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l. INTRODUCTION 

Froot and Obstfeld ( 1991) explain the pcrsistent deviation of stock priccs 

from those predicted by prescnt valuc models by the existence of on an 

"intrinsic bubble"; that is, a bubble with the appealing characteristic of 

being dependent on economic fundamentals. 

the idea that prices might overreact to 

It is this property which captures 

movements rn the fundamentals. 

However one limitation of their model is that it does not allow far the 

possibility of regirne clrnnges. If these changes do occur, two different 

issues must be addressed: first, there is the well known result from the 

rational expectations literaturc which states that expected future changes in 

the process that drives dividends should affect the current fundamental 

prices; second, actual changes in the dividend process should also affect the 

intrinsic bubble. If breaks are present in the data, their framework should 

be extended to accommodatc the two issues mentioned above. Froot and Obstfeld 

recogmze these potential problems but they do not provide a method to account 

for them. 

In this paper we exteod their framework by explicitly allowing for cbanges in 

the process that drives dividends. This is done by modeling the fundamentals 

plus the bubble solution as a function of the current regime. As in Froot and 

Obstfeld, we assume that the bubble always exists, but we allow it to be a 

function of the two possible regimes (which differ in the mean and variance of 

changes in the logarithm of di vidends). We find that a model accounting for 

regime changes appears to provide a better characterization of the evolution 

of stock prices than the intrins ic bubble modcl with a single regirne. 

Nevertheless, a model which allows for both intrinsic bubbles and regime 

switching seems to outperform models that as sume either one or the other. 

2. DATA ANALYSIS: 

A Ran<lom '\-Valk Modcl Versus a Stochastic Segmcntcd Trcnds an<l Variances model 

in the Change in thc Logarithm of Real Dividcnds. 

We use data on US stock prices and dividends reproduced by Robert Shiller and 

listed in Shiller ( 1989), chapter 26, where more details of the data can be 



found. The stock prices 

Composite Stock Price Index. 

are January values for the Standard and Poor 

Each observation in the dividend series is an 

average for the year m question. Nominal stock prices and dividends are 

deflated by tbe producer price index (Shiller's series 6 of pnces for January 

each year) to get real stock prices and dividcnds. 

In this section we analyzc whcthcr thc proccss lhal drives thc logarithm of 

real dividends can be characterized as a random walk. Finding evidence that 

this model is not acceptable, we pro pose an allernati ve characterization as a 

Markov switching model with two states. 

Froot and Obstfeld (1991) claim that the hypothcsis that the logarithm of real 

dividends follows a random walk cannot be rejected . They also assume 

normality of the residuals. This assumption (and the constancy of 

unconditional moments) is central to the theory developed in their paper. We 

regress the change in the log of real dividends (d) on a coustant µ, viz., 
l 

L1d = µ + ~, for the period 1900-198i . We find that the assumption that e 
t t t 

is normally distributed is violated. A Jarque-Bera test for normality gives a 

test statistic of 21.5241 which has a x2(2) distribution under the null 

bypothesis. The errors also appear to contain ARCH effects (x2 (4) = 13.6346). 

Figure 1 graphs the data for the change in the logarithm of real dividends. 

It suggests that during the period from 1952 dividend growth was more stable 

than in earlier periods. The period between 1915 and 19-+5 looks particularly 

volatile. 

Since dividends do not appear to be well represented as a random walk with 

normally distributed innovations, we investigate whether (i) the dividend 

process can be represented as a GARCH process and (ii) it contains structural 

breaks and can be represented as a process with changing means and variances. 

Support for these possibilities is provided by a rolling rcgression of the 

rate of expansion of dividends against a constant. Figures 2 and 3 show tbe 

rolling regression results . Figure 2 suggests some variation in the rate of 

growth of di vidends . Figure 3 clearly shows a decline in the standard 

deviation of innovations in thc second part of the sample . 

l 
We use the data in Shiller ( 191!9) because it has been very widely used. 

