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Metric geometry of partial isometries in a finite von Neumann algebra*

Esteban Andruchow

Instituto de Ciencias, Univ. Nac. de Gral. Sarmiento, Argentina

Abstract

We study the geometry of the set
I, ={veM:v'v=p}

of partial isometries of a finite von Neumann algebra M, with initial space p (p is a projection of
the algebra). This set is a C*° submanifold of M in the norm topology of M. However, we sudy
it in the strong operator topology, in which it has not a smooth structure. This topology allows
for the introduction of inner products on the tangent spaces by means of a fixed trace 7 in M.
The quadratic norms define not a Hilbert-Riemann metric, for they are not complete. Nevertheless
certain facts can be established: a restricted result on minimality of geodesics of the Levi-Civita
connection, and uniqueness of these as the only possible minimal curves. We prove also that (Z,, d,)
is a complete metric space, where d, is the geodesic distance of the manifold (or the metric given
by the infima of lengths of piecewise smooth curves).

Keywords: partial isometries, projections, geodesics, finite von Neumann algebras.

1 Introduction

Let M be a finite von Neumann algebra with fixed trace 7, and let p € M be a projection. Consider
the set
I, ={ve M:v'v=p}

of partial isometries in M with initial space p. This set is a C°° differentiable submanifold of M in
the norm topology, and a homogeneous space of the unitary group Uys of M, via the action

u-v=uw, velUy, veETI,.

This action is locally transitive: if v,vg € Z,, with |ju —wvg|| < 1/2, then there exists a unitary valued
C*™ map w = w(v,vp) such that wvy = v (see [10], [3] and [2] for an account of these facts). In
the case of a general von Neumann algebra the action is not transitive. For instance, in the space
of isometries (initial space equal to 1) in the algebra B(H) of all bounded operators in a (infinite
dimensional) Hilbert space H, the action preserves the Fredholm index, so it cannot be transitive.
However, when M is finite, it is transitive. Indeed, considering the right pMp-Hilbert C*-module
pM with the inner product < z,y >= z*y, the space Z, is what in [4] was called the unit sphere
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of the module (i.e. the set of elements = such that < z,z >= p, the unit of pMp). In that paper
it was proved that the unit sphere is connected when the algebra is finite, and therefore the action
is transitive.

Although 7, has a smooth structure only in the norm topology, we shall be mainly concerned
with the strong operator topology in Z,. We introduce a metric in the tangent spaces of 7, the
inner products defined are computed by means of the action of Uy, and in terms of the trace 7 of
M. The quadratic norms in the tangent spaces (which are real linear subspaces of M) are equivalent
to the 2-norm of 7. Therefore the Riemannian metric is not complete, the tangent spaces are only
pre-Hilbert spaces, and this setting differs from the clasical Riemann-Hilbert theory of manifolds.
In fact the set 7, is not even a manifold in the strong operator topology. Nevertheless we proceed
with the geometric study of 7,, with ad-hoc as well as classical tools. Our main interest is the
metric space (Z,,d,), where d; is the metric given by the infima of the lengths of curves joining
two given points in Z,, measured with the Riemannian metric.

In section 2 we introduce the metric and compute its Levi-Civita connection. This connection
was previously studied in the general setting of homogenous reductive space [11], where it was
labeled the classifying connection of the homogeneous space. There the geodescis of this connection
were computed. Also in section 2 we transcribe previous results [1], [5], [6] on the geometric
structure of the unitary group in the strong operator toplogy. Our results on minimality of geodesics
of the connection rely on these results, particularly on the convexity properties obtained in [6]. We
prove that there exists a radius R > 0 such that for any v € Z,, the ball (in the usual norm || || of M)
Ey(R) centered at v has the following property: for any v’ € £,(R) there exists a geodesic joining
v and v’, which is shorter than any other piecewise smooth curve v(t) inside &,(R) joining the
same endpoints. Note that this result falls short from saying that &,(R) is a normal neighbourhood
of v in two aspects: first, &,(R) is not open in the strong operator topology, second, the geodesic
is minimal only among curves inside &,(R). Could there be a shorter curve wandering outside
E,(R)? We do not know the answer to this question. Since Z,, is far from being a Riemann-Hilbert
manifold, weaker results than in the classical setting are to be expected. Concerning minimality,
we show that if a piecewise curve is minimal, then it must be a geodesic of the linear connection.
Another question of which we do not know the answer: does there always exist a minimal curve
between two points? In section 3 we prove that (Z,,d,) is a complete metric space.

