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1 Introduction 

The problem of oconornic development. has been analyz('d extensively, in 
many cases associated to Growth Theory. But. despite the broa.d a.nd deep 
insights of development theoriJ.ts, no signific.ative formal models have he.en 
provided. This is more remarkable t.aking into a..ecount. t.he rkh st.ock oí 
growth-theoretic models [1]. 

Tbe rea.son for this lack of symbolic models representing developmenta.l 
phenomena can be found in t,he very nat.ure of the problem. \Vhile in 
economics 9ro1t•'lh can be understand as a process of quMtitative cha.nge of 
varia.bles, development means qua.litative change [2]![3]. To precise terms, 
we can resort. to a se.ríes of definitions provided by J.H.Olivera [4]: 

Definition 1 o Economic growth: a time dependent e:r.pansio n of 
the social output 

• ~onomic development: in crease in 1he mtfo cmrent social outpui
potentia.l social output 

o Economic evohition: proces9 o/ cualifotave cht1nge of the economic 
organization in a 6ocidJ 

Pot~nt.ial output, as u.sed above! mea.ns t,he produciive capability oí 
a country a.ccording its resources and current technology (no tel'"hnical 



progress is introduced here). Two alternatíve. but related definitions can be 
given to this c.oncept: 

Definition. 2 Potential outpnt is: 

• the highe~t o-siptd tha,t cafl be obta.incd witk d,e av«iltible resource.,, 

or 

• the hightst o-stput that can 6e ohta,ined mding j,,,/1 titsliuiti~• of tle 
reao•rcea wkich the coniitrg i., best eiitlowed witl. 

The first defi.nition of pot.ential ouíput has a neoclassica.l fla.vori while 
the secou.d amounts to cousidering capital as a.n interna.l ,-ariable of the 
system, with given labor a.nd natural resources. Symboli('ally, if Op and Oe 
repregent potentia.l output and current output respecti\rely. and calling ;\ 
the. ratio Oc/Ot> it follo~-s from 

1. OpA =Oc 

that 

2. DlogA + DlogOp --: DlogOc 

The t.erm of concem here is Dlog>.., the development rate, which depends 
on the 8C.cumulation of capital and on the improvement of the economic 
organization. Lets note tha.t there are three possible qua.litative ,,a.Iues 
(increase, decrease or Bte.ady) that can be given to each \'lll'iation rate in 
equa.tion 2: but DlogOe v.-ill usua.lly be assumed as non-negative! d.isca.rdi.ng 
for si.mplic.ity e.ases Iike wars and natural c.atastrophes which des.troy human 
and material capital oí a country. 

Models of development,, which hy to pravide representations oí the be
ha~·ior of A, c.an. be clo!ed or either open, following the Ric.ard.i.an emphasis 
on international ira.de as a rondition íor economic growth. Otherwise , 
de,,elopment problems are usually approached in three different ways: em
phasizing more on the. alloc.ation of resourc.es; considering the dynamic.s of 
great macroeconomic agreggates or a.ssuroiog a two sector strudure af the 
economy. This lasi case is very íreq11ent in t-he de,·elopment liierat,ure. An 
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urban e.nd a rural sect.or are considered. where the ftrst one shows increasing 
returns to scnle in produc.tion, while the second hM decreasing or c.oustant 
retums. Development depends then on which sector leads the economy {5]. 

Lets note that the notions oí e.conomic development and evolution, as 
given in Defi.nitíou 1, are not :tru\tter of ne-at di.e-tÍltc.tionfJ [6]. Moreover, in 
what follows bot.h terma will be considered as the same! except for the cases 
in which more pre<:iBion is required. Then, Olivern's notion of deveJopment. 
will be applied. In fo.et . t,he variation of ,\ obeys, as was said, mainly t-o 
quafüa.tive changes in the economic orga.nization, like Schumpeter's inuo
tiations [7]. 

The goal of t,his work is t,o consider a very simple formal model rep
resent.ing t.he behavior of .t h departs from considering tbat develop
ment pheuomena, as l\ruountiug qualitative chauges in the st.ructure of an 
economy, can be ~tt.er handled in the framework oí pat.t.ern formation 
processes [8]. The growth of condensed-matier physi¿s, which trie.s to ex
plaiu phenomena of propa.ga.tion of qualita.tive cha.nge.s in d.i,,ordered media 
(e.g.magnetization or percolation) required the adequate models to ha.u
dle them. In facti the spin-glassu model. with it.s capabifü.y to represent 
feat.ure..s like conflict a.nd cooperation a.mong .iuternd.ions in a syst.em ca.t
alyze<l the development of relate<l models. It should be note<l that this field 
of study has been ah;o called eiepcrim en tal mathem a ti ca. <lue io tbe stream 
of mathema.tical insights and conjectures it generate.s. Not much has been 
proven yet., but it can be so.id tbat. no pa.ttern formation process seems t.o 
fall out of rel\ch oí 13pi.u-gla.e-By models [9]. 