Froot and Obstfcld ( 1991) s1a1e that, in addition to thc data 011 which their 
published results were based , thcy also used this data and found their results 
wilh respecl to th.: existence of bubbles tu be unaffected. 
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As is well known in thc ARCH literature, structural breaks can cause GARCH 

models to appear to be IGARCH (see Dicbold (1986)) and can also cause a model 

containing two regimcs, cach with constanl variancc lo appcar as GARCH. Wc 

investigate tbis issue by dividing the samplc into two sub-periods, 1900-1947 

and 1948-1987 and we find that for cach period we cannot reject tbe null 

hypothesis of constant variance. Engle's LM test for ARCH effects shows none 

to be present far either sub-period: x\4) = 6 . 1523 and x\4) - 3.0929 
. 1 2 res pectl ve y . 

Tbis issue can be clearly understood by fitting a GARCH model for tbe whole 

sample size. In table 1 we present the results of fitting GARCH for 

alterna ti ve sample sizes. Here we cannot reject thc GARCH specification (and 

the results in fact might be taken to suggest an IGARCH process). 

Nevertheless, when we divide the sample into two sub-periods, 1900-1947 ancl 

1948-1987 we find no support far tbe the GARCH specification in any of the 

sub-periods3
• Tberefore, we do not pursue the GARCH parameterization of the 

dividend process. In the next section we analyze the mean variance 

switcbing representation. 

2.1 A SWITCHING MEAN ~ VARIANCE REPRESENTATION. 

Given the apparent non-constancy of tbe unconditional moments of tbe random 

walk model, we use the discrete regime-switching model proposed by Harnilton 

(1988) to characterize the first difference of the logarithm of real 

dividends. This model postulates the 

(denoted s) which takes the values 1 or 
l 

existence of an unobserved variable 

2 . When s = 1, the first difference 
l 

of tbe logarithm of real di vidends, d ' 
1 

is distributed N(µ 
1
,a~) and when 

s = 2, is distributed N(µ ,a2
). The 

l 2 2 
states are assurned to follow a first 

order Markov process with p(s = 11 s = 1) = p and p(s = 21 s = 2) = q. 
l t-1 1 l -1 

Table 2 shows the results obtained from estimating this model for the sample 

2
Nole lhal , thc nrbnce across periods does 1101 necd 

issue is invesl igated below. 

3 
More formal 

frnmework cou ld 

effocts in 

specifícation. 

tcstin¡: 

be 
any 

of changcs 

carricd out. 

sub-paiod is 

in lhe 

Ncverihdcss. 

strun¡; 

3 

unconditional 

wc fecl 

enuu¡;h 

to be thc samc. 

variancc 

that 

within the 

1101 finding 

againsl any 

This 
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1900 - 1987. Both standard deviations are significantly different frorn zero 

at the 1 % level, but the mean is not significantly different from zero in 

state one. If we compare the results presented in table 2 with Froot and 

Obstfeld's results, µ = 0.011 and a = 0.122, we find that tbeir values seem to 

be an approxirnale average of the means and variances in states onc and two. 

We fiad that state 1 is a low growth/high variance state, and state 2 is a 

high growth/low variance state. Figure 4 graphs the allocation of 

observations between the two states. The interwar period is attributed with 

bigh, though fluctuating, probability to the low growth/high variance state, 

state 1, as might have been expected on the basis of visual inspection of the 

dividend series and the results of the rolling regressions. 

Finally, we perform specification tests on the model as in Engel and 

Hamilton (1990). The tests presented in table 3 are White's (1987) test and 

Lagrange multiplier specification tests. White's is a scorc type test: which 

is based on the fact that if a maximum likelihood modcl is correctly 

specified, the seo re statistics should be serially uncorrelated. 

Hamilton ( 1993) extends this test to the Markov switching model'1• 

Hamilton recommends, on tbe bnsis of Monte-Cario cxperiments, that for small 

samples one might prefer to use the 1 percent critica! value from the 

asymptotic distributions as a guide for a 5 per cent small-sample test based 

on the Newey-Tauchen-White specification tests or Lagrange multiplier tests. 

Table 3 appear to show the presence of autocorrelation, though all other 

tests for misspecification are passed. Note that the hypothesis of the Markov 

specification has not been rejected. 