In Z,, the strong operator topology is metrizable by the 2-norm given by the trace. This fact is
certainly known, let us finish this introduction by giving a proof of it. Recall that

2 = 7(a*2)!/2.

The usual norm of M will be denoted by || |.

Lemma 1.1 The 2-norm | |2 metrizes the strong operator topology in Z,. The metric space
(Zp, || ll2) s complete.

Proof. Let H = L?(M, 7) be the Hilbert space obtained by completion of (M, || ||2), and suppose
M represented in H (by left multiplication). The elements 2z € M when regarded as vectors in H
will be denoted &,, and as operators in H they will be denoted by [,. Note that the commutant
of M in this representation consists of right multiplication operators r,, for x € M: r, is the
completion of ry§, = &y,. Suppose that v,, — v strongly in Z,,. Note that

[0 = vll3 = 7((v = )" (00 = v)) = 27(p) — T(v0) = T(v"vy).

Then 7(viv) =< &, 1y, &1 >—< &, 1,6 >= 7(v*v) = 7(p) and 7(v*v,) = T(viv) — 7(p), so
that ||v, — v|l2 — 0. Conversely, suppose that ||v, — v|la — 0. Clearly this can be read as
1y, &1 — L&l — 0.

lvnrzgl = Txlvngl - rzlvgl = lvrng



The linear subspace {r;&; : @ € M} is dense in H (&; is cyclic a separating for M), therefore
ly, & — 1,€ for all £ € H, because the sequence v,, is bounded in norm. Let us show now that
(Zp, || |l2) is complete. Let v, be a Cauchy sequence in Z,, for the 2-norm. Then there exists { € H
such that &,, — &. every element £ € H defines a possibly unbounded operator /¢ on H, whose
domain includes {&, : © € M}: 1€, = r,€. Then for all x € M,

lvngx = T'a:gvn - rzgv = lﬁfx (11)

Since v,, are partial isometries with initial space p, this imples that

Hlpg:vH = ||lvn§pr - ||l€§pa:H = Hlflpga:H~

It follows that l¢ acts isometricaly in {y, : € M} which is a dense linear subspace in the range
of I,. Analogously it can be proved that it acts trivially in {{_p), : # € M}, which is dense in the
range of I —1,. Thus l¢ =, is a partial isometry with initial space p, and (1.1) above implies that
vy, — v strongly. O

2 The metric induced by the reductive structure
Denote by V,, the isotropy group of the action, i.e. the subgroup of unitaries which fix v:
Vo ={w e Upy : wv = v},
and denote by V), its Banach-Lie algebra, which consists of
Vo ={x € Myp : xv =0},

Here M, denotes the real Banach space of antihermitic elements of M, which identifies with the
Lie algebra of Uy;. Denote by
L,:Uy — Iy, Ly(u)=w

which is a submersion, and let
by =d(Ly)1 : Map, — (TZp)y, Lo(z) = 20.

Note that the range of ¢, is (TZ,), = {xv : * = —z} and its kernel is V,,.
There is a natural reductive structure for this homogeneous space ([8] [13]): a smooth distribu-
tion of horizontal spaces {H, : v € Z,} which are supplements for V,, v € Z,:

HU S5) Vv - Mah7
which are invariant under the inner action of V,:
wHow* =H, , weV,.

