restrictions of economic
theory to determine bounds for the distribution of a dependent variable.

The outline of the paper is as follows. In the next section, we present the
model and two sets of conditions under which the function m and the distri-
bution of ¢ are identified. In Section 3, we present the estimators and their
asymptotic properties. Section 4 presents additional conditions under which
m and the distribution of & are identified. The results of some simulations
are described in Section 5.




2 The Model

The model that we will deal with is
(= m(X )

where m : AxE — R is strictly increasingine, AC R¥, E C R, y and
X are observable, and ¢ is an unobservable random term which is distributed
independently of X. If the economic model contains several unobservable
random terms, then the function m is assumed to be weakly separable in all
these terms, and ¢ denotes the value of the function that aggregates these
terms. We will denote the distribution of £ by Fr.

One possible example of this model, to which we will return below, is
where m denotes the profit function of a typical firm, X is a vector of the
observable output and input prices and ¢ is the unobservable price of a (pos-
sibly unobservable) input. As another example, let Y denote the cost of
undertaking a particular project by a typical firm, and suppose that all the
inputs prices are observed except for one, which is distributed independently
of the others. If X denotes the vector of observable input prices and € de-
notes the unobservable price, then m is the cost function, which, in general,
is not additively separable in . Note that in these two examples, economic
theory implies that the function m is homogenous of degree one in X and e.

The first question that arises when specifying the model in (1) is whether
one can identify the function m and the distribution of €. Following the
standard definition of identification, we say that (m, F.) is identified if we
can uniquely recover it from the distribution of the observable variables.
More specifically, let M denote a set to which the function m belongs, and
let I denote a set to which F.. Let Fy x(-;m', F!) denote the joint cdf of the
observable variables when m = m' and F.=F!. Then,

Definition: The pair (m, F.) is identi fied in the set (M x T) if
(i) (m, Fe) € (M xT) and (i) for all (m', E')in (M x T
[FY,X('; m, FE) = (FY.X('; mls F;)] = (mlv F’e) = (m1 Fs)




If for any two functions, m’ and m” in M, we can find distributions, F
and F.” in T such that the pairs (m’, F.) and (m”, F.”) generate the same
distribution of observable variables, m’ and m” are said to be observationally
equivalent.

Definition: Any two functions, m’ and m” in M are said to be observationally

equivalent if there exist F!, F. in T such that for all (y, z)
Fyoly, mm', FY) = Fya(y, mm, Fy ).

Below, we present some sets of functions in which (m, F; )is identified.
The following assumptions will be made:

Assumption I.1: ¢ is distributed independent of X. The support of ¢
includes the set E.

Assumption L.2: Vz, m(z,-) is strictly increasing in ¢.
Assumption 1.3: The support of X includes the set A.

The independence between £ and X implies that the conditional proba-
bility density of ¥ given X is generated, for all values of X, by a common
distribution of £. In particular, if the distribution of € can be recovered from
the conditional cdf of Y given X at some value of X, then it can be used to
identify m from the conditional cdf of ¥ given X at any other value of X.
Assumption I.2 guarantees that, given m and X, the pdf of £ can be obtained
from the conditional pdf of ¥ given X. Our results can be easily modified
if m is strictly deceasing, instead of increasing, in £. The support conditions
on € and X are made to guarantee that all the values of (z,¢) in the domain
of the function m are in the support of the joint distribution of (z,¢). If m
were a parametric function, these support conditions would not, in general,
be necessary to identify m.

We describe below two possible sets of functions to which the function
m may belong. In Section 4, we consider two other sets of functions. We
will show that when the distribution of € belongs to the set, I', of strictly
increasing distributions whose support includes the set E, and m belongs to




any one of these sets of functions, the pair (m, F;) is identified.
Let I denote the set of functions on (z,e) that are strictly increasing in

£yl
I={m :AxE — Rlfor all X € A, m'(z,-) is strictly increasing}

The first is the set of functions that are strictly increasing in ¢, attain a
given value at one point, and are homogeneous of degree one along the ray
that goes through that poini. Let T € R¥, £ € R, and a € R be given.
Then, the set M1 is defined by:

Ml={m': AxE — R|m' € I, m'(Z,8) = a and Y\ € R, m/(\Z, XE) = \a}

In some economic models, such as the ones described above where Y
denotes either the profit or the cost of a typical firm, m is known to be
homogenous of degree one in (z,€) and strictly increasing (decreasing) in &.
In such cases, the only restriction in m guaranteeing that it belongs to M1
is that it attains the value o at (Z,€). It will follow from our analysis below
that the latter is the only normalization needed in the set of homogenous of
degree one functions that are strictly increasing in . Hence, as long as we
specify the value of m at one point, we can identify m and the distribution
of €.

The second set of functions provides a convenient normalization for the
set of functions that are strictly increasing in . It is the set of functions that
are strictly increasing in £ and whose values when X equals some vector,
7, are known to equal €. Let T € REX. Then, the second set of functions is

M2={m':AXE— R| m' €1 and m'(Z,e) = ¢}

For any function m(z, £) that is strictly increasing in &, there exists a func-
tion m/'(z, €) that is observationally equivalent to m(z, €) and satisfies m/(Z, €)
= . The function m' is defined by m/(z,¢) = m(z, m1(Z,¢)), where by m~!
we mean the inverse with respect to the last coordinate (Altonji and Matzkin
(1997). Hence, the requirement that m(Z,e) = £ does not restrict the set of
identified functions.

A common property of the two sets of functions described above is that
the functions in each of these sets attain common known values on a set that




is mapped into the real line. In M1, this is the ray from the origin that
passes through the point (Z, ). In M2, this is the set of all vectors for which
X =1. Let

' = {F: R— R|F is strictly increasing}.

Our first identification result is the following:

Theorem 1 Suppose that Assumptions I.1-1.3 are satisfied. Then,
(1) if m belongs to M1, (m, E.) is identified in (M1 x T
(11) if m belongs to M2, (m, F.) is identified in (M2 x T')

Proof of Theorem 1: We first note that for all e € £ and X € A,
(1) F.(e) = Fyix=z (m(z,e)).

This is because F.(e) =Pr (e <e)=P(e<e|X =z)=Pr(m(ze) <
m(z,e) | X =z )=Pr(Y < m(z,e) | X =)= Fy|x= (m(z,e)). The first
equality follows by the definition of F}, the second follows by the indepen-
dence between ¢ and X, the third follows by the monotonicity of m(Z, -), the
fourth follows by the definition of Y, and the fifth equality follows by the
definition of Fy x.

Suppose first that m € M2. Then, letting X =7 in (1) and noticing that
m(T,e) = e, we get that

(2) Fe(e) = Fy|x=3 (e).

Hence, F. is identified from the conditional cdf of ¥ given X = T. Next,
from (1) and (2) it follows that for all e € E and X € A, Fyjx_z(e) =
Fy|x— (m(z,€e)). Since Y = m(X,e) and m(z,-) is strictly increasing, it
follows that the conditional cdf of ¥ given X = z is strictly increasing on
the set m(z, £) = {yly = m(z,¢), ¢ € E}; hence Fy|x has an inverse on
m(z, E). It follows then that




(8 m{ze) = Fl;llX=m (Fy|x=ﬁ (e)) .