3. MODELS OF STOCK PRICES 

Froot and Obstfeld ( 1991) take as their 

condition that 

of the real 

p = e-rE ( D 
l t t 

the real 

dividend 

+ pt+l) 

stock price should 

payment plus the 

point of departure the familiar 

equal the present discounted value 

real stock price next period: 

(1) 

4 
For more det3ils of thc applic3tion of thesc tests see lfamilton ( 1993). 
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The real ratc of discount r is assumcd to be constant (the 

seen as the start-of-period price, with the dividend D paid 
l 

Period). The prescnt valuc solution for P , denoted by prv is, 
l l 

o:> 

prv = \--e-rcr-t+l)E(D) 
l L- l T 

T=t 

and any bubble in the stock price satisfies, 

B = -r E (B ) 
t e t t+ 1 

price P might be 
t 

at the end of the 

(2) 

(3) 

The process that drives the log of dividends 

with d rift µ . 
is assumed to be random walk 

(4) 

The "intrinsic bubble" is postulatcd to be a non-linear function of the 

dividend D which satisfies equation (3). 
l 

It turns out that the following 
function satisfies this equation, 

B(D) = e D,l 
t 1 

where ,l is the positive root of the quadratic equation, 

,t 2 (i / 2 + ,tµ - r = O 

c is an arbitrary constant, and µ 

deviation of LI d , respecti vely . 
t+I 

and a are the conditional 

Substituting equation (5) 

mean 

into 
and using equation (3), 

bubble solution (see Froot 

it is easy to verify that equation (5) 

and Obstfeld (1991)). 

(5) 

(6) 

and standard 

equation (4) 

satisfies the 

If we substitute equation (4) into equation (2), we see that the present value 

is proportional to di vidends. 

pPV /4 D 
l l (7) 

where /4 = ( er - e(µ + 1 2) - a )-1 
2 • 

Therefore, the price equation can be written as the sum of the present value 

5 



and the bubble component: 

P = /4 D + e D,l 
l l l (8) 

Because (8) contains both D 
t 

and D,l as explanatory variables, the data might 
t 

be near collinear (at least for 

divide through by D and estímate, 
t 

p 
l 

u-= 
l 

/4 + e DÁ - l + 1¡ 
l l 

values of ,l near 1). Froot and Obstfeld 

both by OLS and ML, the following equation: 

(8') 

Notice that equation (8) has been augmented by a disturbance 1¡
1 

which they 

interpret as a random measurement error distributed N(0 ,8). 

Froot and Obstfeld ' s main conclusion is that the existence of this type of 

bubble cannot be rejected and it may account for must uf the observed 

difference between the stock prices and the fundamentals. 

interpret these results cautiously and suggest that they 

Nevertheless, they 

could be due to 

over-identifying restrictions, such as the assumption that the logarithm of 

real dividends follows a martingale. Estirnating this model using Shiller's 

(1989) data, we reject the null hypothesis that there does not exist an 

intrinsic bubble. We obtained ,<; = 15.39 and e = 0.034. 

Table 4, columns 3 and 4, g1ves our estimates of Froot and Obstfeld 's model. 

In column 3, a two stage procedure has been used. The parameters of tbe 

process for dividends (µ and a of equation (4) above) are first estimated from 

data on di vidends and u sed to compute a value for Á. This is then used in tbe 

estirnation of the equation for stock prices, equation (8 ' ). In table 4, 

column 4, both equations (4) and (8') are estimated jointly, with ,l determined 

by equation (6) and k by equation (7) . Both sets of estima tes display 

evidence of misspecification. 

3.1. ALLO\VING FOR REGIME SHIFTS IN THE DIVIDEND PROCESS. 

A change ~n re gime which alters the di vidend process has two important effects 

in the model of "intrinsic bubbles". The first, which is of a general nature 

and common to any model which allows for a bubble, is that bubbles and 

expected future changes rn regimes are observationally equivalent if the 

6 



econometrician <loes uot explicitly model the regime changes 

(see Flood and Garber (1980) or Hamilton (1986)). 

The second effect is specific to the intrinsic bubble. Since the bubble is a 

function of the fundamentals, a change in thc process driving the fundamcntals 

(<lividends) has to change thc bubble . 