Let us choose these supplements H,. Denote by p¥ = vv* the final projection of v. An antihermitic
element x € V, satisfies xv = 0 or equivalently zp” = 0, and therefore if one represents it as a 2 x 2
matrix (in terms of p¥), it is of the form

0 0

0 i)



with ¢ anti-hermitic. A natural supplement for V,,, which is apparently T-orthogonal to V), is the
space H, which consists of antihermitic elements of M whose matrices, in terms of p¥, are of the

form
211 212
—27i5 0 ’
Hy={zeM:z"=—z (1-p")z(1—-p") =0}

We introduce an incomplete Riemannian metric in Z, by means of the trace 7, and compute
its Levi-Civita connection. The relevant data which encode all the information of the reductive
strucuture are the coordinate maps

That is

Koyt (TZp)y — Ho,
which are the inverses of the isomorphisms
Cylr, - Hy = (TZp),.
Explicitely:
Ky() = 20" — va*™ — pYav®.

Consider in (TZ,), the inner product which makes the map x, an isometry, when H, C M, is
considered with the trace inner product:

<2,y >o=T(Ko(y) " ko(z)) , 2,y € (TLp)w. (2.2)

Therefore
zllo = [|£o(@)]]2-

These norms can be computed explicitely, and they equal (after routine calculations, which involve
the identities zp = = and z*v + v*z = 0 valid for z € (T'Z,),):

lzll; = 27(z*x) — 7(p°xz*p?). (2.3)

Note that this metric in (7'Z,), is equivalent to the trace inner product metric, though we claim
that it is geometricaly more relevant to the homogeneous structure. Indeed

2[5 = 7(z*2) + (r(za”) — 7(p*az”p")) = T(¢"z) + (" (1 — p")2).
Therefore ||z||, = ||(2 — p¥)'/%x||2, and thus
lzll2 < lzllo < V2]2]l2. (2.4)

In [11], Mata and Recht introduced the classifying connection of a homogeneous reductive space.
One of the main properties of this connection is that it has trivial torsion. The geodesics of this
connection are computed explicitely in [11] . The unique curve  in Z, with §(0) = vo and 6(0) = zv
is given by

5(t) = et @y,

Denote by P, the map
Py Map — Map, Py, = ky0ly.

Note that P, takes values in H,, and since ¢, o k, restricted to (I'Z,), is the identity map, P, is
an idempotent. Explicitely

P,(z) = zp’ — p’z* — p’xp’ = 2ap® — p’ap”’.



This idempotent P, is in fact the orthogonal projection onto H,, with respect to the trace inner
product: if x,y € Mgp,

T(y* Py(v)) = 7(y*2xp" — y*p"ap”) = —7((2p"y — p"yp")x) = 7(Pp(y) ).

The classifying connection V¢ is given as follows. Suppose that x,y are tangent vector fields in
Z,, then V§(y) is characterized by the value x,(V5(y)) at each point v:

ro(Vi(y)) = Po(z(y)), (2.5)

where z(y) denotes the derivative of y along x.

We shall prove next that this connection is the Levi-Civita connection of the metric (2.2)
introduced above. By this we mean, that it is symmetric (torsion free) and compatible with the
metric.

Lemma 2.1 The classifying connection V¢ is the Levi-Civita connection of the metric < , >, in
Z,.

Proof It was proven in [11] that it is symmetric, let us show that it is compatible with the metric.
Let z(t), y(t) be two tangent fields along the curve v(t) in Z,,. Then

C
< =y 0= T ) Pl (0)).
Note that since P, is orthogonal with respect to the trace inner product, and projects onto H,,, it
follows that

(ki (y) P (5 (2))) = T(ku(y) K (7)),

and accordingly for the term < z, DTCty >,. Then
‘x D¢ . . .
<y S < = () (@) F (R (5) R (2)
d

= ) ) = (< )

3 Minimality of geodesics
If v is a smooth curve in Z, with v(0) = v, there is a unique smooth curve v in Uy with the
following properties

1. The curve v lifts v: v(t)v = v(t).

2. v(0) = 1.