Hence, the function m is identified.

Suppose, next, that m € M1. Then, given any A € R and letting z =
AT and e = Az, we have that F,(A€) = Fy|x=xz (m(AZ, AE)) = Fyx=xz (Aa),
where the second equality follows because m(AZ, Ae) = Am(Z,8) = Aa. In
particular, for any e € F,

(4) F.(e) = Fy|x=(/5)z ((e/)a)

by letting A = (e/€). Hence, F.(e) is identified from the conditional cdf of
Y given X, when y = (e/€)a and z = (e/g)Z. From (1) and (4), we have that
forany e € E and z € A, Fy|x=(e/e)z ((¢/€)a) = Fy|x=z (m(z,e)) . Using the
fact that Fy|x=.(-) has an inverse, we get that

(5) m(z,¢) = Fyyy (Frix=te/o ((e/D)e)).

Hence, the function m is identified. W

If the functions in the sets were required to be differentiable, and the
joint cdf of (Y, X)) were assumed to be absolutely continuous and with sup-
port RE+!1 then the above theorem could have been proved by showing that
the functions in M1and M2 satisfy the rank conditions given in Roehrig
(1988). Instead, we used the above argument, because besides not requiring
the additional conditions, suggests a method of obtaining estimators for the
function m and the distribution of «.

3 Estimation

Since, in equations (2)-(5), the functions m and F. are expressed in terms
of the conditional cdf’s of ¥ given X, we can obtain estimators for m and
F. by substituting the conditional cdf of Y given X by a nonparametric
estimator of it. While one could consider using any type of nonparametric




estimators for the conditional cdf’s of Y given X, we present here the details
and asymptotic properties for the case in which the conditional cdf’s are
estimated using the method of kernels. |

Let the data be denoted by {X’:,Y"}fil . Let f(y,z)and F(y,z)denote, ‘
respectively, the joint pdf and cdf of (Y, X), let f(y,z)and F(y,x) denote,
respectively, their kernel estimators, and let fy] x=z(y) and I:"YI x=2(y) denote |

the kernel estimators of, respectively, the conditional pdf and conditional cdf
of Y given X = z. Then, |

fly,z) = ‘,@%ﬁ s AP K(y_c,—y,”_TXt) for all (y,z) € RY, |

F(y,ﬁ?) zfiiooffoo fN(S'lz) ds d.Z, ‘

7 —_— .fN T
Frix=2(y) = m: and

A . ffm fN(s,:n} ds
FY|X=:::(y) = f_ﬁ; fZN(s,a:) ds

where K : R x RX — R is a kernel function and ¢y is the bandwidth.
Note that the estimator for the conditional cdf of Y given X is different
from the Nadaraya-Watson estimator for Fy|x—.(y). The latter is the kernel
estimator for the conditional expectation of Z = 1[Y < y] given X = z. For
any t and z, F‘;]lxzm(t) will denote the set of values of y for which Fyx—(y)
= t. When m belongs to M1, the estimators for F, and m are defined by

Fi(e) = Fy|x=(e/e)z ((e/Z)a) and

m(z,e) = Frix—, (Fyrx=(e/aa ((e/E)ey; E)) -
When m belongs to M2, they are defined by
Fi(e) = Fyx—s(e) and ;

m(z,e) = ﬁ’;li)(:z (F'Y|X=E (€§33)) -
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To derive the asymptotic properties of the estimators, we make the fol-
lowing assumptions:

Assumption S.1: The sequence {Y*, X'} is a strictly stationary S—mixing
sequence satisfying £ 3, — 0 as k — oo, for some v > 1.

Assumption S.2: f(y,z) is continuously differentiable up to the order
s, where s is the first even integer larger than or equal to K+1. The support
of f is compact. The derivatives of f(y,z) up to order s are bounded and in
L2 ( RK +1) .

Assumption S.3: The kernel function K(-,-) is an even function, in-
tegrates to 1, is of order s, is continuously differentiable up to the order
s+ K + 1, and its derivatives of order up to s are in L?(RX*!). The value
of K is zero outside a compact set.

s+&
Assumption S.4: As N — 00 vV Noy * + Wlﬁ — 0 where 7 > 0 and
TN
0<m<s/2+ K/4.

Assumption S.1 allows for dependence across observations. Assumption
S.2 requires that the pdf of (Y, X) be sufficiently smooth. Note that this
requires € to have a smooth enough density. The support of f is required
to be compact in order to guarantee that f can be approximated by func-
tions that vanish outside a compact set. Assumption S.3 restricts the kernel
function that may be used. Assumption S.4 restricts the rate at which the
bandwidth, oy goes to zero. In the next two results, we make use of these
assumptions to establish the consistency and asymptotic normality of our
estimators. The proofs of these results are presented in the Appendix. The
first result concerns the estimator for the cdf of ¢.

Theorem 2 : Suppose that Assumptions I.1-1.8 and S.1-5.4 are satisfied,
and that the function m belongs to either M1 or M2. Then,




~

F.(e) — Fs(e)‘ — 0 in probability and

("’) SUP.cRr

(it) for all e, vV No&/2) (F‘E(e) - Fs(e)) — N (0,VF),

where, ifm € M1, Ve = {[ (] K(s,2) ds)* dz} [F(e) (1— Fe(e)] [1/£((e/2)7)],

and if m € M2,Vp = {[ (J K(s,2) ds)’ dz} [Fe(e) (1 — F.(e)] [1/£(Z)].

The above asymptotic distribution is the same as that of the estimator
for the conditional distribution of ¥ given X, which, itself, is the same as
the asymptotic distribution of the Nadaraya-Watson estimator for the con-
ditional expectation of Z = [Y < y|given X. The next result concerns the
estimator for the function m. Let int(C') denote the interior of the set C.

Theorem 3 Suppose that Assumptions I.1-1.3 and S.1-S.4 are satisfied. Let
6 > 0. Let C = {s|f(s,z) > 6}. Suppose that m(z,e) € int(C) and f(z) >
0. If m € M1, assume that f((e/€)Z) > 0. If m € M2, assume that f(Z) > 0.
Then,

(i) m(z,e) converges in probability to m(z,e), and

(ii) VNai!* (ra(z, €) — m(z, e)) — N (0, Vi) in distribution,

where ifm € M1,V,, = {f (J K(s,2) ds)2 dz} [Mfﬁ;—z;ﬁ;})ﬁ] [f(lm) + f((e/lE)E))

8|

and if m € M2, Vi = {J (f K(5,2) ds)” dz} [%] [+ 4]

The rate of convergence in (ii) is the same as that of the Nadaraya-Watson
estimator for the conditional expectation of ¥ given X. The kernel function
influences the asymptotic variance of our estimator in the same way as it does
for the Nadaraya-Watson estimator. However, while the asymptotic variance
of the Nadaraya-Watson estimator depends on the pdf of X only through

J




12

the value that this attains at z. The asymptotic variance of our estimator
depends also on the value of the pdf of X at the value of X that is used to
estimate the value of the cdf of ¢ at e. This is because 7i(z, e) is derived from
Fyix=((e/em) ((e/E)@) (or Fyix=z(e),if m € M2) and Fy|x—,(m(z, e)). Hence,
the asymptotic variance of (2, e) depends on the asymptotic variances of
ﬁ'y| x=z(e) and Fy| x=z(m(z,€)). The asymptotic variance of our estimator
depends also on the value of the conditional pdf of ¥ given X = z at m(x, e).
If m(z,-) is differentiable, fy|x=z(m(z,e)) = fc(e) / |Om(z,e)/O¢|. Hence,
the asymptotic variance decreases the larger is the value of the pdf of € at e
and the ”flatter” m(z,¢) is with respect to € when € = e.

