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Abs tract 

Tractable versions of search-theoretic models of money often rely 
on assumptions that make sorne policy experi ments, especia lly changes 
in the money supply, diel:cult to intcrpret, at best. Perhaps for this 
reason, economists interested in monetary policy, typica lly resort to 
reduced-form models like tllose that involve cash-in-advance constraints, 
money in t he utility function, and so on. In t his paper we presenta 
framework t l1at attempts to bridge the gap between the pure theory 
of money and the relatively appl ied brancl1 of the literature that em
pl1asizes policy. The model is based explicitly on the frictions that 
ma ke money essentia l, as in the scarch-based monetary li terature, but 
at the sa me time allows for fairly general monetary pol icies, as do 
reduced-form models. In th is sense it helps to integrate micro and 
macro strands in monetary economics . 

"F inancia ! supporl from the CV Starr Ccnter for Applied Economics a t NYU, 
STICERD and the NSF is gratefully acknowledged. First version: May 20~0 . 

' 

• 

hemeroteca
Línea

hemeroteca
Línea

hemeroteca
Línea

hemeroteca
Línea

hemeroteca
Línea



1, 

1 Introduction 

This paper is an attempt to provicle a un if"icatio11, or at least to clevelop 

sorne common gro~md, between rnicroec:onomic and macroeconomic rnodcls 

of monetary exchange. Why is this clesirable? First, existing macro models 

are all to sorne extent reducecl-form moclels. By this we mean they make 

assumptions, such as putting rnoney in the utility function or irnposing cash

in-aclva.nce constraint:;, that a re p resumably rneant Lo sLancl in for sorne role 

for rnoney that is ·,not macle explicit but ought to be - say, that it helps 
. . 

overcome spatial, temporal, or informational frictio ns. Second, attempts to 

provicle rnicro founcla~i~ms for moneta.ry economics using scurc.:h thoory, with 

explici t descriptions of special ization, tlie pattern of rneetings, the i nfonna.

tion structure, ancl so on , typically neecl severe restrictions fur tractability. 

For example, there are typically extreme restricLions on l1ow rnucl1 money 

agents can hold, which malees the analyses of sorne policy issues cl ifficult aL 

best. 1 

We have severa! goals. We want a frnrnework that, lilce existing macro 

moclels, allows one to analyze sta.ndard issues in n1011etary economics i11 both 

a qualitative ancl quantitative fashion; an example is to determine the welfare 

cost of inHation. At the sarne time we wa11t a moclcl wherc the role for rnoney 

is explicit, which allows us to adclress sorne issues that can be stucliecl more . . -------------
] In Lerms of the litera.tu re, Lhe recluced fonn approach é; far too vasL to go i11Lo Itere, 

but examples include Cooley aud l-l ansc11 (1989) .u1cl Cliristia110, Eichl)IJIHJulll a11d Evmts 
(1997); see Walsh (1998) l"or other ref'erences. v\lc wiU go inlo Hlllcl t more dl!Lail below 011 

the search-basecl literature, buL cxamples iuclude Kiyol.aki aud \,Vrigl1L (199 "1, 1993), Shi 
(1905), '!'rejos a.nd Wright (1995) aud K od1crlak0La (1998). 
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natura.lly with sea.rch-based than recluced-fonn models; examples include, to 

ask exactly what frictions make the use of money· an equilibrium oran efficient 

A.rrangement, a.ncl to show liow differe11t. regin1es (say, commoclity ver~u5 fia.t 

money) lead to cli fferent outcomes. Finally, we want the frnmework to be 

trnctable and capa.ble of delivering clean analytic results, but at the same 

time we wanL it, to be close enough Lo the actual etonomy that it can be 

relatively easily ancl realistica.Uy calibra.Led . 

T here are of course previous a.tt.empts to provicle rnodels with micro foun-
1 

clations but without the severe restrictions on money holdings. An example is 

Molico (1999), who nllows agents to holcl a.ny m E IR'. .1 . • Thi;,, greatly extencls 

the set of issues that coulcl be stucliecl using prcvious searcli-ba.5ed monetary 

moclels, but Moüco's framework is extremely complicatecl - not man.y results 

are available, except those founcl by computation, and even numerically the 

moclel is quiLe difficult to analyze. One of the main problems is that the 

dis(;ribution of money holdings acr05s agents, F(m,), is enclogenous. There is 

also the a.pproach pioneered by Shi (1997) a.ne! extended since by severa] peo

ple, which gets arotmd (;his problem by ma.k.ing sorne creative assumptions to 

render F(m) degenera.te (adclitional discussion and refere1wes are provided 

below) . 

In our model, F(m,) will also be clegenerate, although the economic envi

ronment a.ne! the technical details by whicb we gel; this will differ significantly 

from Shi's. Vve will ha.ve much more to Sél.:Y about the similarities and differ

ences between our framework a.nd various alterna.ti ves later. I-Iere we simply 

want to emplrnsiz,e that at Lhe cnd of the <lay sorne of the results will look 
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similar to these previous attempts to integrate rnicro aud macro rnonetary 

mode~, and indeed sorne of the results will look 11rncl1 like those one f-incls in 

reduced form moclels. T his is as it shonlcl be: those rnoclels are rneant to be 

descriptive of what we see. in actual economies, a.ncl to Lhe extent that i t is 

successful, any goócl moclel shoulcl end u p on sorne clirnensions rnaking similar 

prooictions. At the same time it seems desirable to have micro foundations, 

and rnaki ng these explicit leads to rnuch economic insight, as we shall cliscuss 

below. 

T he rest of the paper is orgarúzed as follows. SecLion 2 presents the basic 

moclel. It is clivided into four Subsections, where we introduce the environ

ment, define equilibrium, give the main econorrtic re:rnlts, ancl compare our 

model to t he relatecl ,literatme. Section 3 presents extensions. I t is cliviclecl 

also into four Subsections, where we discuss monetéu·y policy and welfare, 

analyze dynamics, introduce real shocks, and introduce moneta.ry shocks. 

Section; 4 surnrnarize_s the results miel discusses sorne possible futu re research 

tapies . A few tech1i.ical results on bm-gain ing ancl clynarnic programing are 

relegated to the Appenclix. 

2 The Basic Model 

2.1 E nvironn1e nt 

Time is cliscrete. There is a [O, l ] continuurn of ai~ents who live fó rever ancl 

have cliscount factor {J ,E (O, 1). ln the iJ1terest of integrating standm·cl ma.cro

economic and search-thooretic rnodels, we assume that thcre m·e two types 
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of commodit;ies in thc economy: gcnernl. and specia.l goods. AB in standard 

ma.cro models> a ll agents consume and produce the general good. The utility 

of consuming X tllli t.s o[ this goods is U (X) and tl;ie disutility of produc

ing Y uniLs is C (Y). Onc interpreta.tion is that agents literally produce the 

good themselves> but it is equivnlent to saying Lhey supply labor h at disu

lility C(h), ancl firms converL this labor (and capital) into Y vía a standard 

procluct.ion fu nct.ion. For now we adopt thc former in terpretation. What is 

important is Lhr1t eit.her U or C is linear. Here we assume that C (Y) = Y> 

nnd tlrnt U is C 2 with U' > O and U" :S: O. We a.ssume U is either un

bo1mcled, or if it lws a boW1d it sa.tisfies a condition given in Lemma 4, and 

that U'(X•) = 1 for sorne X* E (O,oo) . 

In contra.st to general goods> cach agent produces a. subset and oonsumes 

a. subseL of specia.l commodities, as in a typica.l search model. Specialization 

is modeled here as follows. Given two agcnts i a.nd j drawn at random,' there 

a.re four possi ule events. The probability that both consume something the 

other can produce (a. double coincidence) is denoted 6. The probabilit;y that 

i consumes something .i produces but not vice-versa (~ single coincidence) 

is denoLed <7. Symmetrically, 'the probability that .i consumes someth.ing i 

produces but not, vice-versa is also <7. Finally, the probability that neither 

wants anything t;he other can produce is 1 - 2<7 - 6> where a::; (1 - ó)/2 is 

assumed. 2 In any single coincidencc meeting, if i wants what j produces, we 

2T his n ol.n.tion caplmcs sevcrn.1 cxpli cil. s pccifical.ions for specailization in the literature 
ns specinl c11se-;. Por cx11111plc, in Kiyu l,aki and Wrighl (1989) ur Aiyagu.r i and Walla.ce 
( l !JDl) 1.herc étre N goocls nncl N lypes, wherc typc n produces good n ancl consumes 
goocl n + l (mod N). lf N > 2 we lm~e u = 1/N 11nd ó = O, while if N = 2· we havc 
ó = 1 /2 n.ml a = O. In l<iyotak i and \i'hight. (1.993 ), t.he evenl lhat ,i consumes what .i 
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call i the buyer and j the seller. 

Let u(q) be the utility of consumption a.nd c(q) the clisutility procluction 

of any special good, where ·u ancl e are en with n > 2. We assume u(O) = 

c(O) = O, u'(q) > O, c'(q) > O, u11(q) < O, c11 (q) 2 O, ancl ·u(iJ) = c(tj) for sorne 

{j > O. We use q* to denote the efficient qua.ntity of speci a] goocl production, 

which salves u'(rl) .= c'(q*); q* is what all agents would agree to ex ante if 

they had sorne way of comrnitting to or enforcing the agreement. Note that 

we can always norrnalize e (q) = q, without loss in generali Ly, as long as we 

rescale u(q); this merely amow1ts to measuring'output in utils rather than 

physical uni ts. At one point in the analysis we use a concli tion on the thirc.l 

clerivative, u"' ~ (·u11
)2 /1t'. A simple way to state this conclition is to say that 

marginal uti lity is log con cave, sin ce i L is obviously eq ni va.lent to assuming 

that the' second derivative of log ·u'(q) is negative_:i 

Both general a.nd special goods are nonstorable, but there is another ob

ject called money that can be storecl. Money, like goods, i::, perfectly divisible 

and agents can hold any quantiLy m 2 O. Money has no i11trinsic value, but 

could potentially be used to trade for co11sun1ption goods. We ernpha.size 

that it is not neces~ary to use money in tracle, and it is generally possible, 

for exarnple, to exchange one special good clirectly for another. Ilowever, 

one cannot trade speci41 for general goods cl11e to the following assurnption: 
1 

in each period there are two sub-periocls, e.lay and night, ancl special goocls 

produces is indepeude11t of the evenl that j co11surncs wliat 'Í produces, and cach occurs 
wi lh probabili ty x. The_n ó = :1? ancla = :i;(1 - :i;). 

3 Dating back lo Burdett {1981), tl1e log concavity or ccrtai11 nbjccts has proved useful 
in many applications in search theory. 
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are only procluced cl uring the day while general goods are only produced at 

night. Given consurnption goods are nonstorable, the only feasible trades 

cluring the da.y are ba.rter in spEX:ial goods or the exchange af special goods 

for maney, and the only feasible trades at uight a.re barter ·in general goads 

or t;he exchange of general goods for money. See Figure 1.4 

special good lrades 
in search market . 

Day 

general good trades 
in cenlralize el m arket 

Nighi. 

