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1 Introduction

The problem of economic development has been ansalyzed exiensively, in
many casesg associated to Growth Theory. But. despite the broad and deep
insights of development theorists, no significative formal models have heen
provided. This i8 more remarkable taking into account the rich stock of
growth-theoretic models [1].

The reason for thie lack of symbolic models representing developmental
phenomena can be found in the very nature of the problem. While in
economics growlh can be understand as a process of quantitative change of
variables, development means gualitative change [2],[3]. To precise terms,
we can resort to a series of definitions provided by J.H.Olivera [4]:

Definition 1 o BEconomic growth: a fime dependent expansion of
the socsal oulput

¢ Economic development; increase in the ratio current social output-
potential social output

o Economic evolution: process of cualitative change of the economic
orgenizelion in a soctely

Potential oulpui, as used above, means the productive capability of
a country according its resources and current technology (no technical



progress is introduced here). Two alternative but related definitions can be
given to this concept:

Definition 2 Polential output is:

o the highest outpul that can be oblained with the available resources.

[

o the highesi ontpuil thal can be oblained making full withizatiorn of the
resaurces which the conniry is best endowed with.

The first definition of potential output has a neoclassical flavor, while
the second amounts to considering capital as an internal variable of the
system, with given labor and natural resources. Symbolically, if O, and O,
represent potential cutput and current output respectively. and calling A
the ratio O./0, it follows from

1. 0,1 =0,

that /4

2. Dlogh+ DiogO, = DlogO.

The term of concern here is Diog), the development rate, which depends
on the accumulation of capital and on the improvement of the economic
organization. Lets note thal there are three possible qualitative values
(increase, decrense or steady) that can be given to each variation rate in
equation 2, but DlegO, will usually be assumed as non-negative, discarding
for simplicity cases like wars and natural catastrophes which destroy human
and material capital of a country.

Models of development, which try to provide representations of the be-
havior of A. can be closed or either open, following the Ricardian emphasis
on inlernational irade as a condition for economic growth. Otherwise ,
developmeni problems are usually approached in three different ways: em-
phasizing more on the allocation of resources; considering the dynamics of
greal macroeconomic agreggates or assuming a two sector structure of the
economy. This last case is very frequent in the development literature. An



urban and a rural sector are considered. where the first one shows increasing
returns to scale in production, while the second has decreasing or constant
returns. Development depends then on which sector leads the economy [5].

Lets note that the notions of economic development and evolution, as
given in Definition 1, are not matter of neat distinctions [6]. Moreover, in
what follows both terms will be considered as the same, except for the cases
in which more precision is required. Then, Olivera’s notion of development.
will be applied. In fact. the variation of A obeys, as was said, mainly to
qualitative changes in the economic organization, like Schumpeter’s inno-
vations [7].

The goal of this work i8 to consider a very simple formal model rep-
resenting the behavior of A. 1t departs from considering thai develop-
ment phenomena, as amounting qualitative changes in the structure of an
economy, can be beiter handled in the framework of pattern formation
processes [8]. The growth of condensed-maiter physics, which tries to ex-
plain phenomena of propagation of qualitative changes in disordered media
(e.g.magnetization or percolation) required the adequate models to han-
dle them. In fact, the spin-glasses model. with its capability to represent
features like conflict and cooperation among interactions in & system cat-
alyzed the development of related models. It should be noted that this field
of study has been also called czperimental mathematics. due to the stream
of mathematical insights and conjectures it generaies. Not much has been
proven yet, but it can be said that no pattern formation process seems to
fall out of reach of spin-glaesy models [9].

In the next section the spin-glassy model will be presented and its be-
havior will he considered under different parameter settings. Then, it will
be discussed its relevance as representation of real world development pro-
cesses. Finally, prospecis for further work will be considered.

2 The model

A spin-glasses model consists mainly in a lattice of points, each one associ-
ated to a variable with a restricted (often discrete) range. In each instant
of time the value of any variable becomes determined up from the previous
value of the variable and the value of its neighbors. A perturbation is in-
troduced in the value of certain variables, chosen at random, and the links




among them and their neighbors propagate the perturbation. Depending
on the size of the initial perturbation, the original state of the lattice and
the parameters of the system (e.g. the number and strength of links) the
perturbation will either propagate through the lattice or die off. The differ-
ent kinds of behavior that such a system con show are notoriously similar
to features proper of patiern formation processes. Moreover, no matter
how simple a spin-glassea model, its simulation under different “scenarios”
provides a gallery of pattern structures appliable as stylized representation
of real world structures [10].