4 Additive Separable Functions

In some cases, the economic model might imply that the function m is
the addition of two functions, of which only one of them depends on epsilon.
Consider, for example, the case where Y is the cost of undertaking a partic-
ular project. ¥ may be the sum of a fixed and a variable cost. If £ denotes
the unobservable price of a variable input, we may specify the model as ¥
= wvy(zy) + vo(za,e), where z; are variables that affect the fixed cost, and
(@4, €1) represents the vector of prices of the variable inputs.

When the function m is additively separable, we may identify m and
F. under weaker restrictions than the ones presented in Section 2. We present
below two sets of additive separable functions such that when m belongs to
any of these functions, m and F. are identified.

Let T € R¥, £ € R, and o € R be given. Let K, K, > 0 be such
that K; + K; = K. Let v € R be also given, and denote z = (z1,z3) €
Ay x Ay € R¥t x RK2 We consider sets of functions of the form m/(z, ;) =
vy (z1) + vy(z2, €) where v} belongs to the set

Vi={v}: A — R|v(z1) =1},
and v; belongs to either M1 or M2. More specifically, let

I = {vh: Ay x E — R|Vz, € Ay v)(zy,-) is strictly increasing}
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Vaa = {¥} : Ay x E — R|vj € Iz, v5(T2,E) = o, and VA € R, v3(ATy, A€) = Aa}t.

and

Vap = {vh : Ay x E — R|vy € I, and v5(Ta,€) =€} .

Then, we define the sets

M3a = {m/|3v] € V4, v} € Va, such that Vzy,zq,e, m/(z1, 2, €) = vi(x1) + v5(z0,€)}
and

M3b = {m/|3v; € Vi,vy € Va such that Vzq,z9,e, m'(z1,zq,€) = v{(z1) + vh(z2,€)} .

So, when v, denotes a fixed cost and v, denotes a variable cost, the
function m belongs to M3b if the values of v; and vy are specified at one
value.

Note that, as it was the case with M1 and M2, all the functions in
M3a and M3b attain common known values on a set that is mapped into
the real line. In M3a, all the functions attain the same known values on
the set {(Z1, AZ2) |A € R}. In M3b, all the functions attain the same known
values on the set (z1,z3) = (Z1,T2) . This property allows us to identify the
distribution of epsilon from the conditional cdf of Y given X. The cdf of
epsilon can then be used to identify the function m from the conditional cdf
of Y given X when X = z. The next result formally states the identification
result for these types of functions.

Theorem 4 Suppose that Assumptions I.1-1.3 are satisfied. Then,
(1) if m belongs to M3a, (m,vy, vs, F.) is tdentified in (M3ax Vi x Vag xI'),
(11) if m belongs to M3b, (m, vy, va, Fy) is identified in (M3bx Vi x Vo xT').

The proof, which is presented in the Appendix, provides expressions for
F., m, vy, and vy in terms of the conditional cdf of ¥ given X. When this
conditional cdf is substituted by its kernel estimator, we obtain the estimators
for F., m, v1, and v9. When m € M3a,
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F.(e) = ﬁY[X:(El,{e/E)Ez) (v + ((e/E)a)),

m(z,e) = Aﬁlxz(mhm) (FY|X=(':1?1,(E/E)E2) [tk (e/g)a)) )
Do(22,€) = M(T1, T2,e) —y and

Uil = (%1, T, E) — 0.

And, when m belongs to M3b,

F(e) = Frix—@z) (T +€),

m(z,e) = ﬁ?ﬁcz(ml,xz)ﬁvl)f:(a.fz) (e 4

Ug(x9,€) = M(Z1, T9,¢) —y and for any e € £

1 (z1) = Mi(xq, To, ) —e.

The asymptotic properties of the above estimators for F, are the same as
those stated in Theorem 2, except that, if m € M 3a,

Ve = {J (J K(s,2) ds)* dz} - [FL(e) (1= Fu(e)] [1/f(z1, (e/2)m2)],
and if m € M3b,
Vi = {J (/ K(s,2) ds)*dz} [Fe(e) (1 — Fe(e)] [1/f(%1,%2))-

Properties (i) and (ii) of Theorem 3 are satisfied by the estimators for
m(z,e) in the additive separable case. If m € M3a,

N 2 Fe(e) (1-Fe(e)) | [_1_ 1 1
Vo= {J (] K(5,2) ds)’* dz} [fij=m(m($:€))2] 75 + e

and if m € M3b,

_ 2 Fe(e) (1—F.(e)) i 1
Vi = {J (J K(s,2) ds)’ dz} [mxm(m(m,e))ﬁ] 75+ 7]




When m € M3a, the asymptotic properties of ¥1(z1) and T(zs,€) are,
respectively, those of mi(z, T, €) and M(Z;, g, e). The asymptotic proper-
ties of 0y(z;) and Ua(zq,&) when m € M3b are those of 7i(zy, T2, e) and
?n’“(ﬁ:‘l,rng,e).

We could exploit the additivity of m to develop estimators for v; and
vo that possess better asymptotic properties than the estimators described

above. This is, however, beyond the scope of this paper.

5 Simulations

To evaluate the performance of the new estimators in small samples, we
performed some simulations. We used the following designs:

e Design I: 'Y =X +¢, _
where X ~ N(0,1) and e ~ N(0, 7).

® Design II: ¥ =X +¢,
‘where X ~ N(0,1) and e ~ N(0,1).

® Design III: Y = i X344,
- where X ~ N(0,6) and e ~ N(0,6).

re X ~ N(6,1) and € ~ N(—6,1).

t design was chosen to evaluate how badly the estimator may
lative to the best estimator that one can use when the function
7 separable in €and its parametric form is known. Also, since
belongs to both M1 and M2, it allows one to evaluate the
iwo normalizations. This design was estimated using the first
vith T = = 1, @ = 2, and using the second normalization




16

with Z = 0. The second design is identical to the first, except that the
variance of ¢ is four times as large as that in the first design. The data
simulated from this model was estimated using the second normalization
with T = 1. Design III is the cost function of a Cobb-Douglas production
function of the form n(z;,zs) = :ci/ 4::%/ * when X is the price of z; and €
is the price of z;. This design was used with the fist normalization with =
=% = 6 and o = 24/(3)%%. Note that in this design, the function m is
close to being linear in X, but is not additive separable in €. Design IV is
the profit function generated from a production function of the form p(z) =
z® where a = .75, X is the price of the output, and —¢ is the price of the
input z. We write this function in terms of —e to transform it so that it is
strictly increasing in €. Alternatively, we could have calculated the estimators
under the restriction that m is strictly decreasing in . This would have only
modified the estimator for F.(e). Instead of deriving F.(e) from the value of
Fy|x=(y) at a particular y and z, we would have derived Fi(e)from 1 —
F'y| x=z(y) at the same particular ¥ and z. The expression for m would have
been the same as for the strictly increasing case. We used this design with Z
=& = 6and a = 6 3%/4*. The normal distributions, which were chosen for
X and ¢ in these designs, violate Assumption S.2, but, since we are-dealing
with a finite set of data, we could obtain the same results if we specified the
distributions of X and ¢ so that they are equal to the chosen distributions
only on a large enough compact set.