Period t 

Figure 1: Tirn.ing 

During the day agenLs participa.te in a bilateral ma.tching process, as in 

standard search theory. In this decentralized market there is a probability a 

of a meeting ea.ch period, ea.ch meeting is a random clraw from the papula

tion, and the terms of trade are determined by bargaining. At night there 

is a frictianless cenLralizecl market where one dallar buys cp units af general 

goods - i.e., JJ9 = 1/cp is the nominal price, and agents take it parametri

cally. All trade in the decentra.lizecl market must be quis:[ pro qua, either 

gaads far goocls or gaacls far money; tltere is no credit, beca.use the matching 

4 It is eq11v;1lenl. for everything we do Lo a:;s11me 1.he opposil.c scenario, where ·general 
goods are prod uced in t. he fi rst s11 bperiod a nd special goocl d uring the so::ond, qr Lo have 
ge11cral good prod uccd in even periods and and spcci,1.l in odd periods. The distinction 
is Lhal. agenLs cliscount. ni, ralc (J < 1 bcf.wee11 periods but not bclwcen subperiods. By 
having Lwo cliscounf, fo.ct.ors, Sé\Y (11 bcLwe1:11 d,1.y and night afü! (3 2 beLween night and <lay, 
one co11lcl acL11 ,1.lly ncst; f.he dilTcrenL altcrnn.tivcs in one model, buf; ata cost in terms of 
1101.,1!.ion . 
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process is anonymous and hence there is no punislnnent fo r rcneging on debt 

(Kocherlakota [1998]; Wallace [2000, 2001]). We could allow in tertemporal 

trade in general goods, but in equilibriwn it will noL l1a.ppe11, nt least i11 the 

basic model with no intrinsic heterogeneity (we can price a. bond, but it will 

not trade since we cannot fincl one agent who wants to sa.ve ancl a.nother to 

' 
borrow at the sarne interest rate). 

2.2 Equilibrh1m 1 

In this subsection we build gradually towards the clefinition of equilibrium. 

We begin by describing the value functions , taking as given the terms of trncle 
' 

ancl the distribution of money. In general, the state variü.ble for a.u incli vidual 

includes h.is owi1 money holdings m ancl a vector of aggregate states s. At 

this point we let s.- (cp, F), where <pis the value of money in the centralized 

market and F is the clistribution of rnoney holdings in the clecentralized 

market - i.e., F (·m); is the .measure of agents in th.is rnarket holding m::; ih. 

Necessa.rily F satisfies J mclF(m) = lvf at every date, where A1 is the total 

money stock that is fixecl (until the next sec.:tion). T h(~ agent take:; a.s given 

the law of motion s+1 = Y(..,.), but il wil l be dctenniued in equilibriurn. If 

fa.et, in equilibrium, F'.1_1 will degenerate at m = M for a.ny P, and 1>+1 will 

be given by a function <'D(cp) to be cletennined. 

Let V(rn, s) be tl~e value frn1etion for a.n agent with ·,n clollars 111 the 

morning when he enters the clecentrnlizcd rna.rket, a.ncl W (ni, s) the val u e 

function in the afternoon when he enters tlie centrnlizecl marke t, given s. Let 

q (m, rri, s) and d (m, ih, s) be the quantity of goocls aud dollars thaL clwnge 
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lmncls in a single coincidence meeLing between a buyer ,~ith m dollars and 

aseller with 111, clolla.rs, given s. Let fl(m,1ñ,s) be the payoff from a bar ter 

tra.de for an a.gent wil.h m clollars who meets a n a.gen(; with m and there is a 

double coincidence of wanL:.,, given s. Then we have the Bellman equation5 

V(m,s) = o:O'.f {1t[<; (rn.,rh1 s)] + W [m, -cl (m,fri,s) ]}dF(m) 

+für .f {- c [q(111.,m,s)] + T,-V[m+d(1ñ,m, s)]}dF(rh) (1) 

+rn5 / B(m, 1h, s)dF (rñ,) + (1 - 2o:O' ~ o:ó)vV(m, s) . 

The value of entering the centraliz,cd market with m dollars is 

max {U (X) - Y +/3V(m+1,s+1)} 
,)(, 1,,.

1 
ni+ 1 

s .f;. X Y + </J1n - </Jm-1-1 

where X is consumpLion and Y production of general goocls, and, m+1 is 

money taken oul; of th is market a.nd in to the decentralized rnarket next pe

riod. Assume for the moment tha.t thc constraint Y ~ -O is not binding; then 

we ha.ve 

\V(m, s) = U(X•) - X*+ </nn + max { -</nn+1 + /3V:(m+1, s-1-1)} (2) 
, rn+ 1 ' . 

where U' (X.,) = l. This immediately implies that ni+1 <loes not depend on 

5Thc li rsl- t erm in (1) is the e.xpedcd payoff from a s ingle coinciden cx: meeting wh ere 
yo11 b11y q(m,1ñ.,s) a.ncl then go to Urn cenl.rnlized marke t with m - d (m ,r,1,,s) dollars . 
Thc seoond term is l.h e exp ectecl payoff from a single ooincidence meeting where you sel! 
q(1h, rn. , s) and go to (,he ce11 t ra.lizcd marke l. with 111, + d(1h, m., s ) clollars (notice the roles 
of m. and 111. are rcversecl in l,he íirst two tcrnrn). Th e third term is the expected pa.yoff 
from ba.rl.cr, ami 1.he final Lerm is the. cxpcct.erl pa.yofF from going to i;he centralized market 
wil.hou (. h avi ng l,ra.dcd in (.he dccr.11(.ralized 111a.rkct . 
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m, and that vV is linear (i .e. affi11e) iu m, 

W(m, s) = \i\/ (0, s) + </Jm. (3) 

It is not hard to provicle assumptions Lo gu axantee )/ 2: O is not biudi11g, and 

so we will use these results in wha.t follows. 6 

We now consider the terms o[ trade in the decenLralized market, which are 

determined by bargaining. There are Lwo ba rgaining situa tions Lo co1LS icler: . 
single coi ncidence ancl dou ble coincicle11ce meeting:;. L1 tlie ca.se of a dou ble 

coincidence we adopt the symrnetric N ash bn.rga.i ni ng sol u tion with Lhe th reat 

point of an agent given by his conLinuation va.lue HI (m, s). Lemrna. 1 i11 Lhe 

Appendix shows that, regardless of the money holdings of the Lwo agents, this 

implies that in any double coinciclence meet ing Lhe agents give each other the 

efficient quantity q*·and no rnoney changes hands. H we Jet b = ·u(q*) -c(q*), 

this means 

B(m:1ñ, s) = /J + W(-m, s). (4) 

Now consider bargaining in a single coiHciden<.:c meeti11g whcn Lhe b11yer 

has m and the seller 1ñ clollars. In tlús case we use tite generalized Nash 

solution where the buyer has bargaining power O a.nd Lhreat points are given 

6 A trivial way to get Y 2 O Lo nol bi11d is Lo assu1ue U= C. More gc 11e ra lly, one can 

proceed as fo llows. Fi.rsl nolice Y= Y(ni) = x· + </>(m+ 1 - m) 2 X· - cpm. We s how 
below that in any equil ibriun1 1/J/11 S ·11(1(). lle11c:e, if wc ass u111e x_• > ·u(q') we k11ow 

Y( M) > O. Then, at a11y po i11t in Lime, as long as Lhe d is tri l.iulio11 P(m) i:; 110L Lo o dispcr::;c 
we have Y (m) > O for ali m; a s ufficie11L co11d iLiu11 l'or disp,ir:;io 11 i:; ·111 S /1/ x• j,,(1() wilh 

probabilily l. Moreover, under concliLious give11 helow, Y(m) > O in1plie:; m+ 1 = Í'IÍ fo r 

ali agenls, so the cli~tribuLion will co llapsc to a poi11L a nd Lhe n Y(m) = Y(M) > O for ali 
future dales. 
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by cont inuation va.lues. Tlin.t is, (q, d) maximizes 

[u.(q) + W (111, - d, s) - HI (m, s)]º [-:--e (q) -1- IV(1h -1- d,s) - ltfl (1h, s)]1
-

0 

(5) 

subject to el :S m,. By virtuc of (3), this simplifies nicely to 

(6) 

subjecL to d. :S m; notice in particular that the continuation value9 have 

vanished. 7 Also note thaL there are implicitly two side conditions, u (q) ~ 

</Jd ancl e (q) :S c/Jd, buL they will not bind and so we can ignore them, unless 

0 = O or 1. They do however immediately imply v, (q)' ~ c(q), or q E [O,q] . 

The solution (q, d) to (6) <loes not depend on m, and clepends on m only if 

the constraint d:::; m binds. Also, it depcnds on s only tlm~ugh efJ, and indeed 

only Lhrough real balances z = cpm. Vve abuse notation slightly aúd write 

q(m, 1ñ,, s) = q(m) ancl d(m, 1h, s) = d(m) in what follows (the dependence 

on <p is implicit). Lcmma. 2 in the Appendix shows that 

q(m) = { q(m) if m, < rn* 
q* if 111, ~ m* 

a.ne! d(m) = ,. { 
m, if m < m* 
m if m ~ m* 

(7) 

where 

(8) 

a.nd q(m) salves the first order condi tiou from (G), which for future reference 

we wril;e as 

,1 _ 0c(q)1.1,1(q) + (1 - 0)n(q)c'(r¡) 
<¡)11). - • 

0n1(r¡) + (1 - 0)c(q) 
(9) 
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m 
rri" 

Figure 2: Single-Coinciclence Bargai11ing Solution 

The solution is shown in Figure 2. Since ·n ancl e are C", Llic implicit 

function t heorem irnplies q(m) is C"- 1 a.ncl 

__.., ( </.>[0,u' + (1 - 0)c'] 
() rn) ·= 'u'é - 0(cpm - c)'U" + (1 - 0)('u - <j)m)c" 

for all m, < m *. Ins_e_rting <j)m frorn (9) , we have 
. . 

__.., cp [(hé + ( l - 0)d]2 (lü) 
q (m) = u'é[0'U: + (l - 0)c1

] + 0(1 - 0)(u - c)('u'c" - c''ll") · 
1 

Hence, q(rn) ü:1 s trictly -increasing íor rn < ·,n* und lirn.111_,m• q(rn) = q\ whiclt 

rneans rj(m) < q* for ali m < rrt"'. Noticc q (m) is noL cliílercutiable aL m• 

(the left, derivative is strictly positive wlti le Lhc right derivutivc is O). Also 

notice q ( m) neecl not be concave or convex, a.s th.is clepends on u"'. 

We can now insert W (m) Logether with Lhe bargain.i11g outcornes (4) ancl 

7 T h is is nicc because iL means thc Nash soluliou can l.Je illter¡>rcLed as Lhe oulco1ne ol" 
an cxplicit strategic bargaining garne evcn if 1; is no L co11 :;La11L ovcr Li111e, :mmeLhing LhaL 
is nol true gener al ly in clynamic n10dels (Coles a11d WrighL ['19981). 
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(7) into (1) and rewriLe Lhe Bellrna.n equa.tion as 

\/ ( m, s) = nmx { v ( m, s) + </mi - </Jm_1_ 1 + {3\1 ( m+ 1 , s + 1)} ( 11) 
1'11· 1 

wherc 

v(m, s) = ti0 (s) + o-a { v. [IJ (m)] - cpd.(m)} (12) 

a.nd v0(s) = o·<7.{ {qxl(?'ii) - c[q(1r1,)]} dF(fri)-1-aólJ+U(X*)-X* isindepen

de11 t oí m. Hence, \/ clepends on m separably through 3:,.linear tenn qJ1n ancl 

n. bo11 11cl ed a.nd continuous ftmction v(m, s). 8 This a.llows us to establish that 

t,here exists a uniq ue \l(m, s) in tlie relevant space of functions satisfying 

(11), even though V(m, s) is unbounded beca.use of the linear term efmi . 