The kind of development model to he considered here fits well in the
spin-glasses framework. The stylized facts are the following:

o A lattice of n countries will represent a global or regional econorny.

o Bach country follows a domestic development process leaded by a key
secfor,

e Bach key sector will be associated to a mazimum possible ouwtpul
{(which will be considered as the O, in the second characterization
in Definition 2).

e A variable roughly corresponding to O, will be associated to each
country. Assuming that production fulfills demand perfectly and
without lags, the agreggate demand of the country’s output will be
used here as a representative of O,.

o The links among countries indicate, for a particular country, the de-
gree of participation of all other countries in the demand of its output
( in much cases indicating the importance of the output of a country
as an input for productive processes in another one).

e Time will be considered in discretie instanis,

e The volues of the aggregate demand of each country will obtain
through a simple partial difference equation, indicating the acumula-
tive influence of the development of neighborhood of countries on its
own. This equation shows also the multiplicative effect of changes in
output on the proper ouput of a country.




e The functional form of the beforesaid influence will be considered
piecewise linear {indicating that this influence obeys different rules
according the values of the degree of development of neighbors and
its own).

According to these stylized facts the following definitions try to provide
a formalization for them:

Definition 3 Leta consider a complete bidirected graph on a set C of nodes,
|C'| = n. There will be n(n — 1) links amony different nodes in the graph.
Also there will be considered for cach node a divected link. with the node
being both iis head and tasl, Thcrffore, the total number of divected links in
the graph will be n®. Each node § will be asaociated lo a friple (O' D, )Y
where O' is a conatan'l D' a variable. O;, D' € R, with D < O‘ N o=
D /O' To each directed link in the graph, between nodes 1, j there will be
asdcetated o parameter k;; € [0,1), where i is the source node and j the
cnd node. It will be assumed that L7, kij = 1,Vj € C. This means thal
the matrix |k; ;| will be normalized and asymmetrical. A difference equation
will be staled for each node i:

D't +1) = fi(D'(t) + iy kjiD7(t)) where

0, ifz> 0/ .
fie)=¢ oz ifze [70 o, O/ a

Bz  otheruwise

and o > 1,8 < L,andy € 1.

3 Discussion

With the the stated model at hand, the problem of determining the al-
ternative development patterns requires to follow the evolution of certain
variables when an initial “perturbation™ propagates. The precise statement
of the problem is given in the next definition:

Definition 4 Given the initial data (C, {0}, X¥(0)};, ki jlnsn, @, 8, 7) and
a sct of inttial valucs of the D' variables, {D (0)}, determine for each i the
sef {N()}H, fort>0



This could be done integrating the difference equations for all nodes
in the graph. The goal is to determine the atfraclors, that is the values
to which the variables asyntotically approach in the long term. The in-
terrelation of variables requires, as usual in spin-glasses models, numerical
experimentation to help conjecturing the long term patterns adopted by
the system.

Five different kinds of numerical experiments have been performed on
the model:

1. Having fixed 4 = 0.5, & = 1.1, & = 0.9 and & set of initial values D*(t)
with @ size of one tenth of the corresponding Op, the behavior of the
mean value of A (i.e. Y1 ; A'/n) hes been followed for n = 2...35.

2. With fixed o = 1.1,4 = 0.9, n = 5 and a set of initial data of the
same order of magnitude as above. the behavior of the mean A has
been considered for 4 : 0.2, 0.3, 0.7, 0.8.

3. With fixed v = 05,7 = 0.9,n = 5, and the same initial data, the
behavior of the mean A is followed for o : 1.01, 1.05, 1.2, 1.3.

4, With 4 = 0.5, = 1.1, n = 5, and the same initial data, the behavior
of the mean A has been followed for 7 :0.99, 0.95, 0.8, 0.7.

5 Withy=05,a=1178=09n=35, and varying the initial data as
order of magnitude of D' respect to Oy = 1/100, 1/10, 1 and a mix
of 1/100 and 1, the evolution of A has been followed.

The time considered for each experiment above has been { = 50. Results
are graphically shown in the Appendix. Lets note that numerical experi-
ments have been run on different sets of initial data, different values of |k ;|,
and with more wider ranges of parameters without showing remarkable dif-
ferences with those shown in the Appendix. This means that, although the
quantitative values obtained may differ. the patierns of behavior remain
the same.