For each design, we run 500 simulations of 500 observations each. The.

estimators of the joint pdf and edf of (¥, X) were obtained using a multi-
plicative Gaussian kernel. The bandwidths were chosen to roughly minimize
the integrated squared error of fyx : [( }Fy‘ x(y, ) — fyx(y,z))*dydz. The
following table specifies the bandwidth sizes that were used for each design:

Ty Tx

Design I | 0.2156 | 0.1850
Design II | 0.4031 | 0.2928
Design III | 0.0596 | 0.2619
Design IV | 0.2017 | 0.1302

The results obtained for Design I, Normalization I (where m is specified
to be in M1)and for Design I, Normalization II (where m is specified to
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be in M2) are presented below, together with the results obtained when the
function m is estimated by Least Squares. The latter estimator is denoted
by mizg. The estimators are evaluated at points where z equals the 5th, 25th,
50th, 75th, and 95th quantile of the distribution of X. The values of ¢ were
chosen similarly. For each point, the tables show the bias, variance, mean
square error, and asymptotic variance of the estimator.

Graphs corresponding to Design I, Normalization I are presented in Pages
DI/NIa and DI/NIb. The first graph in page DI/NIa plots 77 for one simu-
lation. The second graph plots the true distribution F; (in a solid line) and
F. for one simulation. The last two graphs plot (-, 0) and (1, ) (in the - -
lines) versus m(-,0) and m(1,-) (in the solid lines). In page DI/NIb, the first
graphs plots the average of m over the 500 simulations. The other graphs plot
the mean (in a — -— line), and the 5th and 95th percentiles (in the ---- lines)
of F., m(-,0) and m(1,"), together with the true values of F., m(:,0) and
m(1,-) (in the solid lines).

Design I / Normalization I

(z,€) m Bias(m) | Var(m) | MSE(m) | AVar(m)
(-1.6449,-0.8224) | -2.467280 | 0.035774 | 0.028337 | 0.029617 | 0.044973
(-1.6449, 0.8224) | -0.822427 | 0.078586 | 0.024113 | 0.030289 | 0.044973
( 1.6449,-0.8224) | 0.822427 | -0.070478 | 0.024894 | 0.029861 | 0.044973
( 1.6449, 0.8224) | 2.467280 | -0.020636 | 0.025500 | 0.025926 | 0.044973
(-0.6745,-0.3372) | -1.011735 | 0.006765 | 0.004384 | 0.00442S8 | 0.008209
(-0.6745, 0.3372) | -0.337245 | 0.034004 | 0.007438 | 0.008595 | 0.008209
(0.6745,-0.3372) | 0.337245 | -0.036290 | 0.006890 | 0.008207 | 0.008209
( 0.6745, 0.3372) | 1.011735 | -0.010081 | 0.004487 | 0.004589 | 0.008209
( 0.0000, 0.0000) | 0.000000 | 0.000000 | 0.000000 | 0.000000 | 0.006003




F

Bias(F)

Var(F)

MSE(F)

AVar(F)

-0.8224

0.05

0.020432

0.000400

0.000818

0.000509

-0.3372

0.25

0.023079

0.001056

0.001589

0.001517

0.0000

0.50

-0.002542

0.001332

0.001338

0.001911

0.3372

0.75

-0.022267

0.001041

0.001537

0.001517

0.8224

0.95

-0.019337

0.000370

0.000744

0.000509

Design I / Normalization 11
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T,€)

m

Bias(m)

Var(m)

MSE(m)

AV ar(m)

1.6449,-0.8224

-2.467280

0.060026

0.027209

0.030812

0.041541

1.6449, 0.8224

-0.822427

0.044748

0.021093

0.023095

0.041541

(
(
(
(

1.6449 -0.8224

0.822427

-0.045390

0.020585

0.022645

0.041541

2.467280

-0.053573

0.024551

0.027421

0.041541

0.6745,-0.3372

-1.011735

0.015474

0.006338

0.006578

0.008003

)
)
(1.6449, 0.8224)
)
)

0.6745, 0.3372

-0.337245

0.018240

0.007030

0.007363

0.008003

0.337245

-0.028173

0.006022

0.006815

0.008003

0.6745, 0.3372)

1.011735

-0.027071

0.006619

0.007352

0.008003

(_

(_
(0.6745,-0.3372)
(

(

0.0000, 0.0000)

0.000000

0.000000

0.000000

0.000000

0.006003

Bias(F)

Var(F)

=

MSE(F)

AVar(F)

-0.8224

0.05

0.026224

0.000304

0.000991

0.000363

-0.3372

0.25

0.027458

0.001032

0.001785

0.001433

0.0000

0.50

-0.002542

0.001332

0.001338

0.001911

0.3372

0.75

-0.031512

0.001093

0.002086

0.001433

0.8224

0.95

-0.026939

0.000315

0.001041

0.000363

i HE




Design I / Least Squares

(z,€) m Bias(mys) | Var(mis) | MSE(mLs)
(-1.6449,-0.8224) | -2.467280 | -0.004959 | 0.001823 | 0.001848
(-1.6449, 0.8224) | -0.822427 | -0.004959 | 0.001823 | 0.001848
(1.6449,-0.8224) | 0.822427 | 0.004884 | 0.002029 0.002053
( 1.6449, 0.8224) | 2.467280 | 0.004884 | 0.002029 | 0.002053
(-0.6745,-0.3372) | -1.011735 | -0.002056 0.000716 | 0.000720
(-0.6745, 0.3372) | -0.337245 | -0.002056 | 0.000716 | 0.000720
( 0.6745,-0.3372) | 0.337245 | -0.002056 | 0.000716 0.000720
( 0.6745, 0.3372) | 1.011735 | 0.001980 0.000801 | 0.000805
( 0.0000, 0.0000) | 0.000000 | -0.000038 0.000522 0.000522
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In general, we do not see a big difference between the results from the
two normalizations. This is probably because, except for the point (0,0) the
chosen points are sufficiently away from the points at which the value of the
function m is known. Comparison with the Least Squares (LS) estimator
shows that the MSE of the new estimator may be up to 16 times larger than
that of the LS estimator, specially at points where the pdf of both X and e
is very small. For points where these pdf’s are larger, the MSE of the new
estimator is around 6 times larger than that of the LS estimator.
~ To evaluate the effect that the variance of € has on the new estimators,
we can compare the table for Design I / Normalization Il with the results of
the table below, for which the simulated data was generated with a variance
of ¢ four times larger than that in Design I. We can see that this has the
effect of increasing the variance of the estimator by, roughly, a factor of 2.5.
Hence, the new estimator seems to be much less sensitive to the variance of €
than the Nadaraya-Watson or the LS estimator, whose asymptotic variances
increase linearly in the variance of €. The graphs corresponding to this deS1gn
are presented in pages DII/NIIa and DII/NIIb.