In this section we modify Froot an<l Obstfcld's n10del to account for both 

effects, assuming - as they do - that bubbles are always present. We assume 

as before, in equation (1), that the pricc of shares equals tbe expected 

present discounted value of the end of period price plus the dividend. The 

logarithm of the dividend is assumed to follow a random walk with drift , but 

the drift and the innovation variance depend on the state of the economy. The 

evolution of the logarithm of real dividends can thcreforc be written as, 

where s is an index far the statc of the 
1 

in state i, e is a sequence of i. i.d . 
1 

N(0, 1)), and a 2 is the innovation variance in 

cconomy at 

standard 

state i. 

date t + 1, 

(9) 

s = 1,2 
1 

µ¡ is the 

normal variables (e 

drift 

N 
1 

Therefore, the expected value of dividends at t + 1, based on infonnation up to 

and including time t, inclu<ling knowlc<lgc of thc state of the system at time 

t, can be written as 

and 

2 

where a = eµ 1 + a /\nd a = 
1 2 

1-1 +a2h 
e 2 2 

, and the information set Q 
1 

includes 

(s,s , ... ,D,D , ... ,P,P , .. . ) 
t 1-1 1 1-1 1 1-1 

The fundamental value of the stock price can be deri ved rn the following way. 

Suppose that when s = 1, P = /4 D , and that when s = 2 P = ,<-, D for 
t 1 1 1 1 ' 1 2 1' 

sorne values of ,<-, and ,<-, • These values satisfy 
1 2 

l [l,'!IVrk )/1)/\1) DF SMI :\IJDRFS 
7 L 11/'•H 10·1 C/\ 

' 



+ (1-p) k a) 
2 2 

and (10) 

k = e-r (1 + q k a + (1-q) k a). 
2 2 2 1 1 

The intrinsic bubble in the stock price is 

bubbles are B = e DA if s = 1, and B = 
t 1 t t t 

modeled as follows. Suppose the 

e DA if s = 2 , for some values of 
2 t l 

A, c
1

, and c
2

• The bubble satisfies B = e-r E(Bl+I I º,). 

Then, when s = 1, we must have 
t 

D,l 
., 2 

DA Ap +,t2
a

2h) -r D,l Á¡.t +,t-a 12 + (1-p) el = e (e
1 

p e 1 1 e e 2 2 
t t 2 

and when s = 2, we must have 
t 

D). DA 
., 2 

-r Ált +).-ah 
+ ( 1-q) e - e (e q t e 2 2 e 

2 l 2 1 

These two equations can be solved for 1 and 

equation gives 

).µ + )._ '.! ª2 /2 
( 1-p) e 2 2 

e /e = 
1 2 

r (e -

And the second gi ves 

e r -
e /e -

1 2 

(1-q) 

p e 

A/.l +).. 
2 a 2 h 

'.! 2 q e 

e).µ 1 + )._ 1 a~ h 

) 

l 

D).. 
., 2 

Á¡.t + ,t-a h 
). e 1 1 

the ratio e /e . 
1 2 

The first 

(11) 

(12) 

Equations (11) and (12) have a unique positive solution for c /c and A. 
1 2 

Equation (11) has e/e
2 

< 1 when ,l.. = O, and is inereasing in A, so long as the 

denominator remains positive. Equation (12) has e /e > 1 far ,l = O, and is 
1 2 

deereasing in ..l, reaehing zero when, 

8 



Consequently 

e /e ( > O) 
l 2 

there is just one combination of A ( > O) and the ratio 

which solves equations (11) and (12). Figure 5 illustrates tbe 

solution . 

Putting together these results, we can derive a price equation for each state, 

as the sum of the fundamental componcnt and the bubblc componcnt for each 

state. 

Ps = P:v + B/Dt) 
1 1 1 

where pPY = ( i (2-s ) + ,<;(s -1)) D s 1 t+l 2 t+ 1 
1 

.l 
B/Dl) = ( e (2-s ) + c(s -1)) D and s = 1,2. 

1 t+l 2 t+l 1 1 
1 

Under tbis assumption, we estímate jointly the following system: 

{ 
p l - 1 

t ,{; + e D + e V ~ -
In Sta te o ne. 1 1 1 t 

t 

d = tl 1 + d + a u 
t t - l 1 

{ 
p .l - 1 

1 ,{; + e D + e ~ - V 
In State two. 2 2 1 2 1 

t 

d = µ2 + d + a u 
1 t - l 2 

u and v are independent white noisc processes while e and e are standard 
l t 1 2 

deviations. Notice that, as in Froot and Obstfeld (1991) we havc augrnented 

the model by random disturbances which may be interpreted as measurement 

errors . We also allow the variance of these errors to differ between states. 