IJere we outline Lhe a.rgument far the case where s is constant - wh.ich 

does nothing to overcome the problem of tmboundedness, but <loes s.impl.ify 

the presentation - a.ne! relegat;e the more general case to Le1m11a 5 in the 

Appendix. Since s is consta.nt, write \/ (m, s) = V(m). Then consider the 

~pace of functions 11 : IR+ - IR tlrn.L can be written 1/(m) = v(m) + q;m 

for sorne bounded anc! continuous funcLion v(m). For any two functions in 

this space 111(m,) = v1(m) + lpm a.nd 112(m) = v2(m) + efym, we can clefu1e 

11,11 - 1/ill = SUPmEIR, lv1 (m) - v2(m)I, ancl th is constitutes a complete met

ric space. One can show the right hand side of (11) d_efi.nes a contraction 

8 That v(m,s) is bouudc<l and continuoug in m fo llows [rom the ba.rgoining solution . 
Later wc will scc tlmt F is degcneni.t.e ami <P+i = <I>(</J). J\lso, we show rp is bouncled in 
any equi librium in Lcmma 4 in t he Appe11<l ix. Note tha.t l.he trick o[ putting the current 
price </1 in 1.hc slal.c vector allow:; 11g to capl,urc nonsl·,ationary, cquilibria while still us ing 
rccurs ive me thods; this Wél.S previo11sly used by Duffie et al. (l!J94) in a n overlappi ng 
gencrnl.ions moclc l. 
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mapping T 11. Hence; by the conLracLion rnapping tbeorern there exists a 

tmique solution to V= TV in the relcvant space_!J 

Giv~n it exists, V(m, s) is C'"- 1 except at m = rn.* beca.use q(ni) ancl 

d(m) are. Far m > m*, V¡ (m, s) = </>; far m < rn\ 

Vi (m, s) = cwcpe (q) + ( 1 - o,o) e/> (13) 

where e(q) = 'U
1(q)q(m)/</> is the gain frorn having an adcl iLional unit of real 

balan ces when bargaining. F\-om (10), 

[O'll' + (1 - 0)c']2·u' e(q) - - ---~--~~----- (14) 
- u1c1 [0u1 + (1 - 0)c!] + 0(1 - O) ('ll - c)(-u'c" - chl'') -

Far future reference note that as m - m* frorn below, q - q*, ancl therefore 

Thus, the slope of V(rn, s) jumps cliscretely a.s rn crosses m*. 

The next thing to do is to check the concavi ty of V for .,-, i < m *. To reduce 

notation, at this point, we norrnalize c(q) = q with no loss of generality, as 

cliscussed above. This red u ces the algebra requirecl to show that \/" takes tlie 

sarne s ign as r + (1 - 0) [·u1
'll

111 
- ('u")2] for all m < rn' , wherc r < O. From 

this result it is not possible to sign V" in general, el ue to the presence of ·u111
, 

but it does give t\S sorne s ufficient couctitions for V"< O. Onc such condition 

is 0 ~ l. Another is 1l-u111 
::-:; (u")2

, wlt.ich follows froin Ll1e assnmption thaL 

marginal utility is log-concave (given the normaJization for e). Hence, we 

uOperaLionally, the contraclion generates the f1111dion v(m) and tlien wc simply seL 
V(m) = íí(m) + <pm. Note ' llmt this is not tite sarne mell,od f'ur dealing wiLli u11bound ed 
reLurns discussecl in Alvarez and Stokey (1998). 
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have simple SLLfficienl, conditions to guaranLce Lhat V is strictly concave for 
1 

ali m < m*, given é1,ny distribution F and any </J > 0. 10 

To summa.rizc Lhe discussio11 to this poinL, we first clescribecl the value 

fLmction in thc decentralized ma.rket, V (m, s), in ter!ns of 1V(m, s) ami the 

terms of tra.cle. We tben d erived so111e properties of the value fw1ction in !;he 

centralizecl nmrket, including MI (m,s) = Ml(O,s) + qnn. This made it rela.

t ively easy to solve the bargaining problem for q(m) and d(m). This allowed 

us to simplify (;he Dcllman equatio n considern.bly, to establish the existence 

of a. 11nique solution , and to givc severa! propcrties of the value fu nction, in-
' 

clucli ng cü fferentiabil.i l.y and strict conca.vil;y for m < m*. Al though we only 

sketchecl sorne parts o [ the a.rgu rnent in the text, the details are g.iven in the 

Appendix, where it is establishecl that t.he above results hold even when cp 

varíes over time accorcling to é1, continuous function <P+i = q1(cp) as long as 

we inclucle cp ns a. s tate variablc.1 L 

We now return to the problcm of an agent deciding how much cash to 

take out of the centrn.lized market: ma.xm.1_1 { -</Jm+1 + ,6V(m+1, s+¡)}. We 

'ºTo undcn-;Land 1.h e concavity a rgu111cnt 1 nolice tha.t for m < in•, \111 = (q')2v."+v,'q". 
T he fir sL t.erm is ncga.livc hul lhc second l,él.kes t.he s ign of q'', which could be positive . 
l ntui ti vcly, q" > O mea.ns t ha t h a.ving more mo ney gets you a lot bel ter <leal i•n bargaining . 
The a.ssumplion 0 = 1 implies q(m) = </mi., given c(q) = q, so V:" < O . If 0 < 1 t,hen 
q(m.) is non linear, a.mi we need a condition lo bound how nonlinea:r il can be, which is log 
concavily. Vlhen 1i is not log concavc and 0 < 1, wc conslru cted exo.mples where q is not 
concavc, bul. wc cou ld nol construcl; a n cxa.mple where \/ was nol conca.ve. 

11 The discussion in lhc lext. is ci.rc11la.r in the following sense: we will argue below that 
lhe propcrt ies of V imply some nice rcsulls, li kc F dcgencrate. But we uscd F degenera.te 
(or, a.t lensL it F const.anl ovcr lime a.nd wcll-behaved) to prove \/ exists . This is rectilied in 
l. hc J\ppcndix, whcrc wc ¡i.rg ue fro111 firsl principies (i.c., without using lhc value function) 
lhal F is cl egcncral.c for ali/. > O, s how how to conslrncl <I> wherc 1>+1 = <I>(r/>), a.nd prove 
tha.t q, is bo11ndcd. Thcse resu lts a llow 11s to cstablish Lhal there exisls a unique sol ut ion 
\/ lo lh c Dcllnw.n eq11n.t.io n . 
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-------~------- ltl+1 

Figcue 3: Value Function 

claim this problem has no solution if cp < /3c/>+i · To establish this, sirnply 

note that the clerivative of - e/mi+ {3V(m+ 1 , s+1) is - rp + /Jcp +1 for ali m+ 1 > 

m~_1 . Hence, in any equilibrium we rnus t have {Jc/J+i :S cj) or else payofts 

are unbounded in the control variable m+1. Notice tlrn.t fJc/;+ 1 :S </> implies 

' - </Ym-1-1 + {3V(m+1, s +1) is nonincreasing for m+1 > ·m~_1 in any equilibriurn. 

But recall frorn (15) tha t the slope of V(-1n+1, S;-1) just to the left of m~1--i is 

strictly less thari the s lope to the right oi' m:"¡- 1 , as sliowll ill Figttre 3. Frorn 

this it is obvious that any solution to tliis problem m_H must he strictly less 

than m,* . -1: l 

Given that V is s trictly concave over the relevant range, there exists a 

unique solution ancl it sat isfies 

/3Vi(m;-1, S;-1) - e/> :SO, = O if ·m+ 1 > O. (lG) 

l6 
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The key result is that ali agents pick the sa.me m+1- Therefore, at least after 

the initial date t = O where we might start from an arbitrary distribution, 

a.t ali future dates F(ih) musL be degenerate at 1ñ = !Yf. This means any 

moneta.ry equilibriurn is characterizcd by a degenerate distribution F for 

every l > O, anda solution to (16) at equality with m+1 = /11. This of course 

assumes the condiLion Y ~ O <loes not bind in the g~neral goods market, 

which is true under the concliUons diRcussed above. 12 

To be more precise, sincc we know M = m < m* in any equilibriwn, we 

ca.n now sel. el = 1n and r¡ = q(m). TTeca.Jl that m.* = z*/cp with z* = 0c(q*) + 

(l-0)u(q .. ). The condition IV[ < m .. = z* /cp should beinterpreted here not a.s 

a restriction on l\1 buL asan eq uilibrium condition on the endogenous variable 

c/J; that is, c/J < z* / M, which gives an upper bound for i/J . . In any event, we 

can now define a. monctary eqv.ili/,rium for this model, with m = !11[ constant, 

in terms of the value function V(m, s) satisfying the_ Bellman equation, the 

solution to the barga.iniug problem given by ij(m) and d(m) = m, and a 

positive bounded path (P+i = cJ>(cp) snd1 that the first ?rder condition cp = 

f]V' (m, s+ 1) hokls at every date. Implicit in this definition is t,he distri bution 
1 

of F(m), but we know it is dcgenerate.13 

12 íleca.ll thcse .con<lil.ions were either U = C or the initinl distribution F is not too 
disperse. Suppose thesc conclitions are violat.ed. Then sorne l'lgent wil;h n lnrge en<lowmcnt 
m will sel, Y= O, X> x•, and in+ 1 E (M,m) . Hencc, this a.gent will have above average 
money holdings for scvera.l perio<ls, lrnt eventually he will spen<l clown until Y(m) > O . 
Aítcr severnl periods, with probability 1, ali agents will i;pend <lown until Y(m.) > O, a fter 
which F will be degenerate ni. 111. = M for the rest of time. 

i:ior cou rse, there is c1.lso alwnys n. 11 011 monetc1.ry cx:¡uilibrium, where </J = q = O for all l 

<llld (l-/1)\/(111., s) = nól1+ U(x·) - x · . 
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2.3 Results 

In this subsection we show how to solve the model a.nd clmracterize sorne 

aspects of the outcorne. We beg,in by reducing tbe equiliLirimn condilions to 

one equation in one unlmown. Inserting (13) irito </J = fJV'(m, </>+1 ), we have 

(17) 

Re · [ · ( ; ) </>-{3cf,, J l · ,/.. ./,( ) ..l. 0cu'+(1 - O)uc' wnte t us as e q+l = l + f3 ., .. , t 1en msert <¡; = (¡; (J = .. 1- 0 , ~-( i-O) , ' o.a <t>+1 JY, IL -1 e 

frorn (9), to get a difference equation in q: 

(18) 

A monetary equilibriurn is now simply a solution to (18) such lhat q E [O, q*] 

for al l t ime. 

While (18) may appear daunting, il simplifies dramatically in sorne cases. 

First, consider 0 = ,l (take-it-or-leave-it offers by buyers), a popnlar case in 

the literature . Since 0 = l implies (p(q) = r¡/M ancl e(q) = ·u'(q) , (18) r~luces 

to 

. '( ) - ' - - (J - f](J-¡-¡ 
u q.1.1 - l I fJ , 

QO" - IJ+l 
(19) 

where we are using the normalization c(q) = q.1'1 Seconcl, regarclless of 0, if 

we restr ict attention to 'steady states (i .e., q = ()+1) then (18) reduces to 

1 - fJ 
e(q) = l + - -. 

c.wfJ (20) 

14 WithouL Lhis normalization 0 = 1 irnplies q;(q) = c(r¡)/A-l a11d e(<¡)= u'(q)/c'(q), nnd 
(Hl) woulcl look only s lighLly more cornplicatecl . 
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For uow we focus on stcady states, and return to dynamics in the next section . 