In the nen section the spin-glassy model will be presentecl and its be
ha.vior will be considered w1der different pararueter settings. Then, ít will 
be disc-ussed its relevance as representa.tion of real world development pto
cesses. Finallyi prospecls íor furt.her work will be considered. 

2 The model 

A spin-glasses model consista mainly in a latti.ce of point.s, eacb one associ
ated io a variable with a. restrict.ed ( often discrete) ro.nge. In each insta.nt 
of time the value oí any variable becomes det.erm.ined up from the previous 
value of the variable and the value o{ iis neighbors. A perlurbation is in
troduced in the vnlue oí <'.ert.e.iu variables. chosen at random, and the links 
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among them a.nd t.heir neighbors prope.ga.1e the perturba.tion. Depending 
on the size of the initial perturba.tion, the original state of the lattic.e and 
t,he para.meters of the syst.em (e.g. the number and strength of links) the 
pe.rturbat.ion will either propa.gate through the le.ttice or die off. The di.ffer
ent kinds o{ behavior that such a system ca.n show are not-0riowly similar 
io fea.tures proper of patiern formation processes. i\foreover, no ma.tter 
how simple a spÍ.lt-glasses model, its simulation under different ccscenarios'1 

provides a. gallery o{ pat.tern structures appliable as stylize<l representation 
of real world struciures (10]. 

The kind of development mode.l to be c.mwidered he.re fits weU in the. 
spin-glasses fra.mework. The stylized íads nre t.he following: 

o A la.t.tice oí n countries will represent a. global or regional economy. 

• Each country follows a <lomest,k <levelopment process leaded by a kcy 
sector. 

o Each key sector will be associated to a ma:rimum po$siblc output 
(which will be considered as ihe O.p in ihe second characteriza.tion 
in Definition 2). 

• A varia.ble roughly corresponding t.o O,: will be a.ssocia.ted to ea.eh 
country. Assuming that produd ion fulfills demaud perfedly and 
wit.hout lags, t.he a.greggat.e demand of t.he countryis out.put. will be 
UBed here as a represeniat,ive o{ Oc. 

• The links among coun1ries indicat.e, for a pnrt.iculM country. the de
gree of part.icipation of ali other countries in the demand of iis out.pu t. 
( in much cases indic.ating the importance of the output oí a c.ountry 
ae. a.n input for productive proce-8SeS in another one). 

• Time wiU be considere<l in discrete inst.ants. 

o The values oí the aggregate demand oí each country will obtain 
through a simple partial difference equation, indicating the acumula
t.ive influence of the development of neighborhood oí countries on it,s 
own. This equat.ion shows also the multiplica.t.ive effect of changes in 
output on the proper ouput of a couniry. 



o The funct-ional form of t-he beforesaid influence will be considered 
piecewíee linear (indicating tha.t thi.s influence obe~·s different rnle.s 
according t.he values of t.he degree of development. oí neighbors and 
its. own). 

According t.o these stylized fact.s the following definit.ions t.ry t-0 provide 
a formo.líza.tion for t hem: 

Definition 3 Lets consider a complete bidirected gmph. on. a set C of nodes, 
ICI = n. There. will be n(n - 1) links among different nodes in the 91·aph. 
Also there will be co11.side1·ed for each node a direct'ed link. 1vith the node 
bcing both i1s htad a.nd tail. Thcnfort, thc total n-umbcr of dirtcted linka in 
the gmph will be n::i. Each no4e i will be associated to a fripl~ (O~. Di, ).i) 

wherc_ O~ ia a co11ata11t, D• a va,·iablc. O~, Di E R+, with D• ~ O~, ,\; = 
D' /O~ . To ea.ch directed link in the gmph, bt:tween nodes i, j there will be 
associated a param.eter ~J E {O, 11, whe.re i is the. so1,rce node. and j tlu. 
cnd nodc. lt wi/1 bt assumcd that Li=l k;J = 1, Vj E C. Thia metrns 1ha1 
the ma.trir. jk¡JI will be nol'malized and a.symmefrical. A diffel'en.ce equation 
t11ill be slated /01· each node. i: 
D'(t + 1) = /i(D,(t) + Lj=l kjJDi(t)) where 

if z ~ O!/ rt 
if ~ E ['YO~/o, O~/o] 
othcrwiac 

anda> 1, /3 < 1, and ... , ~ 1. 