We assume that the unobscrved states follow a first arder Markov process. 

Tbe estimation procedure assumes that agents in the financia! markets know the 

actual state of the system, s , at each point in time, whereas tbe 
t 

9 



econometrician <loes not, and has to make inferences of it based on the 

observable bistory of the system, i .e., the information contained rn the 

bistory of stock prices and dividends . 

We estímate the model subject to the theoretical restrictions on 

c
1

, c
2

, ,l implied by equation (10) , and (11)-(12) respectively. 

non-linear restriclions cannot be solved analytically and we 

k
1

, k
2 

and 

The latter 

solve them 

numerically in the optimizing routine. The filter which is used in the 

estimation procedure is clcscribe<l bricfly in thc /\ppcndix. 

4. EMPIRICAL RESULTS 

We estímate jointly the equations for dividends and stock prices allowing for 

both bubbles and re gime switching as dcscribed in section 3, using maximum 

likelihood estimation. The parameter ,l is a function of µ_, a., p and q, and 
1 1 

is obtained from a subroutine that salves equations (11) and (12) numerically. 

The constant discounting factor is chosen as in Froot and Obstfeld to be the 

sample - average gross real return r = 0.08165
• The estimation strategy and 

the filter are described briefly in the Appendix. 

To carry out specification tests with this model we compute the error terms 

e = pr - E(pr I I ;l/f). where pr = (P/D) and 1/f is the parameter vector. The 
1 1 1 1 

condicional expectations of pr are constructed by multiplying the 
1 

probabilities of the states obtaincd from the filler by the functional form in 
A 

those states. Based on the sample estimates 1/f, thc predicted values of pr can 
1 

be written as, 

A A 

E[pr ILI/I) = P(s = lll)(k +~ DA- 1
) + P(s = 211) ( k +~ DA- 1

) 
t 1 1 1 1 1 1 1 1 2 2 t 

We then standardize the residuals by dividing them by the conditional standard 

errors. Tests for AR (Godfrey-Breusch) and ARCH (Engle) errors are then 

performed. In table 4, we show both uocorrected standard errors an<l also 

heteroskedasticity- and autoregressive- consistent standard errors6
. 

s 
For 

(1991) . 

6 
ML 

a discussion 

estimalion 

of lhe approprialeness 

W3S carrieJ out 

10 

oí lhis value Froot 11nJ ObstfelJ 

using vnriable •melric algorithm that 



Table 4, column 1, and figure 6 show the rcsults of estimating the model 

<lescribed in section 3. 

The estirnated means an<l variances of the logarithm of real di vidends are 

mainly separate<l as m the univariate filter for dividends reported in table 

2. State 1 is a low-mean / high-variance state and state 2 a high-meau / low. 

variance state. Tbe constants of proportionality between dividends and the 

fundamental share price are ,<\ = 15 .01 and k
2 

= 17.97, respectively. Thus it 

appears that thc higher rate of growth of dividcnds in state 2 is not fully 

offset by their lower variance in that state, and thc fundamental share price 

is a little higher relative to dividends in that state than in state 1. These 

results appear to be consistent with rational expectations models in the 

presence of reg1me changes. The bubble coefficient is significant and is 

higher in state 2 (c = 0.29) than in state 1 (c = 0. 15). The el::tsticity of 
'.! 1 

the bubble with respect to the dividend is 2.14. The model shows no sign of 

ARCH errors of up to order 4. There is evidence of autoregressi ve errors, but 

the standard errors have becn constructed consistent with this. 

Figure 6 shows the evolution of stock prices, the fundamental stock price, and 

the fundamental-plus-bubble stock price predicted by the model. The bubble 

term accounts for most of the large deviations between fundamentals and stock 

prices, especially those m the second part of the sample where the bubble 

term appears to be particularly important. 

The allocation of time periods to the two re gimes is shown in figure 7 . The 

period between 1900 and 1910 is attributed with high probability to regime 2. 