Firnt; consider stcady sta.tes when 0 = l, in wlúch case (20) becomes 

'( ) l - /3 uc¡ = l+--{3. 
CW7 

(21) 

There obviously Cél.nnot be more t;ha.n one solution to (21) since u" < O. Since 

our normalization impliES v:(q*) = l < 1 + ~-;;g, a steady state, say q'\ 'exists 

iff u'(O) > 1 + ~~g. Clearly, if a steady state exists then q5 < q*. Also note 

that (]5 is incrcasing in O:Cl and {J, tha.t qs -! q* as {3 -!• 1, and that qs -! O 
' 1 

as cw - O. Moreovcr, sincc 0 = l implies qJ = q/M, the nominal price of 

general ancl spccial goocls in this ca.se are both given b-!' pg = Ps = M / qs . 

This implies classical neu/,ra.lil,y: increasing M increases aJl' nominal variables 

proportionately and leavES a.U real variables unchangecl . 

For general 0, note the following. First, it can be shown that e(q) shifts 

clown at any q solving (20) when 0 decreases, and so q < q .. for ali 0. If 0 = O 

then there is no rnonetary steady state. For O > O a monetary steady state 

exists if e(O) > 1 + ~~g. For exarnple, if 11,(q) = (b+g)l¡-::_~;b1

- ry where r¡ > O and 

b E (O, 1) , a monetary steady state exists iff 

If qs is unique then 8q/éJ0 > O. For general 0 we cannot; be sure of uniqueness 

since we do not know the signo[ e'; however, if u' is log concave one can show 

e' < O ancl hence uniqueness for a.ny O. For 0 < l , q is bounded aw3:y from q* 

even in t;lte limitas {3-! 1 (see below). Also, for any 0, q is still independent 

o[ .M whi le JJs = 11.1/q a.ne! ]Jg = !Yf /qJ(q) are propor!;iona.l to /111 . 
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This completes the, clescription of steacly states. In Llie next sectio11 we 

stucly more complicated eq uilibria. Befare doing so we wíll compare t ite 

rnoclel to others in the literature. We clase this sedion by sumnuu'i¼ing some 

things we have learned so far. 

P roposition 1 Any monelary eqniWJT"iurn únplies ·,n = !VI with probribilüy 

1 {F degenerate), 'implies the constra:inl d :S m holds w'ilh eq1tality, and 

implies q < q* far ali t > O. Oiven cm:y O > O, a stecidy state qs > O e:ásis 'if 
' 

e(O) > 1 + ~:g. Jt -is :unique 'if 0 ~ 1 or ·u' 'is lag concn:ve, 'in which case el 'is 

'Íncreasing in (3, acr and 0 . Jt converges to r¡* as fJ ........, 1 'iff O = l. N om-inal 

variables are proport'ionaL to and real vci'T'iabLes are inclepencLent of lvf. 

2.4 'Related Literature 

To compare our rnodel to previous seard1 moclels, we first shut clown the 

procluction of general goocls, so that there is no centralized rnarket ancl ali 

activity takes place. in the decentralized rnarket. The first generation of 
' 

rnonetary search rnódels rnacle two severe assmnptions: tliat individual nt011cy 

holdings are restricted to m E { O, 1}, ancl that q is fixecl exogenously. Letting 

¼n denote the value function ancl bm the flow payoff (e.g., the expectecl gains 

from bar ter) of an agent holding m E { O, 1}, the Bellrnan equations can be 

written, 

V1 b1 · + cw(l - !VI) ['u(q) + H1o] + [l - üa(l - 11,J)] W1 

Vo bo .+ acrlvl [T1Vi - c(q)] + (1 - cw111)Wo, 

20 

• 

• • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • 



• • •• • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • 

whcre here the w1.lue of lcaving a match with mis simply TVm = f3Vm since 

there is no centralized markct . 

Thcse cquations es..<;entic1lly describe !.he moclel in l(iyotaki and Wright 

(1993). As long as two incentive conditions holcl, u(q) + T1V0 2: TV1 ancl 

TV1 - c(q) 2: T,V0 , money circ11lates (is valued) in equilibrium. While there 

is not much tlm.t is endogenous in this model, it can at least be said that it 

forma.Iizes why fia.t money rnay be valued, how this ,can enhance efficiency, 

ancl so on. 15 Of comse, an obvious drawback is that prices are exogenous, 

since every trade is a. one-for-onc swap. Seconcl genera.t;ion models kept m E 

{O, 1}, bu!. endogenized q by adding a bargaining solution, 

nrn.x[v,(q) + W0 - l1V¡ ]º [-c(q) + vV¡ - TV0]
1
-

0 

q 

(Shi [1995]; Trejas a.nd Wright [1995]). In addition to demonstrating why 

money circula.tes, this moclel can be uscd to study prices, even though m E 

{O, l}.rn 

T he third generation of se/l.rch models allowed money holdings to be any 

m E M e lR+. Given the clistribution F(m), the Bell;111an equation is given 

by (1) and the bargaining solution is (5), both with W(m) = ,BV(m), and 

we need to acld a steady state condition for F. With M = lR+, this is 

15 For examrle, versions of Lhis simple frnm ewor k are a pplied Lo the study of comrnodiLy 
money in I<iyotnki and Wright (1989), Lo inLernaLio nal currency in Matsuyama, I<iyoLaki 

a.ncl Mats11 i (1993) a.11(] Zhou (1997), to th e relation b eLween money and private informatiou 
in Williamson and WrighL (1994), all([ to Lhe opLimal LaxaLion of currency in Li (1995). · 

ir.Por exn.mple, 1.his lllodel is applied to 1.he rcln.Lion between money nnd bonds in Aiya~ 
¡?;ari el al. (199G), to !.he Phi ll ips' curve in Wallctce (1997), to the relai.ion between money 
a.nd memory in Koche rlakoLn. (1998), to Grcsham's Law in Veldc at a l (1999), to inside 
vers us outside money in Cavalca11ti and \,Vallace (1999a,b), a nd Lo commodity money in 
13mcleLl. el, él l. (2001) . 
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the mo0el in Molico (1999).17 What makes om model so rnuch sirnpler -

i.e., w hat allows us to actually salve the rnodel - is the presence of the 

centralized rnarket in general gooc!s_ This doe; several things. First, i t 

yields the linearity · of W in m, which simplifies the Dellrnan equation and 

the bargaining solution consiclerably. Adclitiona.lly, as al] agents take the 

same m+1 out of th~ centralized market, in our rnoclel F' is degenerate. Tha.t 

is, we have a representative agent in the decentralized market. 

Closely related are the papers tha.t follow Shi (1997), where there is aLc;o a. 

degenera.te distribution F('iñ), bu t for a very clifferent rea.son_ 18 ;fhese rnocl

els assume the fundamental decision-making uniL is 11ot an individual but 
1 

a family with a continuum of a.gents. Ea.ch household's agents search in a 

standard decentralized market, but at the end of each rouncl they rneet back 

at the homestead to share their money receipts net of expenditures. By a 

law of large munbe~;s, each family has the same total money, ami it divides 
' . 

it evenly among its members (or sometimes among a subset clesignated as 

buyers). Hence, in the next round every lrnyer has the same money holdings. 

The large-householc.l "trick" is a similar device to our assurnµtion of a ce11-

tralizecl general goocls market: both clesigned to make the model tractable by 

harnessing F'. 

While we think both approa.ches are useful, i t seerns i11cumbent u pon us 

say why we like Ol_tr "trick." First, sorne people seern to view the infl11ite 

17 Por related models, see
0 

Green a11cl Zho11 (1997), Ca111ern a11d Corbae (1999), TaLe r 
and Wallace (1999), Zhou (1099), ancl Bercntsen (2001). 

18See al.so Shi (1998, 1999), I-lead ancl Sh i (2000 ), H.aud1 ('.W00), 13ere11L~e11 a11cl llocheteau 
(2000a,l.i), Bere11tsen, H.ocheteau anti Shi (2001), Paig (2001), tt11d !lea.u a11d l(u111ar (2001). 
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family structure ns una.ppea.liug (perhaps unrealistic?) . a.nd on these grow1ds 
1 

tend to dismiss i t. Vvhile we do not necessarily agree wi th ·this view - after 

ali, Slü 's families are j ust logica.l ext.ensions of Lucas's (19,.80) worker-shopper . 
households - it seems important to have a.n alternative lest anyone think 

' 
that tractable monetary moclels with search-theoretic foundations require 

infinite families. Seconcl, there are complicat.ions that arise in family models 

clue Lo the fa.et that ilúinitesima.l a.gents bargain over trades that benefit no(; 

Lhemselves but the la.rger fa.mily uni (; (see Rauch [2000]). This is not the case 

in Olll' [ra.mework, where incliviclua.ls ba.rgain for themselves, and so we can 

use standard bargaining theory. Incleed, the linearity of Hl(m) rnakes our 

bargaining solution extremely simple . 

Third is the related but distinct point that individual incentive conditions 

a.re typically not ta.ken into accow1t in family models: individual agents act 

not in their own self interest, but according to rules prescribed by the head of 

the ltousehold. Thus, every time an agent produces in order to acquire cash 

he suffers a cost, but in principie he could report back to the clan without 

cash a.ne! claim he ha.d no customers. This would save ·the cost with no 

implication for his future payoff. For the fa.mily struc¡ture to survive, agents 

' must act in the i nterest of the household and not themselves. In our moclel, 

by contrast, indjviclual incentive constrnints are always taken into accoW1t . 

Finally, we simply fmcl the general goods model more transparent and easier 

to use. However, we repea.t that we tlünk both approache5 are use[ul, and a 

choice ma.y come down to tas te and to the application a.t hancl . 
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3 Extensions 

3.1 Policy 

Suppose the money sup\)ly grows ata. consta.nt rate, M+1 = (1 + T)M. The 

new money is injected as a lump-sum transfer, or tax if T < O, that occurs 

after agents leave the centralized market. The Bellrnan's cqua.tion becornes 

1 

V (m, cp) = rnax {·u (m, cp) + <f>m - </>m+1 + (JV (m.1.1 + T M, </>+1 )} 
1r1+1 

where v is definecl in ( 12) ancl we wri te , s = </> siuce F will be degenernte. 

The agent takes m+1 out of the centralized rnarket knowing he will receive 

his transfer TlVI befare the clecentralized rnarket opens next periocl. ln this 

subsection we maintain attention on steacly states, where q is constant. Th.is 

means real balances z = cp M are also constant, and therefore </> + 1 = rp / ( 1 + T) . 

Exactly as in the previous section, <l>t 2". /J<l>+i is necessary for an equilibriurn 

to exist (Lemma 3); hence we require the constraint T 2". (3 - 1 ém monetary 

policy. 

The first arder condition for m+1 is</;= {3Vi (m+1 -J-Tf\,,f, </>+1). Inscrting 

Vi ancl rearranging, _we arri ve at tl 1e generali¼ed version of (20), 
, 

. l - {3-J-T 
e(q)=l+ f3. 