Design I / Normalization II
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(z,€) m Bias(m) | Var(m) | MSE(m) | AVar(m)
(-1.6449,-1.6449) | -3.289707 | 0.134679 | 0.066571 | 0.084710 | 0.105033
(-1.6449, 1.6449) | 0.000000 | 0.111552 | 0.051961 | 0.064405 | 0.105033
( 1.6449,-1.6449) | 0.000000 | 0.119248 | 0.051053 | 0.065273 | 0.105033
(1.6449, 1.6449) | -3.289707 | -0.128687 | 0.063948 | 0.080509 | 0.105033
(-0.6745,-0.6745) | -1.348980 | 0.043760 | 0.013495 | 0.015410 | 0.020226
(-0.6745, 0.6745) | 0.000000 | 0.045323 | 0.014521 | 0.016575 | 0.020226
( 0.6745,-0.6745) | 0.000000 | -0.057992 | 0.012395 | 0.015758 | 0.020226
( 0.6745, 0.6745) | 1.348980 | -0.056681 | 0.013435 | 0.016647 | 0.020226
( 0.0000, 0.0000) | 0.000000 | 0.000000 | 0.000000 | 0.000000 | 0.015174

e F | Bias(F) | Var(F) | MSE(F) | AVar(F)

-1.6449 | 0.05 | 0.020293 | 0.000195 | 0.000607 | 0.000229

-0.6745 | 0.25 | 0.022256 | 0.000676 | 0.001172 | 0.000906

0.0000 | 0.50 | -0.001386 | 0.000909 | 0.000911 | 0.001207

0.6745 | 0.75 | -0.024429 | 0.000717 | 0.001313 | 0.000906

1.6449 | 0.95 | -0.020745 | 0.000194 | 0.000625 | 0.000229

The superiority of the LS estimator gets reversed when the function m
is nonlinear and nonadditive in £. We present below the results for the cost
function example (Design III) and the profit function example (Design IV),
together with the corresponding results for the LS estimators. For Design
III, the LS estimator, mrg, at any point (z,e)is mps(z,e) = ﬁo + ﬁlw +
e — Fe, where [30 and ﬁl are the LS estimators for the coefficients of a linear
function in X. For Design IV, we present two LS estimators for m(z,e),
mig(z,e) = Bo+ Bz +e— Fe,and fizg(z, e) = By+ fiz —e+ Fe. While the

former is the obvious LS estimator for m(z, e), the latter yields a smaller bias,
probably because the true function is strictly decreasing in e, so we present
the results for both. The points at which the estimators were evaluated were
the 2.5th, 27.5th, 50th, 77.5th, and 92.5th quantiles of the distribution of
X and of the distribution of £. We did not use the same quantiles as in the
previous designs to avoid points along the 45 degree line, where the value of




m is known. The graphs for these designs are presented in pages DIII/NIIa
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and DIII/NIIb for Design III, and DIV /NIIa and DIV/NIIb for design IV.

Design III / Normalization II

m

Bias(m)

Var(m)

MSE(m)

4.0400

4.5605

7.307357

-0.013097

0.04.3489

0.043660

4.0400

7.4395.

8.258371

0.145575

0.022846

0.044038

7.9600

4.5605

12.152195

-0.014446

0.117609

0.117817

7.9600

7.4395

13.733738

-0.031865

0.062351

0.063367

5.4022

5.2446

9.409731

0.002017

0.003799

0.003804

5.4022

6.7554

10.024494

0.045864

0.005687

0.007791

6.5978

0.2446

10.931864

-0.014342

0.010321

0.010526

6.5978

6.7554

11.646071

0.003330

0.003186

0.003201

6.0000

6.0000

10.528592

0.000000

0.000000

0.000000

>

F

Bias(F)

Var(F)

MSE(F)

4.5605

0.025

0.029452

0.001740

0.002608

5.2446

0.275

0.034205

0.001712

0.002882

6.0000

0.500

0.003859

0.001769

0.001784

6.7554

0.725

0.017013

0.001404

0.001693

7.4395

0.975

-0.021691

0.001676

0.002146

Design III / Least Squares

m

Bz‘as(?ﬁLg)

Var(mrs)

MSE(mps)

4.0400

4.5605

7.307357

-0.863639

0.001667

0.747538

4.0400

7.4395.

8.258371

1.064411

0.001667

1.134637

7.9600

4.5605

12.152195

-0.529689

0.002733

0.283304

7.9600

7.4395

13.733738

0.767830

0.002733

0.592296

5.4022

5.2446

9.409731

-0.482230

0.000435

0.232981

0.4022

6.7554

10.024494

0.413838

0.000435

0.171697

6.5978

5.2446

10.931864

-0.424908

0.000761

0.181308

6.5978

6.7554

11.646071

0.371714

0.000761

0.138932

6.0000

6.0000

10.528592

-0.055948

0.000434

0.003564




Design IV / Normalization II

m

Bias(mm)

Var(m)

MSE ()

4.0400

-7.4395

0.068238

-0.021932

0.000302

0.000783

4.0400

-4.5605

0.296235

0.030986

0.002574

0.003534

7.9600

-7.4395

1.028328

0.009417

0.017004

0.017093

7.9600

-4.5605

4.464161

-0.607415

1.013710

1.382663

5.4022

-6.7554

0.291382

0.013688

0.000528

0.000716

5.4022

-9.2446

0.622710

-0.005127

0.000388

0.000414

6.5978

-6.7554

0.648267

0.001158

0.000286

0.000287

6.5978

-5.2446

1.385404

0.096138

0.012280

0.021523

6.0000

-6.0000

0.632813

0.000000

0.000000

0.000000

F

Bias(F")

Var(F)

MSE(F)

-7.4395

0.025

0.031442

0.000982

0.001970

-6.7554

0.275

0.032348

0.001119

0.002165

-6.0000

0.500

-0.006567

0.001260

0.001303

-5.2446

0.725

-0.039862

0.001179

0.002768

-4.5605

0.925

-0.037608

0.000990

0.002405

Design IV / Least Squares

m

Bias(mjy)

Var (ﬁ'}:s)

MSE(mig)