3 Discussion 

\Vit.h t.he 1he siated model at. hand, t.he problem of det.ermining t,he al
ternative development pattems requires to follow the evolution of c.ertain 
variables wh_en an initial "perturbation)) propagates. The precise statement 
of t.he problém is given in t,he next <lefinition: 

Deftnition 4 Gitien the initi~I data ( C', { o;,, ,\•(O)};, lki,;ln)(n, a·, 19, -y) and 
a sd ofinitictlvalttca ofthe D' varia~fos, {D'(O)}, determinefor each i the 
~et {-Xi(t)H=1 fo,· t > o 



This could be done integrating the diff erence equations for all nodes 
in the graph. The goal ÍB to determine the attractors, that ÍB the values 
to which the varia.bles asyniot,ical.ly approach in the long term. The in
t,errelation of variables requires1 as usual in spin-glasses rnodels, nuroerical 
experímentation to help coujecturing t be long term patterns adopted by 
the system. 

Five different kinds of numerical experimenta have been perfonne<l on 
the model: 

l. Having fixed ,· = 0.5, a· = 1.1, .8 = 0.9 anda set of initial values Di(t) 
v,;t.h a size oí one t~nt,h oí the correapon<ling Op, the behavior oí the 
mean va.lue of ,\ (i.e. Er=l ,\Í /n) has been followed for n = 2 ... 5. 

2. \Vit.h fixed a = 1.1, /3 = 0.9. n = 5 and a set of initial da.ta of the 
same order of magnitude as above. the behavior of the mean ). has 
been considered far 'Y: 0.2, 0.3, 0.7, 0.8. 

3. \Vith fixed r = 0.5, /3 = 0.9, n = 5, and the sa.me initial dtüa, the 
behavior of ihe mean ). is followed for o : 1.01, 1.05. 1.2. 1.3. 

-t \Vith .. , = 0.5, a = 1.1, n = 5, an<l the same initinl <lata, the behavior 
of the mean,\ has been followed for .8: 0.90, 0.05. 0.8, 0.7. 

5. \Vith "'t = 0.51 o = 1.11 .0 = 0.9, n = 5, and varying the init.ia.l data as 
order of magnitnde of Di respeci t.o O~ = 1/100. 1/10. 1 and a mix 
of 1/100 a.ud 1, the evolutiou of ,\ hM been followed. 

The t,ime considered for each experiment, a.hove has been t = 50. Result,s 
are graphica.lly shown in the Appendix. Lets note ihat numericaJ e."<peri
ments ha.ve been run on different sets of initial data, different va.lues of lk¡,;I, 
a.nd with more wider muges of parameters without show.ing remarka.ble dif
ferences •1;it.h those shown in the Appendix. This mea.ns that, aJt.hough tbe 
quaniitaii\'e value,.s obia.ine-.d ma.y differ. the patt.erns of beha\'Íor remain 
the same. 

It. is obvioue that these numerical experiment.s are not a subst.itute oí 
a rigourous analysis. The ra.nge of values considered is very resiricied, noi 
allowing a careless generalizat.ion of the observable behaviors. Notv..-ith
st.anding, a. couple oí conject.ures can be stated a.nd discussed, in relation oí 
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knov.-n development. phenomena! considering, as said aboYe, ibat t-he result.s 
of experiments 1 ... 5, shown in here are 1::iara.d.igmatic: 

Conjecture 1 Jt ma1 e,úst an .:.optimum" n1imber of countries, in the 
se11.te of aHaining a1 a group the 111a;r.imal pos1ible de.t•elopment. More.ot>er, 
thc multiplica-frr:e cfJed pro-vided by thc e:rterna.l economica atenuatu with 
a g1-ealer 1utmbe.1· of co1u1.tries, eroding due. to th.e. amortig·Htion e.ffect (fJ < 
1). Buide.,, ,f the number of countrie., falla short of the "optimv.m~•, the 
grou.p attain.s also th.e ma.r.imal developm.ent but in a slo,cer feedback process. 
bcing thia an intereating result for the study of cycles. Formally: 3n• E N 
.uich that ifn > n*.'vi.\i(t) < 1, 'vt . or (if tt•ith n ... Vi,\i(t) = 1, fort > I') 
if n << n* then if the.,·e e:züta a T such that Vi.\•(t) = 1 /01· t > T, the.n. 
T>T". 