C\'.O" 
(22) 

Assumihg a uruque steady sta.te exists, D<t /éh = l/lw{3c' < O (of course, if 

there are multiple steady states the clerivative alternates in sign). F'rom (22) 

it appears that ali one neecls to do to ttel'ueve Lhe efficient outcorne <l = q* 

is to set 

T+ = {3 - 1 - c:w/J [l - e (q*)]. 
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However, we have a.lready established that there is no equilibrium if r < (3-1, 

and in general we need to take this feasi bility constra.in t i11to account . 

If 0 = 1 Lhen e(q*) = 1, a,ncl it is fea.siblc to set'. = r* = (3 - l; 1.e., 

q' = q* obta.ins if we adopt wha.t is called the Pri.edma.n rnlc and deflate at 

Lhe rate of time preference. If 0 < l, however, then e (q*) < 1, anp at the 

lowest feasible r = (] - l we still lia.ve qs < q*. Hence, the Friedman rule 

always rna.ximiz.es q5
, which is optirnal, but achieves ful! efficiency iff 0 = l . 

The reaso11 is 1.ha!; Lhe 1nocle] has Lwo t;ypes of inefficiencies, one due to (3 

and one !.o 0. To ciEscribe the fi.rst effect, note that when you accept cash 
1 • 

you get a clairn to future consurnption, a.nd because (] < l you are willing 

to produce less for cash than the q* you would produce if you could tmn it 

into immediate consumption (recall r¡5 - q* as (] - l when O = 1). The 

Friedman rule simply genera.tes a rate of return on rnoncy clue to deflation 

that compensa.tes for discounting . 
1 

The weclge clue to(] < 1 is sta.ndard, and the only difference from, say, a 

cash-in-n,clvance model on this dimension is that here the frictions show up 

explici tly: ( 22) shows that for a. given f] and r the inefficiency gets worse as 

a:cr gets smaller. The other, more novel, effect is the wedge due to 0 < l. One 
1 

intuition for this effect is the notion of a hold-1.1p problcm. Th.ink of an agent 

who carries a. dollar into next period as nlélking an investment, with cost c/J . 

vVhen he spencls the rnoney he reaps all of thc rettirns to his investment iff 

0 = 1; otherwise the seller "stea.ls" part of the surplus. Thus 0 < 1 re::luces 

the incentive to in vest, w hj ch lowers the demand for money a.nd hence q, and 
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therefore O < 1 implies qs < q" even a.L tl1e Prieclrnau rule.rn We concl11de 

that monetary policy can uncia the ,8-weclge but noL the 0-wcclge. 

\l(m; r) 
8= 1 

'--------------------T 

Figure Ll: Welfare Crnt of lnAation 

This is something that obviously does noL come up in the usual reducccl

form model, and it 'rnay be irnportant. Considcr the welfare cosL of iuflaLion. 
1 

When 0 = 1, welfare, as measurecl by thc payoff oí the representa.ti ve agenL 

V, is maxirni~ecl at T = fJ - l a11d achieves the cffkicut solu Lion 

V .. = cx(ó + a) [H(q*) - e((/') ]+ U(X*) -X* 
1 - /3 

See Figure 4. Small deviations frorn T = {3 - 1 clcarly l1ave very srnaJl effects 

on welfare by the Envelope Theorern. When 0 < 1, T = T .. < fJ - 1 woulcl 

19 Recall Hosioo' (1990) general co11di Lion for efficiency i11 searcl1 lllodcb, wliich lmscia.lly 

says the bargai11ing on,tco1~1e should split tli1~ gains l"rorn Lrnde so a s Lo cornpcnsaLe ead1 
party for his contribuiion Lo the maLc h-speci fic s urplus . I-Ierc Lhe 111a Lcl1-specific sur plus 

is LoLally due Lo thc buyer (recall Llie bargai11i11g solution depc11ds 011 liis 111011ey holdi11gs 
and noL Lhose of Lhe scllcr ). I-Ience, efficicncy n~q11ires 0 = 1. 
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achieve v--, bu(, iL js not feasible. At the consLrainoo optiruum the slope o[ 

V wi th respect to T is sLeep, so a modera.Le inflation will have a much bigger 

eITect. Of course, i l. will ue i mportant ultimaLely Lo calibrate the model 

carefüJly to see just how big this effecL is. 

3.2 Dynan1.ics 

In maJ1y moneLary cconomies, even if the environment is stationary, there 

can be equilibria ol.her tlian sLcady states; so here we cons½fer dynarrucs. We 

a lso introduce a real ílow rct.w-n 'Y pcr nominal tmit of money, since this has 

an in teres(;ing impact on thc set of equili bria and allows one to ma.ke sorne 

addiLional points. One can iuterpret t l1is as a dividend or interest on currency 

if 'Y > O¡ as a sLorage cost or tax if 'Y < O¡ and as the case of pure fiat money if 

"f = O. Note than 'Y is a real reLurn per uniL of nominal currency m (a return 

on real balances z gives less interesting res ults). Here we assume M and ali 

oL her exoge11ous variables are constanL, and consider for now equilibria where 

q ma;y change over time clue Lo sclf-folfiUing expectations. We al.so normalize 

c(q) = q and set. M = l wiLhout loss in gcnerality, ancl assume 0 = l unless 
othcrwfoe inclicaLed . 

These asstunptions imply </J = q, so we do ali the clynamics in terms of q 

in t his secti on. Then, taking into accou nt Ll1e flow retu rn :r, con di tion ( 17) 
becomes 

(23) 

ílather Lhan reananging t.his a.<; beíore Lo geL a version of (19), here we simply 
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denote the right hand of by G (q+1)._ The clynarnic model is dosed by setLing 

c-1 = 4">, where <P+i = ifi(<P) is the law of motion agents took as given above, 

since in this case q = if>.20 An equilibriurn is now a soluLion to difforencc 

equation (23) that stays in the bounded ::;eL [O , q~]. F igure 5 shows exarnplcs 

of the function q+1 = é_[)(q) for various values of,. 

Consider the case wh_ere, = O. Assurning 'U1 (O) > 1 + o/.~}J, we know from 

the previous section tha'.t there exists a unique steady state q5 > O. One can 

show that G (O) = O and G' (O) > 1, anc\ so, as secn i11 the F igmc, qs is 

unstable.21 This means that there exists a continuurn of clynarnic equilibria: 

starting at any q0 E .( O, ij0 ), where iJo ~ r/, tliere is a path starting at qo and 

staying in [O, q*] such that q -t O. T herefore, exactly a.s in many other rnodels 

of fiat money, even if ali fundamentals including the nwney supply are time 

invariant, expectations of inflation can be self- fulfilling. There rnay a.lso be 

dynamic equilibria that do not converge to q = O, as we disc.:11SS below, but 

first we want to consider the effecL of allowing I f. O. 

Consicler , < O. As comparecl to tite ease , = O, Lit.is rnea11s shif"ts 

4? = q- 1 u p uniformly in Figme 5. lL is easy Lo see thttL Lhere is sorne 1 < O 

10 A complcation aris!!'s due Lo Lhe fo.et tlmt G m;iy noL be i11vcrLible (i.c. , c- 1 1nay 
not be single-valued). 'In Lhe Appcnd ix wc discuss how onc can re:;LricL atLcnLion Lo a 
ccrtain class of eq11ilibria where wc select <P+i = <!>(</>) from Ll1c corrcspo11de11ce c - 1 in a 
conLinuous way. T his a llows Lhe use of dynu.111ic prognun 111in g ( we necd i[i Lo <lcfinc Lite 

la.w of motion for Lhe aggreghte sLale in our Uellman equaLio11), bu L docs 11ot 0 L11erwise 
m a t ter for what we do; iL s hould be clear Lhal Lhe dy11a1111ics ca11 ali be u11der:;Lood from 
G wheLher or noL <I> = c - 1 is a fu ncLion. 

21 By concavity, OS: u'(q)q S: u(q) for ali CJ. 1-leucc 1i'(CJ)q......, O as r¡ ......, () aud so 
C (O) = f),. JL is easy to :;how that O' (q) = [C (q) - /J,J /q + {J1wr¡u" (q) and l1e11ce 
O' (q 5

) = 'l - /3,/q' + f)o:aq•1i11 (q•) < l a L a11y :;Leady slalt! q• > O whc11, 2'. O. This 
in1plies G(q) cuLs the 45° line frmn above al q', a11d thcrefo re lherc can be al mosL 01ie 
posiLive sLeady stale whe11 , 2'. O. This also implies G'(O) > 1. 

1 
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1/11 = n-1 ('1) 

' . .' . ,.,&·' 
/4: 1 

q' 

' 
' 
' 
' 

4 s• 

Figure 5: </J = c -1 (</1+1) for different , 

such that if 'Y _< :J. then there exist no monctary CXJUÍ]ibria: starting from 

any qo > O, the path q+1 = cD (r¡) diverges. Hence, if money has very bad 

intrinsic properties, like a very high storage cost, there ca.n be no equilibrium 

where it is valued - steady sllate or otherwise. If I E (1, O) then there are 

generically an even numbcr of moneLary steady states (~m < O implies G is 

concave ancl l,here are exactly 2 111onetary steady staLes). Clearly all steady 

states llave q below q\ the steady that prevailed when-1 = O. As shoulcl 

also be clear, alternate steady states are stable and w1Stable. Hence, if the 

intrinsic properties of money are bacl but not too bad (, negative but less :J. 

in absolute va.lne) there a.re multiple monetary equilibria that can converge 

to either a. monetary steacly state or to q = O, depcnding on q0 . 

Now consicler 1 > O. As compared to 'Y = O, this means cD = c-1 shifts 
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down in Figw-e 5. There sLill exists a. uruquc steady sLate, buL 110w tl1erc are 

no oth~r botmded paths satisfying lJ+i = <!)(q); hence Lhere is no ec¡uilibriurn 

other than the monetary s tea.el y state. 22 We cannot be sure Lhat q < r¡" ill 

equilibrium when, > O; in ract, one can show q < q+ iff , < ;;¡ = 1
~
6rt (given 

Jvf = 1). When, 2:: 1, the bargaining solu tion implies q = q+ and d < rn -

that is, the real value of rnoney is sufficiently high that the co11straint d ~ m 

does not bind, ancl hence the unique equilibriurn is efficient. It ma.y therefore 

seem like a good idea for money to pa.y interes t, but no Le that sat isfying 

, 2:: 1 can be expensive if we have to sornehow fina nce the interest payrnents. 

In a ny case, the model witlt 1 > O has no equilibria other titan the s teacly 

s tate. 