3. vy € H,.

This curve + is usually called the horizontal lifting of v, and is also characterized as the unique
solution of the following linear differential equation

{19 257 (36)

These are standard facts from the theory of homogeneous reductive spaces [11].



We shall need the following facts concerning the geometric structure of the unitary group Uy,
which we take from [1] and [6]. The first states that if we measure the length of a smooth curve
~(t), t € [a,b], of unitaries using the || ||2 induced by T, i.e.

b
La(y) = / 4 (8 ladt,

then the curves of the form §(t) = ue®, with # € M,;, have minimal length along their paths for
t € [0,1], provided that ||z|| < 7. If ||z|| < 7, the geodesic § is unique having this property. Note
the fact that the condition is given on the operator norm of x, but the length is measured in the
2-norm. These norms are not equivalent, so this result is a weak form of a Hopf-Rinow theorem.
We remark Uy is not a Hilbert-Riemann manifold with the trace inner product. See [1] for the
details.

A straightforward consequence of the definition of the metric in Z, is that the length of a curve
v in Z,, coincides with the length of its horizontal lifting . Indeed,

1 1 1 1
La(v) = / o dt = / 50 (5) adt = / 147" ladt = / 4 l2dt = L ().

Thus we shall use the metric structure of the unitary group with the trace metric.

The next results on the metric geometry of Uj; concern a variation formula for the energy
functional and the local convexity property of the geodesic distance (i.e. the distance given by
the minima of lengths of curves joining two given unitaries, which by the above cited result, are
achieved by one parameter groups of unitaries). These facts were proved in [6].

In Theorem 2.1 of [6] it was shown that if F» denotes the energy functional

1 1
Fa) = [ ilBdt = | o3y,
0 0
for v a piecewise smooth curve in Uy, and ~s(t) is a smooth variation of =, i.e.

78(2‘:) EUM,SE(—T,T), te [031] y Y0 =7,

then the first variation of the energy functional is

1d A 1C 4

32520l = o) (55— [ (G ool (37)
where y -

z5(t) = 7s(t) a%(t) and y(t) = vs(t) E’YS (t).

The other result in [6] needed here, is the following lemma. Here dj denotes the geodesic distance
induced by the k-norm.

Lemma 3.1 (Theorem 4.5 of [5]) Let ug, u1, us € Upr, such that |lu; — ujl| < /2 —+2=r. Let
5(t) = ure?* be the minimal geodesic joining uy and uz. Then f(s) = di(ug,d(s))¥ is a convex
function (s € [0,1]), for k an even integer.

We shall use this result for the case &k = 2.
Let us return now to Z,,.



Remark 3.2 By virtue of the inverse function theorem, the exponential map
expy : Hy — I,

is a local diffeomorphism near the origin. For r > 0, denote by B, the ball of radius r centered
at the origin in H,. Therefore there exists a number Ry such that €, = exp,(Br,) is an open
neighbourhood of v in I, (in the norm topology) and

exp, : Br, — &,

is a diffeomorphism. In particular, for any element vy € &,, there exists a unique geodesic § of I,
inside &, with 6(0) = v and 6(1) = v1. Namely, vi = exp,(z), for z € Br,, and §(t) = exp,(t*) =
etv.

In [2] a lower bound for Ry was given: Ry > 0.0034. In what follows we assume that Ry <

V2 — /2.

For any r < Ry, let us denote by &,(r) = exp,(B,), which is also an open neighbourhood of v € Z,,.
Let us denote by L., the length of curves, either of unitaries or partial isometries, measured
with the operator norm || ||: if «(t), t € [a,b], is a curve (in Ups or Zp,)

b
Lot = [l
Lemma 3.3 Let v(t), t € [0,1] be a smooth curve in I,, and let «y be its horizontal lifting. Then

Loo(v) < V2 Loo(v).
Proof. Note that

Lool) = / 4t = / 5 ().