Conjecture 2 Th.e value of •-¡ doe11n:t matter for the degree o/ de-relopmrnl 
to be. attained, t1tnd ti.e um.e is true. for the value. of a:. Th.ia se.ems to mean 
that the m·ttltiplicative cffect and the localization of critica/ val-aea in the 
aggrcgatc dema.nd i3 not rclattd to the final degrcc of development, bcing 
both relevant instead for the speed of the development proceu. Formally: if 
/01· --y-11 a-1 , 3T1 1uclt th.at v'iAi(t) ~ maz.'1-.,tt1Ai Jor t > T1 , the.11. if Jo1· ~f2 , a2, 
3T2 s1tch that 'v'i,,\Í(t) -~ maz...,,,a,Ai, for t > T2, Ti#= T2, 

Conjecture 3 The t•alue of B appears as deternuna.n.t for the degree o/ 
de.ve.lopm.e.nt to tt•Aich. t/1.e. group of cottnfries gra~•itates . . With. lesur t>alue.a 
of this parametcr, thc procesa not only seem., fo slow down, but it also de
creaacs showing a. rúe a1Hl then a. fall toward a floor degrce of development. 
Thi., means that the amortigutdion effect (as a ltatage i1• the multiplicative 
e.ffect) ia 11.otorio11.sl-y pe.rn.icious for th.e det'e.lopme.n.t process. Formfllly: if 
¡j <t: 1 th.en 3T 3·Ncll that 'v'i,\i(t) < 1 /or t > T. ;.\f ore.ot>er, íf /3 ~ O the.n. 
Vi~i(t) -;. O for t > T. 

Conjecture 4 J/ some i E C begi,is with a high devtlopment degree, the 
m.e.an det•e.lopme.11-t app1·oach.es th.e m.aúmum. de.g,·ee. That is, if a counfry 
in the group is highlg det!eloped, it seems that it11 development will propa.gate 
to the 1·est. Form.oll!J-: lf there. is a i E C 1ticli. th.at Di ~ O!, th.e.n VÍA¡ -+ 1. 

It- is also relevant t.o show the reh,.t.ions of t.he model with well kno-v.-n 
development iheories. For insta.nce, a feaiu.re of ihe development process 



discusse<l here is t.he eristence of a !
1ceiling)' value for the <levelopment, 

shO\v-Íng a strong nnalogy with the t heory of diseqiúlib,·ate.d de·uelopment 
{11] . This doctrine states thnt the higher will be t.he development. degree 
when the inítiaJ perturbation persists. So when higher are the leakages in 
t.he multiplicat.ive effects, more rapidly will t,he initial dist,urba.nce die off, 
forcing t.he system to stay in a less than maximum level of development. An
other well kitow1.t development doc.trinei Rostow'e. theory of se.lf-s11stained 
take-off([12]) can be tested in our fremework i.:thowing that it ie. not appliuble 
to countries with a low degree oí <levelopment. 

But, more thau a test.be.d for other theorie.s, this model, we hope, will be 
t.he kernel of a. íormally stated t.heory of development,, emphasizing t.he non
linear relations among countries. which lead to the appeara.nce of different, 
patterns oí development. Much work is needed for fulfilling this goal. To 
see what. it.ems should be included in a tentative list. oí further work to be 
done the following are noteworthy: 

• To provide proofu ( or cmm terexnmples) for the conjecturee. rüated 
o.bove. 

• To ext.end t,he framework. inclu<ling a set of $ectora in each country, 
allowing a desa.ggregate analysis of development. 

• Tb consider the more reali.stic Bituat.ion in which couplings are not. 
fixed but are variated at ro.ndom. 

• Tb ano.lyze t.he a.ppearance of clusiers oí countries wit.h a similar <le--
gree of development. 

The resuhs of t,his research should help t.o pro.,,;de useful formalizations 
of de.velopment proc.esRes making this problem more tradable, allowiug to 
períorm reliable policy evnluations. 
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4 Appendix 

• Experiment 1 This graph depict.s t.he evolut.ion of the collective 
development íu fundion of the numher of countries. See Conjecture 
l. 

• Experiment 2 This gra.ph shows t.he evolution of development. \WY

ing the "inferior treshold" para.meter ¡. See Conjecture 2. 

• Experiment 3 This graph shows t.he evo]ution of development. \'8J'Y
ing the "multiplica.tive effect" para.meter o. See Conjecture 2. 

• Experiment 4 This graph depict.s the evolut.ion of development. va.ry
ing the "a.mortigua.tion effect" para.meter /1. See Conjecture 3. 

• Experiment 5 This graph represent.s t.he evolution of development 
varying the size of initia.l da.ta. {D'(OJ}.ec- Se.e Conjecture 4. 
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