We now return to) = O, a.ne! show how more complicated clyn arn ic out

comes are possible. When , = O ther e is a ull iqne nionetary s teady sta.Le 

rj5 < i, a nd G'(q5
) = l + /3erCJqu"(r/). Figw-e 5 depicted a case wliere 

G'(q5
) >, O, but we can also have C'(qs) < O. l11deed, we have G'(q ) < -1 

iff qu"(q) < -2//Jer.o-. Figure 6 shows r¡ = G(r¡;-1) a 11d lJ+i = <D(q), whid1 

intersect on the 45° line at qS, in a case where G'(q) < -l . Clearly, tlús 

implies G ancl cI> must also i ntcrsect off the 45° li ue: si nce <j) i5 less s teep 

12 Additionally, suppose we relax. Lhc assu111ptio11 '11'(0) > l + tJ-!,, !:i0 Uiat rnoneLary 
c.:ro,.> 

equilibriu. do noL exist when 'Y= O. By giviug money any stri clly posiLivc dividcud 'Y, no 

matter how srnall, we elimiuaLe Ll1e noI11no11eLary equ il illri111n ami guarn11Luc Ll1e cxis Lcncu 
of u. unique moneLu.ry equilibr ium (and Litis is Lrne for al i O> U, noL jusl O= 1). One way 
Lo see how thi11gs work is to 110Lc tlmL Lhc gcncrnli7,ed vcrsio11 or (20) is 

1-/3 'Y 
e(q) = 1 + - - - -, 

eraf) cwq 

whic:h always has u. !:iOluLion 1/ > O. For silll ilar resulLs i11 a 111 udel wlterc m E {O, l}, sce 
Li and Wright (1998). 
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than G a.t qs, G is t.rapped between the two bra.nches of (J) to the right of 

q". The figure shows (]> crossing G at (q, q-1-1) = (qH, qL)· This generates an 

equilibritun 2-cycle: q = qr, implies q+ 1 = ~P(qr,) = q,-r ·a.ncl q = (]H. implies 

(]+ 1 = 1>( q¡¡) = qL· Equivalently, qr, and q,-r are fixed points of the second 

iterate G2 (see Azariadis [1993] for an cxposition of t,he mathematics qehind 

these results) . 

Figure 6: Dynarnics: Two Cycle 

To give ún exarnple, consider 

_ (b --1- q)l- r¡ _ &1-t¡ 
u(q) - 1 ' 

- 17 

where b E (O, 1) and 17 > O. Then 

( {J -1)-~ 
qs = l +-- -b. 

/Jm, 
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1 , 

For b ::::::: O we have G'(q) ::::::: 1 - r¡(l - {3 + {30:CY), and so G'(q) < - 1 iff 

17 > I-~f3c,a. More generally, given b > O there is a critical ·í7 such Lha.t _as 

we increase ''7 beyond r¡ the systern bifmcaLes and a 2-cycle emerges. As ·17 

increases further, cycles of other periodicity emerge. Wi th a = l, Cí = 0.5, 

b = O. 01, and {3 = l / 1.1, we found e y eles of peri oc\ 3 emerge at 17 ::::::: 3. 9 ( th.is 

is verified by looking for fixed points of 0 3 clifferent frorn q5). Once we have 

cycles of period 3, we have cycles of all periocls (again, see Azariaclis [1993]). 

Hence , like sorne other rnodels of rnoney, this rnodel is ca.pable of ge11ern.ting 

sorne quite interesting dynarnics. 

3. 3 Real U ncertainty 

So far we have dealt with a deterrninistic envíronment, [md withín that sct

ting the constraint el ~ m. is bincling at every date. We now exLencl the model 

to allow for stochastic tastes and technology ancl show that the constraint 

may not always b~nd. We begin witli a model with match-specifi.c uncer

tainty: when any two agents rneet they cl.ra.w a ranclorn E= (1:1,, Es) 2 O frotn 

H (E), inclependentlJ '.1-doss rneetings, a.11d the irnplied utility of c011sw11ption 

and cost of production in that meeting are then givcn by E1,'LL(r¡) and EslJ• For 

simplicity, we set c(q) = •q and 0 = l. 

Letting q = q(rn, E) and d = cl('m, e) denote the bargaining outcorne, (7) 

becomes 

{ 
q(m,c) if·,n<rn*(c) 

q(m,E) = q*(E) ifm2m*(E) 
,. - {m ifm<m*(c) 

ancl c!(,n, E) - '( ) .1_. . *( ) 
·111. E 1 ·m2m E 
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fa the det.cnninisl.ic case, when ;:igents choosc how muc;h money to take to 

the decenLralizccl nmrket t;hey know whether this will be enough to afford cf . 

Now, for a given reé'l.!ization of E..5 , buyers with high realizations of E.b will spend 

all tl1eir cash but those with low E. ¡, will noL. Let C ~ {E.lq* (e)> </Jm/E.5 } 

be the set o[ realizations such that d ~ m is binding. Also, let b( E.) de

note the gain from tracle in a double coincidence meeting given e and Eb = 

We can s (,ill wriLe the Bellma.n equation exa.ctly c1s in (11), but now 

v (m, s) = <WT .! {E.1111.[q(m,, c)] - </)d(m, c)} dlf(E. ) + nóEb_+ U(X") - X* 

(24) 

' 
Notice that vi = O'.CJ</J Jc[E:0u,'(<fm1,/cs)/E.s -l]dH(E.) > O, since q = </Jm/cs 

a nd d = m on C while q a.nd d are constan(; on ce. Clearly, v11 < O, and so 

the c-listribution of money F is still degenerate at m+1 ;= M, exactly as in the 

cleterministic case. The firs t arder condition for m-1-1 is /3Vi(m-1-1 , s+1) = </J, 
' ' which after insert ing Vi = v1 + <f, implies a generalized version of (21): 

It is easier here to consider solutions to (25) in terms of </J rather than 

in tenns of q in the current application, simply because q is now a function 

that depencls on thc realization of E. in each meeting while c/J is a munber. It 

is obvious t.hat if tt, sat.isfies the usual Inada conditions then there exis ts a 

unique moneta.ry s tcady state, <fJ•' > O. Givcn cp5
, the match-specific values of 

2 ~ We a:-su meé app lieg Lo bol. h agr-rnt:s in Lhc meet ing, and so 1·.he sym rnctric Nash sol ution 

implies both agenLs p roduce q•(é) a.11d 110 moncy cha.nges hands. ' 
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q = q (lvl, E) andel= d (l\lf, E) are obtainecl frorn the bargaining solutiou. The 

match-specific nmninal price of a special goocl is given by JJs(é) = E5 !rfxp8, 

independent of whether the constraint bincls (it is also inclependent of Eb, 

simply because 0 = 1 in this example). Classical neutrality s lill holds. Fi

nally, we remark that in any equilibrium the constraint d ::;; ·,n must bi ncl 

with positive probability, since otheiwise C is empty ancl (25) couJcl not hotel, 

but it is possible for it to bine! with probabili ty 1 orto bind wi th probability 

less than 1.24 

So far we have been interpreting the shock as frliosyncraüc to a match, but 

the same analysis applies if E is an aggregate shock to tn.stes and teclmology, 

as long as it is i.i.d. - exactly the ::;ame equations and results apply. We now 

consider the case where é is not i.i.cl., in which case we need to interpret itas 

an aggregate shock. L~t JI (é+ilé) denote the conclitional clis tribution of E+i 

given é. The bargaining solution is the sarne as in the i.i.cl. case, but now 

where 

24 The consLrai11t binds iff q~ > rfnn/E,, which in Lurn holds iír Eb >Et,= E,/u' (rfnn/E,). 
Notice 

0€" l - R (¡pm/E,) 
ÜE, 'lL

1 
( (/nn/ E,) ' 

where R (q) -u" (q) q/'n' (q); hence we ca11110L be smc ol' Lite sig11. l n any ca,;e, 
suppose E, = l with probabilily 1 a11cJ Ev is u11iform on [O, 1]. Th,)11 Ev salisfies 

{3 [ 1 + f-f,; (1 - Ev/] = l. There is a uniquc Eb Lhal solves Lhe equatio11, miel iL lic,; i11 

(O, 1). Hence, Lhe coustrnint binds wiLh prolJnbiliLy l - E¡, E (O, 1). 
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ancl b (é) now applies t.o n,ll doublc-coincidence mcetings when the aggregate 

state is é . Note that é can in principle affect the gains from trade in both 

barter ancl mone(;a.ry exchange, a:-; well as the forecast of V (m+1, é+1)-

Generalizing the argument [rorn the i.i.d. case, we have v1 (m,E) -

O'.O" [cpé¡,v.' (cpm/és) /és - 1] if é E e, and V1 = o if é E ce. Al.so, V11
1

< o for 

é E C, so (3 .J V (m+1, E+i) dI-í (E-i-ilE ) - 4nn+1 is strictly: concave, and again all 

agents again choose the same ni+1, given by cp = (3 .{ Vi (m+1, E:+1) dH (é:+1 IE) . 

Suppose we look for equilibria where efJ = ef> (é) is a sta.tioniry function of the 

aggrega.te shock (the ana.logue of a steady state) . Then, aJter inserting 111 

into the first, arder conclition, we find 

where I(é) is a.u indicator function that equals 1 if é E C and O otherwise . 

In general , (2G) is a. functional equation in cp(-). We will show by way of 

example how to solve such an equation in the next sectior1 (with monetary 

rather than real shocks, but the method is the sa.me). I-Iere we simply note 

that for the special case where the shocks are i.i.d. the right hand, side of 

(26) is indepenclent of E, ancl hence </J(é) is constan t. The key economic point 

is t hat the cmrent state é affects the value of rnoney·tocl3:y only to the extent 

that it enters the forecélst of next period's state. StiÜ, to the extent that real 

shocks a.re not i.i .cl., there will be feedback from é Lo the value of money, and 

it rnay be interesting in future work to a.nalyze the empiri caJ. implications 

further . 
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3.4 Monetary Uncertainty 

Let us retmn now to the case where E:1, = E~ = l with probability 1, and 

introduce uncertainty in the money supply. We first considcr ranclorn trans

fers of n1oney across agents, so that we can easily talk about rü,k ancl the 

"precautionary>' clemancl for money, and then take up transiers lhat are uni

form across agents but ranclom over time. For the first experiment, suppose 

that each period befar~ the start of tracle money is ranclornly redistri butecl so 

that an agent who brought m dolla.rs into the period enters the decentralized 

market with m + p dollars, where p has CDF Il(p). For now we assurne 

Ep = O, so that the· total rnoney stock lvl is constant, ancl tite support of p 

is [.e, 75], with E~ - M. Here we also set O= l. 

The value function again satisfies (11), where now 

v (m, s) =-a8b + U (X*) - X*+ cw j {·u[q (m + p)] - rpcl (m + p)} clH(p). 

The bargaining solution is given by q (rn + p) a.ne! el (m + p), where the l'unc

tions q(·) andel(-) are exactly ns in (7). Not.ic.:e Lk\.L 

¡, 

V1 (rli, s) = am/J l { ;u'[ (·m + p) rp] - l} clH (p) , 

.1! 

where p = q* /rp - m is the minimum. transfer that makes the constrnint 
1 

slack. As above, vn < O, so all agen ts choose the same ·in+ 1, and the usual 

procedure yields 

r( N1-1 ~M 

J.. { u'[(M + p) c/J-¡-
1

] - 1} <LH(p) = cp -:<P+i. (27) 
O'.Cí . 4) -t-1 

p 
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foada concliLions imply exisl.s a unique monetary stea.cly state ef/ . 

To analyze the effect of risk, consider a family of clistributions H (p, 6) 
1 

where 6 2 > 6 1 implies H (p, 6 2 ) is a. mean preserving spread of H (p, 6 1): 

that is, 2 (p, 6) = .r: H2 (p, 6) dp ~ O far any 75 with equality at p = p . 

Nol;ice thaL H2(P., 6) = H2 (p, 6) = O. Then 0(¡//86 is, equal in sign to 

¡,(<J,) 

' ./ { 11: [ ( M + p) cp] - 1 } dH 2 ( p, f, ) 

.1l 

;f.,</>) 

[ {n'[(M + p) <P] - 1} H2(P, 6)]!- ./ </m"[_(l\1 + p) </>]H2(p, 6)dp, 

f'. 

where the la.st cxpression results from integrating by parts. The fust term 

vanishes beca.use 11/ = J. a.t p ancl H2 (Q, f,) = O. Integrating by parts again, 

p(<J>) ' 

\JI= -</>u" (q*) 2 (p, 
1

6) + ./ q/u111[(l\1 + p) qJ]2 (p, 6) dp . 

f!. 