Thus it suffices to show that for any tangent vector @ € (TZ,)v, ||fv(z)|| < v2||z|. Recall that
Ky(x) = 2v* —vz* — pPav* = (1 — p¥)av* — vz*. Since pv is the range projection of v, it follows
that the operators (1 — p¥)zv* and va* have orthogonal ranges. Then, if £ is a unit vector in any
representation of M,

ko (@)€]I* = [I(1 = p)zv™E|I* + [loa*e||?

so that
[0 (@)1 < (1(1 = p*)zv*|* + [loz*]|* < 2|l

O

Lemma 3.4 Let v(t) , t € [0,1] be a smooth curve in I, joining v and e*v, z* = —z. Suppose that
|z < Ro/2 and Lso(v) < Ro/2V/2. Denote by ~ the horizontal lifting of v. Then 1, e* and ~(1)

lie at (norm) distance less than /2 — /2.

Proof. First note that from the assumption on the size of Ry, clearly ||z|| < 7/4, and therefore

1 —e*|| = /2 —2cos(||z]) < V2 — V2.

Also it is clear that Loo(y) < v2Loo(v) < Ro/2. Let dy denote the geodesic distance in Ups given
by the usual norm. It follows that deo(1,7v(1)) < Ro/2. Therefore (1) = e¥, with y* = —y and
llyll < Ro/2. Then, similarly as above,

L= = 1= el = V2= Zeos(lyl) < y/2— V2.
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Finally
doo(7(1), €7) < doo(¥(1),1) + doo(1,€) < [yl + [2]| < Ro,

Then there exists w € My, ||lw| < Ro < 7/4 such that v(1) = e*e*, and then again

I9(1) — el = 11 — ]| < /2 V2.
O

The next result states that among curves in Z,, which are sufficiently short for the L, functional,
the geodesics have minimal Lo length.

Lemma 3.5 Let v be a smooth curve in I, such that Lo (v) < Ro/2v2. Then there exists a
geodesic § with the same endpoints as v, such that

L2<(5) S LQ(V).

Proof. Put v = v(0). Note that L..(r) < Rg/2v2 implies in particular that v(1) € &,(Ry/2),
and therefore there exists z € H,, with ||z|| < Ro/2 such that exp,(z) = e*v = v(1). Let v be the
horizontal lifting of v. By the lemma above, the unitaries (1), ¢* and 1 differ in norm less than

V2 — /2. Let u(s) = e*e®¥ be the minimal geodesic (for the || ||o metric ) of Ups joining 1(0) =
and (1) = e*e? = v(1) (note that indeed ||y|| < 7).
Consider the map

f(s) = da(1, p(5))%, s €10,1].
By (3.1), f(s) is convex. We claim that f/(0) = 0, so that f has an absolute minimum at s = 0.
Indeed, note that

lu(s) = Ul =11 = e[ < 11— e¥]| = [le* = y(1)l| < Y2 - V2 < 2.

Therefore the antihermitic logarithm
log: {ueUp:|lu—1|| <2} = {z € My, : ||z| < 7}

is well defined and smooth. Let e,(t) = e/1°9(#(s)) Note that €,(t) is a smooth variation of ¢y = e'*.
Also note that at each s it consists of minimizing geodesics, because |[log(u(s))|| < w. Then

F(s) = La(vs)* = lllog(p())l3 = Fa(es).

Then f'(0) can be computed using the first variation formula (3.7). In our case

d
7o = € res(t) = log ()
is independent of ¢, and therefore (3.7) reduces to

£1(0) = 2{7(250(1)) — 7(230(0))}-

Note that (1) and e* verify that v(1)v = e*v = v(1), i.e. e *v(1) € V,,. Also note that V,, C Uy, is
geodesically convex: the minimal geodesic joining 1 and e~*~(1), namely e%?, lies in V,,. Therefore
Yy EV,.