4.0400

-7.4395

0.068238

1.172196

0.007153

1.381196

4.0400

-4.5605

0.296235

-1.934864

0.007153

3.750849

7.9600

-7.4395

1.028328

2.412921

0.019719

5.841907

7.9600

-4.5605

1.464161

-3.901975

0.019719

15.245128

5.4022

-6.7554

0.291382

1.029735

0.000748

1.061102

5.4022

-0.2446

0.622710

-0.812423

0.0007438

0.660779

6.5978

-6.7554

0.648267

1.344066

0.004581

1.811095

6.5978

-0.2446

1.385404

-0.903901

0.004581

0.821618

6.0000

-6.0000

0.632813

0.268498

0.001560

0.073651
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&z e m Bias(mrg) | Var(myg) | MSE(mgg)
4.0400 | -7.4395 | 0.068238 | -1.706867 | 0.007153 | 2.920547
4.0400 | -4.5605 | 0.296235 | 0.944199 | 0.007153 | 0.898665
7.9600 | -7.4395 | 1.028328 | -0.466142 | 0.019719 | 0.237007
7.9600 | -4.5605 | 4.464161 | -1.022912 | 0.019719 | 1.066068
5.4022 | -6.7554 | 0.291382 | -0.481095 | 0.000748 | 0.232201
5.4022 | -5.2446 | 0.622710 | 0.698407 0.000748 | 0.488521
6.5978 | -6.7554 | 0.648267 | -0.166764 | 0.004581 | 0.032391
6.5978 | -5.2446 | 1.385404 | 0.606929 0.004581 | 0.372943
6.0000 | -6.0000 | 0.632813 | 0.268498 0.001560 | 0.073651
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In these designs, the outperformance of the new estimator over that of
the LS estimator is quite large, even at points where the values of the pdf’s of
X and ¢ are small. For example, in Design III, at the point (z,e) = (4.0400,
7.4395) the MSE of the LS estimator is 25 times larger than the MSE of the
new estimator. At the point (z,€) = (6.5978, 5.2446) the ratio of the MSE’s
is around 17. The difference is more striking in Design IV, where at the point
(z,€) = (4.0400, 7.4395) the ratio of the MSE’s is around 1700, and at (z,¢)
= (5.4022, —6.7554), the ratio is around 300.

6 Summary

We have presented an estimator for a model in which the value of the de-
pendent variable is determined by a nonparametric function that is nonaddi-
tive in an unobservable exogenous variables. The unobservable variable is as-
sumed to be distributed, with an unknown distribution, independently of the
observable exogenous variables. Under some normalizations, estimators for
both, the distribution of the unobservable random variable and the nonpara-
metric function are derived and are shown to be consistent and asymptotically
normal. Both estimators converge at the same rate as the Nadaraya-Watson
estimator of the conditional expectation of the dependent variable given the
observed exogenous variables. When the nonparametric function is known to
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be homogenous of degree one, or additively separable into an homogenous
of degree one function, the only normalization needed is the specification of
the value of the function, or functions in the additively separable case, at
one point. The estimators were defined as nonlinear functionals of a kernel
estimator for the distribution of the observable variables. To derive their
asymptotic distributions, we first linearized the functionals, by calculating
their Hadamard-derivatives, and then applied the Delta method developed
by Ait-Sahalia (1994).

The results of some simulations indicate that the method may outperform
estimators that require specifying a parametric structure for the function to
be estimated, when the specified structure is incorrect. The extent of the
outperformance seems to depend on the degree of the misspecification. Since
one can rarely find a parametric specification that would perfectly fit the
true function, there seems to be a benefit to using the new estimators. Our
simulation results indicate that for large data sets and values of the exogenous
variables at which their pdf’s are not too small, the increase in variance that
is due to the weak structure may be reasonable.
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7 Appendix

Proof of Theorem 2: Let F denote the joint cdf of (Y, X). For any
z in A and y in R, define the functional A(F) by A(F) = Fy|x=.(y). Let
|H|| denote the sum of the L* norms of all the derivatives of H up to the
order 2K + 1. Then, for any H such that H is constant outside a compact set
and || H|| is sufficiently small, we have that, |h(z)| < || H]|, ‘ Y i ) ds| <

|H]||, and |f{z) + h(z)| > a|f(z)| for some a (0 < a < co) where h(s, z) =
0K+l H(s,2)/0s0z - - - Ozx and h(z) = [Z2 h(s,z)ds. Then,
(1) A(F+ H) = A(F) = (F + H)y|x=2(y) — Frix=(v)

= DA(F,H)+ RA(F, H), where

f_ym h(s,z)ds—h(z) FY1X=z(.U)

_ fi’m h{s,z)ds—h(z) Fy|x—z(y) h(z)
RA(F, H) = [ 7@ ] [f(m)+h($)]’

and for some 0 < ¢ < oo,

(2) [IDA(F, H)| <

, and |RA(F, H)| < 5z I1H|I*.

Let H = |[F = F| . It follows from (1) and (2) that |Fy(x=s(y) — Fy|x=e(v)|

< & |F-F| + 7o |F = FH Under Assumptions S.1-S.4, | F — F”

0 in probability (see Ait-Sahalia (1994). Hence, for any z € X and y €
R, sup,.p ‘F‘YI x=o(y) — Fy| X=m(y)} — 0 in probability. By the definition
Fi(e) — Fe(e)‘ — 0 in probability.

£

Next, by (1) and (2), A is L(2,2K + 1)— Hadamard differentiable at

Y h(s,z)ds — h(z) Fyx—u(¥) Tty B
F. DA(F, H) - / . Y|x _ ff[ [s<y] f(?,:)lx {y)} 1(51:”)(5:2)

h(s, z) ds dz, where 1[-] = 1if [] is correct and it equals 0 otherwise; 1(¢ 4 (s, 2)
= 1if (t,2) = (s,z) and it equals 0 otherwise. It then follows by the Delta
method of Ait-Sahalia (1994) that for any z € A and y € R,
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VNo'&/2) (FY§X=m(y) — Fy sz(y)) — N(0,VF) indistribution, where

Vi = { (J K(s,2)ds)” dz} {(1/f(w)"")f (s < 9] - Frix=(®))’ f(s,x)ds}
= {I (J K(s,2) ds)* ds} (1/£(2)")) [Frix=(¥) (1 ~ Frix=(1))]

Substituting the appropriate values of z and y, for which Fi(e) = Fy|x=(¥),
it, follows that

\/NU(KN) (ﬁs(e) — Fs(e)) ~% N (01 VF) ’

where Vr = {J (J K(s,2) ds)*dz} [Fi(e) (1~ F.(e))] L and where L =
1/f((e/2)Z) if m € M1 and L = 1/f(z) if m € M2. |

Proof of Theorem 3: Suppose first that m € M2. Define the functional
® by ®(F) = F;} (Fyﬁ(ﬂ)) . Then, mi(z,e) = ®(F). If more than one value

satisfies the definition of m(z,e), then, let 7i(z,e) be an arbitrary element
within the set of all those values.