The period between 1910 and 1955 is attributed mostly to regime 1, with brief 

departures from it around 1930 and 1945. The period from 1955 to 1975 is 

attributed to the high growth/low variance re gime (state 2). The remaining 

observations fall in regime 1, with a final shift before the crash in 1987 to 

regime 2. The periods for _ which observations are attributed to regime 2 are 

ones in which the actual share price appears to be a long way above the 

fundamental price and the bubble component is particularly large. 

approximales lhc Hessi•n according lo lhc D roydcn-F lctcbcr-Go Id fa rJ -Sha 11110 

updale. The pr.:-whilen.:J quadralic spcclral kernel wilh dala-Jepcndcnl 
bandwidlh discusseJ in Andrews ( 1991) anJ Andrcws anJ Monahan ( 1992) was uscJ 
Cor lhe covariance matrix ~stimatur. 
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Table 4, column 2, shows the results of impos ing tbe assumption of no bubble 

in stock prices, an hypothesis strongly rcjected: the likelihood ratio tes t ., 
statistic is 33.52, distributed x-( 1) . Thc restrictcd model shows 

consiJerable ev i<lence of mis-specification. Figure 8 shows estirnated stock 

price.; under the assumption of no bubblc. 

Table 4 column 3 present the results of a two-step estimatiou procedure. In 

the firs t step, an estima te of the di vidends process is used to derive values 

for µ and a, which are inserted into equation (6) to generate a value for Á. 

In the second step, the equation for stock prices is estimated using tbe value 

of Á derived from step 1; k is estimated freely. In table 4, column 4, the 

two equations are estimated jointly subject to ali the restrictions imposed by 

equations (6) an<l (7) on ,l and k. Thesc two differcnt cstimation procedures 

give results which are very simi lar. 

Comparing the model with both bubbles and regime switching (table 4, column 1) 

with the model with bubbles only (table 4, columns 3 and 4) we see tbat the 

models without regime-switching show much more cvidence of mis-specification: 

there is evidence of AR and ARCH errors. Also the likelihood is much lower in 

columns 3 and 4 than in column 1: -33 as against O. Although formal tests are 

difficult to carry out, this is strongly indicative of the importance of 

allowing for regime-switching. 

Figure 9 shows estimated stock prices allowing only for bubbles, with no 

regime-switching. Comp::uing figure 9 with figure 6, it is evident that the 

assumption of no regime-switching causes a substancial deterioration of the 

fit of the model, especially in the pcriod from 1950. A comparison of figures 

8 and 6 shows that the assumption of no bubbles causes a smaller deterioration 

in the fit. A comparison of figures 8 and 9 reinforccs the vicw that allowing 

for regime-switching in the dividcnds proccss contributcs at lcast as rnuch to 

an e:cplanation of the data as does allowing for thc bubblc. 

12 
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S. CONCLUSIONS 

In this paper we have extended Froot and Obstfeld's formulation of intrinsic 

bubbles to allow for the existence of regime changcs in the process driving 

logarithm of real dividends. Since structural breaks appear lo be present in 

the dividend process, we modeled dividends as a process with two states, each 

with a separate mean and variance. To modcl stock prices, we considercd the 

solution consisting of the fundamental plus bubble, consistent with the 

two-state dividend process. We found that this model appeared to explain the 

behaviour of US stock prices between 1900 and 1987 better than a model which 

for an intrinsic bubble but that madc no allowance for regime shifts. 

When stochastic regirne-switching 1s introduced, part of the fluctuations of 

stock prices that would otherwisc havc been intcrprctcd as a bubble may now be 

interpreted as shifts 111 the fundamental price resulting from a change of 

regime. Our results suggest that the fluctuations in stock prices explicable 

as an intrinsic bubble can instead be well explained m terms of 

regime-switching. Nevertheless a model that allows for both regime switching 

and intrinsic bubbles clearly outperforms the simple regime switching model, 

favouring the existence of rcgime switching intrinsic bubbles. 

We interpret the intrinsic bubble as an empirical possibility alongside other 

deviations from fundamentals such as fads or time-varying discount factors. 

Further, we note that the incorporation of an intrinsic bubble into the stock 

price when there are stochastic regime switches, requires a modification of 

the original framework proposed by Froot and Obstfeld . 