At t = 0, €5(0) = 1 for all s, therefore ys(0) = 0, and in then 7(2y0(0)) = 0. At ¢t = 1,
4(1) = u(s), so that y,(1) = *(s)i(s) and yio(1) = y. Then

T(zyo(1)) = 7(2y) =0



because z € H, and y € V, are T-orthogonal subspaces.
Thus f(0) < f(1), and therefore

La(€o) = dg(1,€7) < dg(1,7(1)) = La(7) :
Since €y and « are the horizontal liftings of § and v, respectively, we have that
Ly(8) < La(v).
O

We call a piecewise smooth curve a geodesic poligonal if it is a continuous path in Z,, and
consists of geodesic paths glued together. The next result states that given any piecewise smooth
curve, there is a geodesic poligonal joining the same endpoints which is shorter than the original
curve.

Proposition 3.6 Let v(t)

, t €[0,1] be a piecewise smooth curve, then there is a geodesic poligonal
p such that p(0) = v(0), p(1) =

v(1) and
La(p) < La(v).

Proof. Clearly it suffices to consider the case when v is smooth. Then there exists a partition
to=0<t; <...<ty,+1 of the unit interval such that for alli = 1,...,n, ||[v(t;) —v(ti—1)|| < Ro/2.
Thus each curve V‘[ti—l,ti} satisfies the hipothesis of the preceding lemma, therefore there exists a
geodesic p; with the same endpoints as vy, , ;] with

La(pi) < La(Vit,_, 1))

Clearly the curve p which consists of gluing together the paths p; is a continuous poligonal which
is shorter then v. O

Theorem 3.7 Given any point v' € E,(Ro/4V/2), there exists a unique geodesic §(t) = e**v with
5(1) = e*v = v’ which is shorter than any other piecewise smooth curve v C E,(ro/4V/2) joining v
and v'.

Proof. Clearly, by remark (3.2), there exists z € H, such that e*v = v'. As in the proof of the
preceeding proposition, we may obtain a geodesic poligonal with vertices vg = v,vq,...,v, = v’
in &€,(Ro/4v/?2), with edges of Lo.-length less than Ry/4+/2, which is shorter than v for the Lo
functional. Let us denote by ¢; the edges of this poligonal (joining v;—; and v;), and by €;#€;11
the path formed by adjoining two consecutive edges. Note that

Lw(€1#62> < LOO(Gl) + Loo(eg) < Ro/?\/i.

Therefore, by lemma (3.5), the geodesic poligonal which consits of replacing e;#¢e5 by the minimal
geodesic €] joining vy and vy in the original poligonal, is shorter than this poligonal for the Lo
functional. Note that the new edge €} lies inside &,(Ro/4v/2). Proceeding inductively, one arrives
at the desired result. O

We say that a curve v(t), t € [0,1], is minimal along its path if for any 0 < ¢y < ¢; < 1, the
curve |y, ;1 has minimal length among all curves in Z, joining v(t) and v(t;). Note that we have
proved that the geodesics of the connection that are miniaml, are in fact minimal along their paths.

Next let us show that the geodesics of the connection are the only possible curves which have
minimal length.



Theorem 3.8 Suppose that v is a piecewise smooth curve which has minimal Lao-length along
smooth curves in I, joining the same endpoints. Then v is a geodesic of the linear connection.

Proof. By the previous proposition, there exists a geodesic poligonal € with edges ¢;, i = 1,...,n,
which is not longer than v. Then € is also minimal. Moreover, by construction, the elements
to,t1, ..., tn of the partition provide points v(¢;) which lie both in v and e. We claim that € is
smooth, i.e. a geodesic. This proves our result, since the partition can be arbitrarily refined to
contain as many (finite) points in common between v and €, and the smoothness of € proves that
all these polygonals are in fact the same geodesic, and coincides with v.