The firs t term is una.mbiguously positive bu t the sign of the seconcl depends 

on 11.
11
'; if u"' ~ O then \J! > O a.ncl a mean-preserving spread of H unambigu

ously increa.5es the value of nwney . 

1 

The effect of 6 on (/;5 and the way it clepencls on u111 is clue to a "pre-

cautionary" clemancl far rnoney. Simply put, given v."' ~ O an increase in 

risk makes agents want to hale! more cash, which raises its value. It can also 

be shown that an in crea.se in risk una.mbiguously reduces welfare. 25 This is 

V(m) = o:ób+W(m)+ 

o:a / (T(p){11.[ef¡(m + p)] - cp(m -1- p)} + [1 - l (p)] [v.(q•) - q*I) cllí(p, E), 
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to be contrasted with sorne other moclels, where the clistributiou of money 

holdings F is non-clegenerate in equilibrium and ranclom transfers of a.cross 

agents may be welfare irnproving (IVlolico [1999]; BerenLsen [1999]). The rea

son is that random transfers can rnake the clistribution of real balances less 

unequal, and in this way they provide partial insurauce. Here, the clistribu

tion of real balances is degenerate, so ranclom tra.nsfers ca.nnot help on this 

dimension. 

We now let the growth rate of the rnoney supply T be randorn with dis

tribution H(T+1 IT), with transfers arriving between centrnlizecl and decen

tralized tracle, as above. Then 

where 

Again let C = {TI (m + Tlvf) (/> < q*} he tite set of realizatioJts wltere tite 

' 
constraint binds. Again all agenLs agaiH choose the sarne rn+1 , wltich now 

implies 

cp = f3 j f+ 1clH (L1-i!T) + (3 j_f+t [cwu'(r/)+ 1m,-1) + l - cw] dH (T+dT). 
e• e 

where I(p) is an iudicator funclio11 wliich equals l il' p < p = 1¡' /4> - M ,rnd O otlierwise. 
Since the integrancl is sLricLly co11cave in p, a uieau-preserving :;prcad u11arnbiguuusly 
reduces V(m). 
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lf we focus on stntiona.ry equilibrimn, then we ca.n write 

z ( T) = (] j z/r+1 )dl:l(r +!Ir) + (] / {o:qu' lz(r + 1)1+1- o:a }z( r+l )dH( r +1 fr) 
J..t- T.J. J 1..¡.,,-+t 

cr. e 
(28) 

where z = </J1n. This is n [unctional equation in z (·). If shocks are i.i .d. then 

z ( T) is cons tan t, and the oonsLrain L binds in every period. In this case 
1 

1 (-1 - (] 
u (z) = 1 + (J 

CV.<l . 
where ( = .f (1 + T)- 1 dH (T) is the expeded (gross) retun1 to holding a unit 

of money [ora period. A necessary condit;ion for existence is ( ~ 1/ (], which 

genen:i.li7,es wha.t we saw with deterrninistic money growth, 1 + T 2 (J . 

When T is persis tent, the inflation forecast will depend on the current 
1 

state, and hence so will real balances. Consider the following example. Sup-

pose TE {T1,T2},withT1 > T2,pro/J(T=TilTi) = JJi , pr9b(T = T1IT2) = s 2 . 
and prob (T = T2 IT1 ) = s 1. The process is i.i.d . if p 1 = s2 , and persistent if 

JJ1 > s2. In this case we can write (28) as two equations i_n (z1, z2), and we 

look fo r a solution (zi, z;) such thal; z; < q*. These two equations can be 

rearra ngecl to solve fo r z1 as a fw1ction of z2 a.nd vice-versa: 

Z¡ = z. (z ) = [1Z.l. _ Q!l - o:a)(w m-s, s2)] z _ /Jo:a(m m- s1 s2) 7/ (z ) z 
l 2 si s2(l+r2) 2 s2(1+r2) 2 2 

z
2 

z (z ) = [lb. _ Qíl - o:a)íwm- s1s2)] z _ Qaa(w1n - s1s2)U1 (z) z 
2 , ¡ s1 s1(l -l-r1) 1 s1(l+n) 1 l· 

These functions are shown in Figure 7 . 

Notice Zi (O) = O ancl lim Zi (z) = oo. It may be shown that z~ (z) > O as 
Z-'<Xl 

long a.':i R (z) = -u" (z) z/1/ (z ) 2 l. Let Zi = Zi (zi) be the point where the 
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' Zi( •) function crosses the 45° line (see the Figure), given by the solutions to 

(1 -1- T1) (p2 - S1) 

/3 (P1P2 - s1s2) 
(1 + T2) (p2 - S1) 

/3 (P1P2 - s1s2) · 

These imply z2 < z1 if T 1 > T 2 , and given zi (·) > O this implies z; < z2. 

Hence, when the shocks to the money supply are persistent real balances are 

smaller in periods of high inflation. To conclude the exarnple, recall that the 

equilibriwn was constructed conjecturing that z; < q*. Since z.; < z1; for the 

conj~cture to be correct i t is sufficient to ensure that z1 ::; q*, which holds iff 

. ) 

Figure 7: Equilibrium with Ranclom T 
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4 Conclusion 

We presented a model based explicitly on the frictions 'that make money es-
, 

sential, as in the sea.rch-basecl rnonetary literature, but we relaxed an extreme 

assumption usually 1~1ade in that literature - that agents· can store very ré

stricted inventaries of money, like m E {O, 1}. ,That restriction makes those 

models ill-suited for sorne issues, especially those involving changes in the 

money supply, but most versions without it are extremely .complicated. The 

key i nnovation here is a centralized market that convenes between rounds 

of decentrnlizecl trade. Under certain assumptions 911 'preferences ali ?,gents 

take the same amount of money out of the centra.lized market. The resulting 

framework has sorne desirable features of search models, including '<lecen-, , , 

tralized trade and price setting in specialized markets, and at the same time 

allows for fairly general monetp,ry policies, as do reduced-f(?rm models. In this 

sense it helps to integrate micro and macro strands in monetary economics . 

We were a.ble to establish a fairly complete characterization of equilibria . 

In particular, at least in the basic version of the model with a constant 

money supply and no real shock,, the constraint d ~ m holds with equality, 

ancl q < q* at a.11 dates, in any equilibrium. Thus, monetary equilibria 

are inefficient. We proviclecl existence' and uniqueness results for stationary 

equilibria, and demonstrated how sorne interesting nonstationary equilibria 

are also possible. V·le also extended the analysis to allow for real or monetary 

shocks. VI/e showecl that a.11 nominal (real) variables are proporti01}al to 

(independent) o [ the leve! of M. In terms of the growth rate in /1,1, we showed 
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1 

that the best policy is,Friedman rule ( clefi.ate at the rate of time preference), 

but that this policy achieves the efficient allocation q* iff the buyer has all the 

bargain\ng power. We argued that ,this could have important irnplications 

for thinking about the welfare cost of inflation. 

Much more could be ·done. A quantitative analysis of the welfare cost of 

inflation, or of the 'effects of real ancl monetary shock; is beyoncl the scope 

of this project, but seems like a natural next s tep . One may want to per

form such an analysis on an extended version o't· the rnoclel that endogenizes 

search intensity (a) ar specialization (cr), since they determine the velocity 

of money" (indeed, one can prove velocity is 2acr in the model). The model 

can also be extended to allow intrinsically heterogeneous types, or to assume 

that sorne agents sornetimes cannot access the sentralizecl market, which is 

interesting since either of these assmnptions would malee the distribution 

F(m) nonclegenerate , but in a manageable way. Hence, it shoulcl be possible 

to study the impact of policy on welfare via the clis tribution of real balances 

in a fairly simple setting (previously, this has requirecl a fa.i rly cornplicated 
1 

environ~ent, as in Molico [1999]). 

It would also be interesting to consider pricing mechanisms other than 

bilateral bargaining, perhaps sornething a.long the lines of the competitive 

search equilibriurn concept of Moen (1997) ancl Shimer (1995). It would also 

be useful to pu t capital and labor explici tly into the rnodel. It turns out that 

one can do th.is rather easily. Indeecl, we can write clown a rnodel that nests 

the framework in this paper and the standard neoclassical growth model. 

Equilibrium determines time paths for homs, capital, the consumption of 
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general goods, and the consumption of special goods, {h, k+1, e, q }. At least 

for the baseline version of the model, ther_e is a dichotomy: the equilibrium 

conditions partition into a set determining {h, k+1, e}, that look exactly like 

the standard (nonmonetary) growth model; and a single ~quation determin

ing { q} tha t looks exactly like the one in this paper ( yee A.ruoba [2002]) . 
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A _Appendix 
i 

In this Appendix we first verify that the bargaining solutions are as claimed 
¡ 1 

in the text. We then ·use these results to derive certain properties any equilib-

rium must satisfy. Fin~lly, we use these properties to establish the existence 

of the value ftmction V. 

Lemma 1 In a double coiricidence meet-ing each agent produces q* and no 

money changes hands. 

Proof. In double coincidence meetings, the symmetric Nash problern is 

subject to -m2 5: ~ 5: m 1 , where q1 and q2 denote the quanti~ies consmned 

by:agents 1 and 2 and 6. is the arnount of rnoney 1 pays 2. The problern has 

a unique solution that is characterized by the first orcler conditions 

u' (q1) [1¿ (q2) - e (q1) + cp6.] 

é (q2) [u (q2) - e (q1) + cp6.] 

u (q1), u (q2) + c(q1) - c(q2) - 2</>6. 

é (q1) [·u (q1) - e (q2) - </.>6.] 

·u' (<12) [u (q1) - c(q2) - <J.>6.] 

where Ai is the mulÜplier on agent ·i's cash constralnt. It is easy to see that 

q1 ~ q2 = q* and 6. = >.1 = >.2 = O sol ves these conditions. lil 
• 1 ' • • 

Lemma 2 In a s·ingle coi:ncidence meeting the bargaining sohd-ion is given 

by (7). 

• 
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Proof. The necessary and sufficient conditions for , (6) are 

0 [<f>d - e (q)] u' (q) (1 - 0) [u (q) - <f>d] e'(~) 

' 
0 [qJd - e (q)] </> - (1 - 0) [u (q) - </>d] <P · 

-A [u (q) - </>d] i- o [</>d :-- e (q)]º 

(29) 

(30) 

where A is the Lagrange multiplier on d ::; m. There are two possible cases : 

li the constraint does nol; bind, then A = O, q = q* and. d = 7!1,*. lf the 

constraint bincls then q is given by (29) wi th d = m, which is (9). ■ 

At this point we consider a non-recursive definition of equilibriun:i and 

deriving sorne of its properties. Given the bargaining solution [q(m), d(m)], 
' 

it suffices for our purpose to say that a monetary equilibrium is a path for 

{<Pt,Ft} with <Pt > O such that, when individuals choose sequences {mt+1} 
\ 

the resulting sequence of distri butions is { Ft}, and the money market clears 

in the sen se tlwt J mdF( m) = M at every date . 

Lemma 3 In a.ny maneta,ry equilibrium, f3<f>t+l ::; <Pt far all t. IJ 0 ~ 1 or 

u' is log canea.ve lhcn F is degenerale: mt+l = !l'f with probability 1. In 

a.ny equilihrium where F is degenerate, <l>t = G ( efJt+l) far all t where G is a 

time-inva.riant continuov,3 function . 