Let H be such that H vanishes outside a compact set and || H|| < f(z)/2. By
||| we mean the sum of the L? norms of all derivatives of H up to the order
2K + 2. As in the proof of the previous theorem, we can show that for all =
there exists ¢ < oo such that

(0) sup,cp |(F + H)yjx=2(y) — FY[X:z(y)| 5 Sfu(%ll

Hence, since for all y € C, f(y,z) > 6, there exists p > 0 such that if | H]| <
min{p, (2)/2)}, then |(F + H)ylxe(Frix=s(e)) — Frxoa(Frix=z(e))] <

n. It follows that for all r that is between (F' + H ))_/|1X=$ (Fy|x=z(e)) and
FY_|1X=I (Fy|x=z(e)), r must belong to C. Moreover, if | H|| < min{p, f(z)/2, 6/2},
|f(z) + h(z)| > /2. Hence, if |H|| < min{p, f(z)/2, 6/2}, then for all r
that is between (F + H);fxim(FmX:E(e)) and F;llxzw(Fy‘Xﬂ(e)),

(1) (f+h)y\)(=m(’r') >0
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Let then H be such that H vanishes outside a compact interval and
|H|| < min{p, f(z)/2, 6/2}. Using arguments similar to those used in
Matzkin and Newey (1993), we will obtain a first order Taylor expansion for
®(F + H). For this we note that

(2) ®(F+H)—®(F)

=(F ¢85 ((F+H)y|§(e)) o (Fyli(e))
= {(F+ H);: ((F + H)y(e)) — (F + H)z (Fysle)) }
+{(F+ B) (Fr(9) - Fi (Fre)}

To obtain an expression for the difference in the first bracket of (2), we
note that by (1) and Taylor’s Theorem,

(F+ H)gs ((F+H)yp(e)) = (F+ B (Fyz(e))

= ‘B(L«;);E (Fylﬁ(e)) [(F + H)ypz(e) — Fyli(e)] Vol

where, for somed (0 < d < o0), Rem <d }(F M Jyle) — F‘y|5(6)|2 . Hence,

(3) (F+H)y, ((F+H)yale) — (F + H) i (Fyale))

aF !

= = (Fya(e)) [(F + H)yale) - Fyale)] + Rem,
3 [6<_F‘;f_m (Fya(e)) — L= (Fyﬁ(e))] [(F + H)yzle) — Fyale)] .
= (%= (Bt (B(@))] [(F + B)yisle) — Fya(e)] + Remn

{2 (e 0 (o) - [ (55 ()]

- |(F + B)yple) = Fya(e)]




28

To obtain an expression for the difference in the second brackets of (2),
we note that by (1) and the Mean Value Theorem, for any t € R,

(F+ H)y (F+ HL () = (F + H)ye (Fypa (1))

— AP (1) [(F+ H)7A(0) — F®)

where 7* is between (F' + H )ylw( ) and F.;}(t). Hence, since

ylz

(F + H)yz ((F + H)y|m( )) =t = Fyg (FJ; (t)) , it follows that for any
te R,

(@) (F+E)AO-F(0) = [ ] [Fue (Bt (90) = (F + H)oie (it )]

where 7* is between (F + H)_
forany t € R,

.(t) and F}(¢). From (4) it follows that

ylz

(5) (F+H);L()~ Fyi(t) = [m] [Fue (B ) — (F + H)yo (Fit (0)]

+ (f+h)1|z(r‘) ki fylz(;g;(m]'[ﬂflm (F e (¢ )) (£ + H)yja ( ylz (t))} *

where 7* is between (F' + H)_ 1(t) and B 1(t). Hence, by (2) and (3) and by
(5) with t = Fyz(e), it follows that

®(F + H) — ®(F)
= [ (Rt (F(@)] [(F + H)y(e) — Fyele)] +Rem
+{ (2 (74 1 (Bete)] - 25 (Pt (Fost))] )
[(F + H)yale) - Fyale)]

+ | | [P (P (Bo(@))) — (7 + B (B (Finte)))]
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+ | T fy.z(F;;I(sz(e)n]'[F Yl (F i (Fylf(e))) —(F +H)ylm( e LF (e ))}

where r* is between (F + H);L(Fyz(e)) and Fy2(Fy(e)).
Let
(6) A(F,H) = |2 (F3! (Fys(e))] -
{[(F + H)yale) — Fua@)] + [Fue (Ft (Fu(@))) — (F + H)ye (B3 (Fl@))]},
and
(7) D(F,H)=
— { (X5 (P + &) (Rel@))] = [ (B3 (Fuat@))] |
[(F + H)yz(e) - Fya(e)]

+ Rem

i [(f+h)i|x(r') - fylx(ngl(Fy&—(en)]'[F e (Fia (Fuz(@)) = (F + H)uie (B (Fuz(e)))] -

where * is between (F+H)'y|m( Forale )) and ij (Fyﬁ(e)) . Then, ®(F+H)
— ®(F) = A(F,H) + D(F, H). Moreover, A(F,H) = B(F,H) + C(F,H)
where

(8) B(F,H)=[% (r)]‘l .

dy

{ 1@ [7, hs@)ds = h@) [* fs@)ds J(@) [7_ h(s@)ds — h(z) [T f(s,2)ds
f(z)? f(z)? '

and where, for r = FJ; (Fyiﬁ(e)) ;

(9) C(F, H)
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1

= [2= ()] [ @) Sooa (5, D) — h(T) [ £(5,7)ds] [rRmrimE -

f@)?

- (% )] (@) [ (s, 2)ds (&) 7o 15 2)35] [ — 7]

Let D®(F, H) = B(F, H) and R®(F, H) = C(F, H) + D(F, H). Then,
(10) ®(F + H) — ®(F) = D®(F, H) + R®(F, H).

Moreover, since m(z,e) € C, f(z) > 0, and f(z) > 0, it follows from (8)
that for some V; (0 < V; < 00),

(11) |[De(F H)| <V ||H||
and it follows from (9) that for some V5 (0 < V2 < c0),
(13) |C(FH)| < Va | H]*.
We next show that for some V5 (0 < V3 < 00),
(14) |D(F, H)| < Vs [|H]|
For this we note that, letting t = Fyz(e),in (4),
(15) (F'+ H), o (Fyse)) — Fop(Fyale))
= | - [P (B2 (Fsl@))) = (F + e (552 (Forl@)))]

where r* is between (F + H)yiz(Fyﬁ(e)) and Fy|m(FyIE(e))- Also, for some

n such that 0 < n < o0, all ty,t € N(m(z,e),n) and all ¢ between t; and ¢s,

(f(z)+h(x)) (jﬂ_br_f(z_l)

< (M2 n |+

1 g
16)‘(f+h)ylx(m @ | = T oo [FG)+h(Es)]”

This latter expression follows because

|t1 — 2] -

]

|
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1 = 1
(f"'h')y[:(tl) fylz(tQ)

1 1
+ fy|z(t1) -_ fylz(t2)

g (.f; )1 (t) |
! )yt )
+ L |t — to

Oy

i it
= e oy Sl ey

f(z)+h(z) _ _f(=)
= f(‘h,ﬂ.’)*}-h(tl,I) f(‘t_‘[,ﬂ:)

where the last inequality follows by the Mean Value Theorem and ¢ is between
tl and tg.