We assumme that € is not smooth to arrive to a contradiction. Namely, suppose that there are
points v; ocurring at instants ¢; of the poligonal e where ¢(¢;) # é(t;7). The edges €; and €;41 of ¢
at the vertex v; can be parametrized ¢;(t) = et* v; and €ir1(t) = et v;e % | then the jumps of
the derivative of € are

0 75 AQ = éi+1(0+) — éi(l_) = Z;_Ui — Z-_Ui

?

is a nonzero vector in H,. We may choose a variation 7, of € = «y which is constantly identical to e

except in small neighbourhoods of ¢; (so that they do not overlap), and such that the variation field

V(t) = 2 |s=0 s equals these jumps (which are tangent vectors) at ¢t = ¢;, namely V(t;) = A¢;.
According to the classic first variation formula in a Riemannian manifold (cf. [9] for example),

Tleola() == [ (V.DER) = 3 (v (k). A,

Since e consists of piecewise geodesics, and is also a critical point of the length distance (it is
minimizing for the 2-metric) we obtain

d _ - -
0= lso La(7:) = Y < 5w — 2w 2f vi — v >3 = 3 M5t — 27 |,
7 %

which is a contradiction. O

4 Completeness of the Riemannian metric

In this section we shall prove that the geodesic distance d, induced by the Riemannian metric is
complete. An interesting fact, given that the tangent spaces of 7, are themselves non complete.
This fact is related to the completness of the space

P={¢eM:¢*=q¢"=¢}

of selfadjoint projections of M, also called Grassmannian of M. The Grasmannian of a C*-algebra
is a well studied space, there are several papers considering the geometric aspects of this set: [?],
[7], [12]. In [5] we considered the Grassmannian of a finite von Neumann algebra, and endowed
their tangent spaces with the uncomplete Riemannian metric given by the 2-norm, in the same
spirit as in the present paper. Let us list a few properties obtained there:

1. The Levi-Civita connection of the || ||2 at every tangent space of P is the reductive connection
introduced in [?]. The geodesics of this connection are the curves of the form

tx

p(t) = e'"qe™",
where z* = —x is co-diagonal with respect to ¢: * = xq + qz.

2. Given to projections qi, ¢o, there is always a geodesic joining them.

10



3. The geodesic above can be chosen minimal. Nnamely, a minimal geodesic verifies that ||z| <
/2. If |1 — g2|| < 1 (in general one has ||g1 — gz2|| < 1), then the minimal geodesic is unique.

4. The geodesic distance (i.e. the metric given by the infima of lengths of curves in P joining
the giving endpoints) is complete, and equivalent to the norm || ||2.

We shall use these facts to prove completeness of (Z,,d;). There is one more property of P
which shall be needed, and is not contained in [5]. It is the following sequential lifting property for
the strong topology.

Proposition 4.1 Let q, be a sequence in P which converges strongly to q. Then there exist uni-
taries u,, € Uy such that
UnQUy, = @n and u, — 1 strongly.

Proof. Since the norm || ||2 metrizes the strong topology in P, and it is equivalent to the geodesic
distance, there exist minimal geodesics p,(t) = e!*"qe~" joining ¢ to gy, such that

La(pn) = ||Tng — qzn|l2 — 0.

Note that since x, = zn,q + qz,, then ||x,q¢ — qznll2 = ||zn|l2. Moreover, the norms ||z, | are
bounded by 7/2. In [1], it was proven that if ||z, || < 7, then ||z,||2 — 0 if and only if e*» — 1 in
Uy strongly. ([

The link between these facts and the topology of 7, is the map
o:7,—-P, Ov)=vv" =p’ (4.8)

which assigns to each partial isometry its final projection. Since the algebra is finite, it is clearly
strongly continuous. Also, when regarded between the smooth structures (given by the usual norm)
it is C'*°. For our purposes, the relevant property of ® is the following:

Proposition 4.2 The differential d®,, of ® is contractive, when the tangent space of I, is endowed
with the Riemannian metric || ||,, and the tangent space of P is endowed with the norm || ||2.

Proof. Note that
d®,(z) = zv* +vx™, z € (TZp)o.