It i8 obvious that these numerical experiments are not a substitute of
a rigourous analysis. The range of values considered is very restricted, not
allowing o careless generalization of the observable behaviors. Notwith-
standing, a couple of conjectures can be sinated and discussed, in relation of



known development phenomena, considering, as said above, that the results
of experiments 1...5, shown in here are paradigmatic:

Conjecture 1 11 may erist an “optimum” number of countries, in the
sense of atlatning as ¢ group the marimal possible development. Moreover,
the muliplicalive effect provided by the exiernal economics alenuales wilh
@ greater number of countries, eroding due o the amortiguaiion effect (3 <
1). Besides. if the number of couniries falls short of the “optimum”, the
group atiains also the marimal development buf in a slower feedback process,
being this an inleresting result for the study of cycles. Formally: 3n* € N
such that if n > n* Vid(2) < 1, Vi, or (if with n*, YiXi(t) =1, fort > T)
if n << n* then if there ezisis a T such thel ViX'(t) = 1 for t > T, then
>

Conjecture 2 The value of v doesn’t matier for the degree of development
1o be atlained, and the same is true for the value of a. This seems o mean
that the mubtiplicative cffect and the localization of critical values in the
aggregate demand is not rclated 1o the final degree of development, being
both relevani insiead for the speed of the development process. Formally: if
for m, a1, 3Ty such that ViX'({t) = mez,, ., A" for t > T3, then if for 4y, aa,
3T, such that YiX'(t) & mazy, o, A, fort > To. Ty # To.

Conjecture 3 The value of 3 appears as determinani for the degree of
development to which the group of countries gravitaies. With lesser values
of this perameler, the process notl only seems to slow down, bui 1l also de-
creases showing a rise and then & fall toward a floor degree of development,
This means that the amortiguation effect (as a leakage in the multiplicative
effect) is notoriously pernicious for the development process. Formally: if
B3 € 1 then 3T such that ¥id'(t) < 1 fort > T. Moreover, if 3 = 0 then
ViX(t) — 0 fort>T.

Conjecture 4 If some i € C beging with a high development degree, the
mean development approaches the marimum degree. That ts, if ¢ couniry
in the group is highly developed, il seems that 1is development will propagaie
10 the vesi. Formally: If there is ¢ i € C such that D' = O}, thea ViX' — 1.

It ie also relevant to show the relations of the model with well known
development theories. For instance, a feature of the development process




discussed here is the existence of a “ceiling” value for the development,
showing a strong analogy with the theory of disequilibrated development
(11]. This docirine states that the higher will be the development degree
when the initial perturbation persists. So when higher are the leakages in
the multiplicative effects, more rapidly will the initial disturbance die off,
forcing the system to stay in a less than maximum level of development. An-
other well known development doctrine, Rostow’s theory of self-sustained
take-off([12]) can be tested in our framework showing that it ia not appliable
to countries with a low degree of development.

But more than a testbed for other theories, this model, we hope, will be
the kernel of a formally stated theory of development, emphasizing the non-
Iimnear relations among countries, which lead to the appearance of different
patterns of development. Much work is needed for fulfilling this goal. To
see what items should be included in a tentative list of further work 1o be
done the following are noteworthy:

o To provide proofs (or counterexamples) for the conjectures stated
above.

e To extend the framework, including a set of sectors in each country,
allowing a desaggregaie analysis of development.

e To consider the more realistic situation in which couplings are not
fixed but are variated at random.

e To analyze the appearance of clusters of countries with & similar de-
gree of development.

The results of this research should help to provide useful formalizations
of development processes making this problem more tractable, allowing to
perform reliable policy evaluations.



4 Appendix

¢ Experiment 1 This graph depicts the evolution of the collective

development in function of the number of countries. See Conjecture
1.

¢ Experiment 2 This graph shows the evolution of development vary-
ing the “inferior treshold” parameter 7. See Conjecture 2.

¢ Experiment 3 Thie graph shows the evolution of development vary-
ing the “multiplicative effect” parameter «. See Conjecture 2.

» Experiment 4 This graph depicts the evolution of development. vary-
ing the “amortiguation effect” parameter 3. See Conjecture 3.

¢ Experiment 5 This graph represents the evolution of development
varying the size of initial data {J°(0)};ec. See Conjecture 4.
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