By (0), there exists T' (0 < T' < o) such that
(17) |(F + H)yz(e) - Fyle)| < T 1Al
(18) |Bye (Bt (Bysle))) — (F + H)ye (Fl (Fyele)))| < T |1 H] and
(19) Rem < T | H|?
Letting ¢, = (F+ H), . (Fym(e)) and t; = F;! (Fy(e)) in (16), we get

[ (v (o)) - [ (A (Bt

ylz

H(E+H) (Fyz(e)) @) +f(=)
FF+H) 5 (Fyiz(e)) 2)2

(f(z)+h(z)) (—-1—”61'“’ +—(—)-Bf3§”" )

n || H]l

|(F + H)ylw (Fyli(e)) F_J:r (Fylm(e))’

[£G.2)+hE, .1:)]2

< |HEFHE) s (Fyz(@) @)+ f(z)
W f((F+H y|=f( ylz(e -73)2

(f(z)+h(z)) —f“—’l+-w—ﬂ=l
[£GEz) +h(t m)]

|[Be (B (Fuse))) = (F + H)yie (Fya (Fus(e))]|

FUF+H); (Fyp(e)) @)+ f()
FUF+ B (Fyzle) )2

n || H]|

e
(f+h'Jy|a:(7' )

n || H|
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(f(aybhia)) (242002

-T|H|,

' : !
L ‘ (f+h']y|z(‘r*}

[fGa)+h(Ee)]

where the second inequality follows by (15), the third inequality fol-
lows by (18), and where Z and r* are between (F + H)ylm (Fy@(e)) and

Fy‘ij (Fyrm—(e)) . Since

f((F+H ulz( Fyz(e)),2)+f(z) (f(z)+h(z)) (é‘;é;_zp_%;_xz)

H(F+H); (Fyz(e)) @) [fE2)+hEe)]
all bounded, there exists £ (0 < E < co)such that

1
FHh)yar) | 3¢

‘,and{

7/

(20)‘ (25 e (7 + B (Fyale)))] - [Zu= (Fy (Eﬁ(e)))]‘l‘ <E|H|.

dy ylz

Letting t; = r* and t, = F ;1 (Fyz(e)) in (16), it follows that

vle

1 _ 1
TRl ™ 4, (rad @)

< (f(v}(:;:fgmg) | H]| + (f($)+h[f()§):mgﬁ)}g%%) T — FJEI(FyIE(e))‘
< (1) | "+ )
< (X5 nlH| + (f(m)Jrh[T()';.m()iﬁf:)}%?)
‘WL(T*) [Fyl= (Fmil (Fyii(e))) — (F'+ H)ye (F?Eml (F’Jﬁ(e)))'
< () nllH + (f($)+"[f({ém§ia§;2ﬂ%ﬂ) l‘f“‘ Jul=(r “)!T 1=,

where the second inequality follows because r* is between (F+H) y|:c(F z(e))
and F. (Fyz(e)), the third inequality follows by (15), the fourth follows
by (18), and where ¢ is between r* and Flm (Fyz(e)),and r**is between
(F+H)y|a:( Fyz(e)) and F, ylm( Fyz(e)). Since
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(f(z)+h(z)) (gg_‘l +a_fa(:y‘_1)

et
[ﬂzx)%({’m)]g ,and ’ TR, | e all bounded,

(“55).

it follows that for some @ such that 0 < @ < oo,

(21) <Q|H].

1 _ 1
(F+h)y=(r") Fois (F‘y_lzl (Fy|E(e)))

Hence, (14) follows from (7), (20), (17), (19), and (21).

Let H = F — F. We have shown that

(22) 7z, ) — m(z, e) = B(F) — &(F)

= D®(F,F - F)+ R®(F,F — F),

and for some C (0 < C' < 0).

(23) |DO(F, F - F)| < C|F - F| and |R<1>(F, F-F)|<c|F- FH2 .

Under Assumptions S.1-5.4, HF’ — F“ — 0 in probability. Hence, by (22)
and (23), it follows that

(24) m(z,e) — m(z,e) in probability.

Hence, the estimator of m(z, €) is consistent

Next, by (22) and (23),® is L(2,2K + 2)—Hadamard differentiable. By
(8),

D®(F,H) = B(F, H)

1(s<e)—Fyz(e)
- fy|$(r3|.(:l:,e)) ffL f(a)m | Ls3(s, 2) h(s, z) ds dz—

j esmbsd)Fyglmimel] § 5 ) s, 2) ds da.

. 1
fy|z(m(mxe)) f .f(m)
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!

Hence, by Ait-Sahalia (1994), it follows that
~ \

VN o/ ((z,e) — m(z,e)) = VN o5/* (B(F) — &(F)) = N(0, V)

where V,, = {ff [[ K(s,z)ds]? dz} [+]2 L and

Ty x=z(m(z.e))

(s<e) F; =(e) 2 o s<m(z,e Fyiz(e) 2
L=f[lf(§) T i@ ] f(s,T) ds + f[l( <f(z() 4~ ) ] f(s,z) ds

= 7y Fun(e) (L~ Fya(e)) + gty Fogem(z, €)) (1 = Fya(m(, )

_ {ﬁ 4 %] E.(e)(1 — F.(e))

Suppose next that m € M1. By substituting Z in the above argument
by (e/€)T we obtain that mi(z,e) is a consistent estimator of m(z,e) and

VN Uf,/ ? (m(z, e) — m(z, e)) converges in distribution to N(0, V,,) where

Vin = {ff [J K (s, z)ds]zdz} |:lex=m(1'm.(m,e))2j| [f((e}E)E) £ ﬁ] F(e)(1—F.(e)).

Proof of Theorem 4: As in the proof of Theorem 1, we first note that
forallee F and z € A,

(1) F.(e) = Fy|x=z (m(z,e)). |

Suppose first that m € M3a, we get from (1), letting x; = 7, and z; =
(e/€)T2, that Fe(e) = Fyix=((e/o)7) (M(T1, T2, €)) = Fy|x=(3 (e/z172) (v1(T1)
+ v2((e/€)%3, (e/E)E) )= Fy|x=(z,(e/5)72) (¥ + (e/E)c). Hence, Fi(e) is iden-
tified from the conditional cdf of Y given X, when 21 = Ty, 3 = (e/€)Ts, and
y = + (e/%)a. Using this together with (1), it follows that for all (z1, z,, €),
Fy|x=@,(e/2)32) (Y + (e/€)a) = Fyix=z (v1(z1) + va(z2,€)). Letting z1 = 7;
in this last expression, we get that vy(zq,e) = F;ljk:(ﬁhmf‘ﬂ X:(El,(e/agz)(“f
+ (e/€)a )— ~. Hence, v, is identified. Letting 5 = 7T, and e = £ in that
same expression, we get that v (z;) = ;E%)(:(mx,‘fz) (Fy\x=(;152) (Y -+ E)) -
a. Hence, v; is identified.
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Suppose next that m € M3b. Then, letting z; = T; and zy = Tp, we get
from (1) that F.(e) = Fy|x=(z:32) (M1, T2, €)) = Fy|x=(31,72) (v1(F1) + v2(Z2, €))
= Fy|x=(=z,) (7 + €) . Hence, F is identified from the conditional cdf of ¥
givenX = (T]_,:_fg), and for all (IB]_,.’BQ, 8), FY|X=(EI,5;'2) (’7 + 3) = FY]X:H:(UI(EI)
+ '!)2(.’1’.‘2, e)). Letting z; = 7; in this last expression, we get that vy(zs,€) =
F;l e (ml,mz)( Fy\x—(z.,72)( 7 + €) — 7). Hence, v; is identified. Letting 5 = >
in that same expression, we get that, for any e, v; (:171) F;! X2y 32) (FY1x=(31,72) (7
+ e)) — e. Hence, v; is identified.
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