13 
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Table 1 

d =¡, + d + u · 
l l-1 t' 

-, 2 2 
CJ- = a + /J u + y CJ 

l 1 - I 1 - 1 

1900-1987 1900-19471 1948-1987 

µ 0.0130 
(0.0101) 

0.0068 0 . 0094 
(0.0216) (0.0125) 

a 0.0005 0.0251 0.0066 
(0.0004) (0.0021) (0.0015) 

fJ 0.2875 
(0 . 0563) 

0.0374 0.2500 
(0.0891) (0.1471) 

y 0.7200 0 . 0632 0.0360 
(0.0543) (O. 1482) (O. 1344) 

Log lik 142.9681 60.8347 88 .8523 

The valucs between brackets are standard deviations . 

Table 2 Estima tes of a Regime-Switching model for the di vidend process 

µI 0.0007 

(0.0334) 

µ2 0.0223 

(0.0113) 

(T 1 = 0.1997 

(0.0319) 

(J 
2 

0.0546 

(O.O 134) 

p 0.8898 

(0.0984) 

q 0.8410 
(0.1792) 

Log lik. 151.2649 

The valucs betwecn brackets are standard deviations. 
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Table 3 
Specification Tests 

Regime-Switching Model for the Dividend Process 

White test for 

Autocorrelation (;/(4)) 13.4670 ** 
Wbite test for 

ARCH (;/(4)) 7 .5263 

White test of Markov 

Specification (x\4)) 1.8763 

LM Test for Autocorrelation 

in Regime 1 (x\ l)) 0.2478 

LM Test for Autocorrelation 

in Regime 2 (x\1)) 6.6605 ** 
LM Test for Autocorrelation 

across Re gimes (x\ l )) 6.5647 

LM Test far ARCH 

in Regime 1 (x2( 1)) 3.0239 

LM Test for ARCH 

in Regime 2 (x\1)) 1.3494 

LM Test for ARCH 

across Regimes (x2(1)) 0 .0040 

* * Significant al 1 % 
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Table 4 Estimation of thc joint modcl for dividcnds und stock 
priccs allowing fo1· both intrinsic bubblcs an<l rcgimc-switching 

Allowing for Regimc-Switching in Divi<lcnds 

e -
1 

e 
2 

/4 
1 

/4 
2 

p 

q 

e 
1 

c2 
Á 
Log lik 
ARCH(l) 
ARCH(4) 
AR(l) 
AR(4) 
RMSE 
MAE 

Bubblc No Bubblc 

0.0076 

(0.0054) 
[0.0077] 

0.0384 

(0.0040) 
[0.0086] 

0.1526 

(0.0129) 
[0.0256] 

0 .0636 

(0.0191) 
[0.031 2] 

2.9476 

(0.2994) 
[0.8712] 

2.2506 

(0.3532) 
[0.5522] 

15.0148 

17.9737 

0.9636 
(0.0622) 
[0.091 2] 

0.9823 
(0.0328) 
[0.0520] 

0.1529 

(0.0506) 
[0.0733) 

0.2874 

2.1488 
0.6475 
1.7428 
6.2686 
10.908 
13.628 
46.614 
5.9685 

0.0128 

(0.0179) 
[0.0147) 

0.0651 

(0 .0219) 
[0.0081] 

0.1469 

(0.0123) 
[0.0231] 

0 .0694 

(O.O 172) 
[0.0291] 

3.4156 

(0.1769) 
[0.4191] 

1.9240 

(0.1770) 
[0.9685] 

19.3796 

30.6301 

0.9704 
(0.0566) 
[0.0634] 

0 .9782 
(0.028) 
[0.0515] 

-16.1194 
19 .2565 
19.9846 
30.8599 
33 .0537 
62.9099 
6.89884 

1 

No Rcgimc-Switching 
Two-stcp Joint estimation 

µ o.o 141 

(O.O 101) 

[0.0163] 

a 0.1338 

(O.O 105) 

[0 .0194] 

e 4.0266 

(0.3031) 

[0.5030] 

k 15.3868 
(0.8232) 
c2. 1,n5J 

e 0 . 0339 
(0.0039) 
[0.0131] 