Then
[d®, (2)||2 = ||lzv* 4+ va*||2 = T(zpz™) + T(azv*zv*) + 7(ve*va®) + (v zv*).

Tangent vectors x at v satisfy x*v + v*z = 0 (for instance, differentiate the equation v*v = p).
Also, since Z, C Mp, xp = x. Therefore

|d®y (2)[)3 = 27 (z2") — 27 (p°xa™p”) < 27(2a™) — 7(p xa™p”) = ||f}.

Our main result of this section follows:

Theorem 4.3 The metric space (I,,dgy) is complete.
Proof. Let v, be a Cauchy sequence in 7, for the geodesic distance. Then, by the above proposi-
tion, ¢, = vyv;, is a Cauchy sequence for the geodesic distance in P. Therefore there exists ¢ € P

such that ¢, — ¢ strongly. By the sequential lifting property there exist z} = —x, € M with
|zn || < 7 such that e*nge™*" = @, and ||z, |2 — O.
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We claim that e~*"v,, is also a Cauchy sequence in 7,, for the geodesic distance. Indeed,
dg(e™ " vn, e mvy,) < dg(e™ " vn, Up) + dg(Vn, Um) + dg(Vm, € " Uy,).

Note that e~*nv, can be joined to v, by means of the curve v,(t) = e~ **nv,,, whose length is

1 1
La(va) = / 1l dt = V2 / lnll2dt = V| Zatnll2 < V2]2a]l2-
0 0

It follows that dgy(e~""v,,v,) < L2(vy,) — 0. Analogously, d,(e="" vy, Uym) — 0.
Note that e~*~wv,, are partial isometries with (initial space p and) final space equal to g¢:

e~ (e )t = e Fruule = e g e = g.

Since ¢ = upu™ for some unitary w, this subset of 7, can be made homeomorphic with the set
IP C I, of partial isometries with final and initial space equal to p, by means of

v — utv.

We may change the metric in ZP considering the 2-norm at every tangent space. By (2.4), the new
metric is equivalent to the former, in particular, thay have the same Cauchy sequences Now this
set Z7, clearly identifies isometrically the unitary group of pMp. In [1] it was shown that this space
is complete with the geodesic distance. Completeness of Z,, follows.

|

A similar type of argument shows that the mapping
L,:Uy—1Z,, L,(u)=uv

has also the sequential lifting property for the strong topology. Recall that in the norm topology
it is a submersion, and therefore a fibration.

Proposition 4.4 Let v, be a sequence in I, converging strongly to v. Then there exist unitaries
un, € Upr such that upv = vy, and u, — 1 strongly. In particular, I, is homeomorphic to Upy [V,
when all the spaces involved are considered with the strong operator topology.

Proof. The action of Uys on Z, is transitive, the maps Z, > v — wv € Z,, are homeomorphisms
for the stron topology, therefore we may suppose without loss of generality that v = p. Since M
is finite and v,, are uniformly bounded, ¢, = v,v) — p strongly. By the analogous result above
for P, there exist unitaries w,, in M which converge strongly to 1, such that ¢, = wypw},. Then
one can choose u, = v, + w,(l — p). Indeed note that w,, — 1 strongly, and u,p = v,p = v,. It
remains to show that they are unitary elements:

Uty = V) + wp (1 — plw), + v, (1 —p)w) +wp(1 —plv) = ¢ +1—¢qn =1,
because v, (1 — p)w: =0 = (v, (1 — p)w)* = w,(1 — p)vk.
The map L, : Uy — Z,, which is continuous in the strong operator topology, induces a contin-
uous bijection

Ly, :Up/V, — Iy,

where Z,, is considered with the strong operator topology. Thge sequential lifting property unplies
that it is open, i.e. a homeomorphism. Indeed, if v,, — v strongly, then there exist unitaries u,,
such that u,v = v, and w, — 1 strongly. Therefore [u,] — [1] in Ups/V,. O
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