2.78 
-33.5911 
22.2035 
22.3975 
49.2618 
50.6311 
80.9254 
7.72609 

0.0115 

(0.0031) 

[0.0093] 

0.1328 

(O.O 100) 

[0.0163) 

4.0428 

(0.2856) 

[0.5051) 

14.3958 

0.0805 
(0.0012) 
[O. 0611] 

2.5411 
-33.9658 
21.9512 
22.2223 
49.1687 
50.5677 
81.3205 
7.74949 

The values between parentheses are uncorrected std. errors, those in brackets 
•re autoregressive hcteroskedastic ity Andrews' consistent std. errors . . 
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APPENDIX 
In this appendix we describe the filter used in the estimation procedure 

described in section 3. 1. 

The fil ter begins by generating, from the product of (i) the posterior 

probability of the state of the system at time t-1 based on information up to 

time t-1, P(s1-1 IY1-1''"'yo), (ii) the ex ante probability of the state at 

time t conditional on information up to time t-1, P(sls). 
l 1-1 

(Al) P(s ,s I y .... y
0

) = P(s Is ) P(s I y ... . y ) 
l t · I 1-1 1 1-1 t-1 1-1 O 

Marginalizing with respect to s we get. 
1-1 

1 

(A2) P(s I Y 
1 
.... y

0
) = 

1 1· 
' P(s,s IY , ... ,y) L I t-1 H O 

S =O 
1 -1 

The product of this expression and the conditional probability of the 

observations y1 conditional on the state 5i and the past observations, 

P(y Is y y ) gives the J·oint probability of the observations y and the 
l 1' t-1' • ' 0 ' l 

state s , conditional on the observed history of the data. 
l 

(A3) P(y,sly , ... ,y)= P(yls,y , ... ,y).P(sly , .. .. ,y) 
l I t-1 0 1 1 t- I O t t-1 0 

The density of the data y
1 

conditional on the state 5i and the history of the 

system can be written as: 

1 
P(yls,y , .... ,y)= 

l I t-1 0 ( 2 7r )" S 

1 ,l.¡ 
exp ( - (2 e2 

/ ( pr - k - c D )2
) 

S l S s l 
l 1 1 

where y1 is a 2x 1 vector containing L1d and pr ( the price dividend ratio ). 
l l 
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A distinctive feature of this filter is that both the price and the dividend 

equation depend on the state. Also note that k and k satisfy tbe system 
1 2 

described in equation (10), which may easily be solved algebraically. The 

restriction between c 
1 

and c
2 

imposed by the theory can only be sol ved 

numerically. The program calls a subroutine that sol ves numerically equations 

(11) and (12), so each line search is assurcd to satisfy the restrictions 

imposed by the model. 

From this we can write the density of the data, not conditioned on the state 

as 

1 

(A4) P(y I y , .. ,.y ) 
t t-1 O 

\ P(y ,s I y , ... ,y ) 
S
L 1 1 1-1 o 

=O 
t 

and from this we can obtain a posterior for the currerll unobserved state as 

P(y , s I y , ..... y ) 
t I t • l . O (A5) P(s I y ,y , .. ,y

0
) = 

t t t-1 
P(y I y ' ... . y ) 

t t - I O 

The output from (A5) provides the input into the filter for the next period of 

time in equation (A 1). The estimation process uses the likelihood function 

for each observation obtained in (A4) above , to generate a likelihood function 

for the wholc sample, which is maximized with rcspect to p:uametcr values. 

To start the filler, at the beginning of thc sample, we use P(s
0
), which is 

chosen as the equilibrium Markov unconditional probabilities, as a proxy for 

P(s
1
)y

1
_
1
,.,y

0
) which is needed in (Al). 
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The Determination of c/c2 From Equations 11 and 12. 

e /e 
l 2 

r 
e - q 

1 - q 

1 

1 - p 

r 
e - p eq( 11) 

/ µ2 + 2 cr2 
( r - log(p)) 

l 1 

2 cr2 

1 

- µ ± / µ2 + 2 cr2 
( r - log(q)) ¾=-2 ____ 2 ___ 2 _____ _ 

2 ª2 
2 

Figure S. 

eq(12) 
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