Proof. Given any path { <Pt, Fe} a.nd mo, the individual problem is 

00 

max ¿ 13t [v (mt, <f1t, Ft) + <Pt (mt - ffit+1)] 
{mt+ i} ~ o t= O . 

where v is defined in (12) (which does not use the value funétion and is defined 

in terms date t variables only). We know v is cn-1 ; thµs; if a solution exists 
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it satisfies the necessa.ry conditions 

We have 

( ,1.. F) = { cw [il(q)q(m) - e/>] 
V1 m, 'I', Q 

if ·m<m• 
ifm ~m• 

where q'(m) is given in (10). If f34>t -t-l > cl>t then the left hand side of (31) 

is positive for m > m* and so the problem has no solution. Hence we must 

have f34>t+l _::; 4>t for ali t. 

In a monetary equilibrium, at least one agent must choose mt+J > O, and 

for tlús agent 

(32) 

As cliscussed in the text, a quick calculation verifies that if O:::::: 1 or u' is log 

concave then v11 < O, wh.ich implies (32) has a unique solution: a l! agents 

choose the same ffit+l = M. Hence Ft+l is degenera.te in a11y moneta.ry 

equil.ibriurn. F.inally, •(32) implies <Pt = G (<.bt+i), where G is contin uo11s 

because v1 is. ■ 

At th.is point the following issue arises: although we know that in any 

equilibrium <Pt = G ( </>t+1), Lo use dynamic progrnmrning we neecl to know 

<Pt+I = <D (<l>t) . But G rnay not be inver tible. Our s trategy is to restriét 

attention to equilibria where <Pt-1-1 = <D ( 4>t) and <I> is continuous. Obviously 

this includes ali steady state equilibria, and it includes ali possible equilibria 

in the case where G is invertible, but it also includes many other interesting 
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cases, such as the cycles constructed in the text. Ali that it rules out are 

the following somewhat exotic possibilities. First note that any equilibriurn 

involves selecting an i ni tial price <Po, or equivalently q0 sin ce we can always 

invert <Po = </>( q0 ) by (9), and then selocting, future values from ,the correspon

den ce <Pt+l = c-1 (<f>t). We simply insist that the selection <Pt+i frorn c-1 (cpt) 

cannot vary with time or the value of <Pt . 

That is to say, while the value <Pt+I obviously varies with <Pt, the rule for 

choosing which branch of G-1 from which to select <Pt+i must be constant . 

We lmow that this is possible for a large class of dynamic equilibria; e.g., 

one can use the rulé "always select the lowest branch of c-1» and construct 

equilibria where cpt - O from any initial <Po in sorne interval (O, ef>0). While 

we rnay not pick up all possible equilibria due to this restriction, we pide 

up a lot. And we emphasize that the purpose of this restriction is limited: 

we already know that {3cpt+1 s; <Pt for all t and that F is degenerate in any 

equilibrium; all we are doing here is trying to guarantee <Pt+i = el> ( <Pt) where 

<P is continuous in arder to prove the existence of the value ftmction V and 

use dynarnic programming . 
1 • 

Given <Pt+l = éf.> -(</>1) where éf.> is continuous, we still need to bound <p. We 
1 

do this with J,,lf constant, but the arguments are basically the same when M 
1 

is varying over time 8$ long as we work with real balances z = <f>M . 

Lemma 4 Assume sup U(X) > V = u(q•\1__~<x•). Then i1; any equilibrium 

</; is bounded above by efJ = z/M, 'where U(z) = V . 
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Proof. Clearly lifetime utili ty V iI1 any equilibrium is bounded ' by V. 

Consider a candidate equilibrium with q;M > z at sorne date. In the can

didate equilibrium, an individual with m = Jvf would want to deviate by 
1 . -

trading all his money for general goods sine.e U ( </;M) > V . Hence, rjJM is 

bounded above by ·z-. 111 

Next, we verify the exis tence ancl w1iqueness of the value function. 
' 

, - -
Lemn:ia 5 Let S == IRx [ü, </J] with cp defined as in Lemma 4, and c:onsider 

the metric space givén by C = { v : s-IR I v is bounded and continuous} 

together with the sup .nórm, llvll = sup lv (m, </J)I. De'fi,ne 

C' = {v: s-IRIV (m,</>) = v(m,cp) + </>m for som~:v E e}. 

Let <I> :' [o,~ - [O,~] be a continuous function, and define the operntor 

T: C' -t C' by 

( TV) (m, cp) =,= sup { v (m, cp) + cpm - </Jm+1 + ,BV [m-1-1, <I> (</> )] } 
ni+ 1 

where v(m, cp) is define.d, in {12). Then T has a unique fixed po·int V E C'. 

. 
Proof. F irst we show T : C' - C'. For every V E C' we can write 

( TV) ( m, </;) = v ( m, <p) + q>m + su p w [m+ 1, <P ( </>)] 
. ni+ 1 

where W [m-1-1, <P (</>)] . = ,Bv lm+1, <!> ( cp)] + .B</>m+1 - </>m+1 for some V E (C. 

Since v is bounded, t here exists a m such that ,81¡1J[O, <D ( </J)] > ,Bw [m+1, <I> ( <p) j 

for all m+1 2: m . Therefore, . 
supw[m+1 ,<I>(</;)] = rnax_ w[m+1,<I>(</>)], 
m+1 "'+ 1E[0,mJ . 
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and the maximum is attained. Using w * (e/>) to denote the soiution, we have 

TV (m, e/>)= v (m, cp) + w* (cp) + <pm E C', since w* (cp) E <C by the Theorem 

of the Maximwn and v (x, cp) E <C from the bargaining sol1;1tion . 

We now show T is a contraction mapping. Define the norm 11 V1 - 112 11 = 

sup lv1 (m, </J)-v2(m, </J)I and consider themetric space (C', 11·11). Fix (m, </J) E 

S. Then, letting m~1 = argmax {J3½ [m+1 , cp (</J)] - </>m+1 }we have 
m+iEIO,m] 

TVi -TV2 {J3Vi (mt1, <p (</J)] - </Jmt1} - {P½ (mt1, <p (</>)] - </Jmt1} 

< ,13 IVi (mi1, cp (</J)] - V2 (mt1, cp (</J)] 1 ~ /311½· __ ½11 · 

Simila.rly, we can derive TV2 - TV1 ~ ,l3 IIV1 - V211 · Hence jrl\ - TV11 ~ 

,13 lli/j_ - ½11 · Taking the supremum over (m, </J), IITV1 - Ti/211 ~ /311½ - ½11 

and T satisfies the definition of a contraction . 

We now argue that (C', p) is complete. Clearly, if Vn(m, cp) = v11(m, </J) + 

<pm is a Cauchy sequence in <C', then { vn(m, cp)} is a Cauchy sequence in 

<C. Since (<C, 11·11) is complete (Theorem 3.1 in Stokey and Lucas [1989]), 

'Un -----> v' E <C. Set V = V + <pm and it is immediate that Vn -----> V E e . 
Therefore (<C', p) is-complete. It now follows from the Contraction Mapping 

Theorem (Theorem 3.2 in Stokey ancl Lucas [1989]) that T has a unique fixed 

point V E <C'. 11 

49 



• . •• /;::, :p ;11¡~~1,, • e ;:; •. • : 

. . ,.,, .,-·.· ;,•:!-' , .,· ··· ·.:· 

... -- )}\'dlt¡¡11ll:} . • 

References 

[1] Aiyagari, S. Rao, and Neil Wallace. "Existence of Steady States with 

Positive Consumption in the Kiyotaki-Wright Model.)) Review of Eco-

nomic Studies _58(5) (October 1991): 901-916. 

[2] Aiyagari, S. Rao, Neil Wallace ancl Randall Wright. "Coexistence of 

Money and Interest-Bearing Securities,)) Jomnal of .A1onetary Eco-

nomicy 37 (1996): 397-420. 

[3] Alvarez, Fernapdo, and Nancy L. Stokey. "Dynamic Programming with 

Homogeneous ;Functions." Joumal of Ecorwmic Tl~eory 82 (1998): 167-

189. 

[4] Aruoba, S. B~/agan. "Search; Money, and Capital: A Neoclassical Di-

chotomy." unpublished manuscript, 2002. 

1 

[5] Azariadis, Costas. Intertempornl Macroecononiics. Oxford: Blackwell 

Publishers, 1993. 

1 

[6] Berentsen, Aleksander. "Money Inventaries in Search Equilibrium.)) un-

published manuscript, 1999. 

[7] Berentsen, Aléksander, and Guillaume Rocheteau. "The Role of Money 

in Double Coincidence Environments." tmpublished manuscript, 2000a. 

[8] Berentsen, Aleksander, and Guillaume Rocheteau. "On the Efficiency of 

Mo~etary Exchange." w1published manuscript, 2000b. 

50 

• 

• • • • • • , . 
• • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • 



• • •• 
• • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • •• 
• • • • • • • • • • • • • • 

[9] Berentsen, Aleksander, Guillaume Rocheteau and Shouyong Shi. ''F:t·iecl

man Meets Hosios: Efficiency in Search Models of Money. ,, unpublished 

manuscript, 2001. 

[10] Burdett, Kenneth. "A Useful Restriction on the Offer Distribution, in 

Job Search Moclels," in G. Eliasson, B. Holmluncl ancl F. P. Stafford, 

eds., Studies in Labor Market Behavior: Sweden and the Unitcd States . 

Stockholm, Sweden: I.U.l. Conference Report, 1981. ' 
t 

1 

[11] Burclett, Kem1eth, Alberto Trejas and Randall Wright. "Cigarette 

Money.,, Journal of Eccmomic Theory 99 (2001): 117-42 . 

[12] Camera, Gabriele, and Dean Corbae. "Money an~ Price Dispersion." 

International Economic Revieiv 40( 4) (November 1999): 985-1008 . 

[13] Cavalcanti, Ricardo and Neil Wallace. "A Model of Private Bank-Note 

Issue," Review of Economic Dynamics 2 (1999): 104-136 , 

(14] Cavalcanti, Ricardo, and Neil Wallace. ((Inside and Outside Money as 

Alternative Media of Exchange,,, Journal of Money, Crcd-it and Banking 
1 

31 (1999): 443-157 

[15] Christiano, Lawrence, Martín Eichenbaum ancl CharlEs Evans. "Sticky 
. 1 

Price and Limited Participation Models: A Comparison," European Eco-

nornic Review 41 (June 1997): 1173-1200 . 

51 

• 



[16] Coles> Melvyn, and Randall Wright. ''.A Dynamic Equilibrium Model 

of Search, Bargaining and Money.» Journal of Econom'ic Theory 78(1) 

. (January 1998): 32-54. 

[17] Cooley> Thomas and Gary Hansen. "The Inflation Tax:in a Real Business 
' 

Cycle Model." Amer'ican Economic Review 79 (September 1989): 733-

748. 

' 
[18] Duffie, Darrell, John Geanakoplos, Andreu Mas-Colell and Andrew 

McLennan. "Stationary Markov Equilibria." Econ01netrica 62 (1994): 

745-782. 

[19] Faig, Miguel. "A Search Theory of Money with Commerce ancl Neoclas

sical Production.» unpublished manuscript>. 200_1. 

[20] Green> Edward> and Ruilin Zhou. "A Rudimentary Model of Search 

with Divisible Money and Prices." Journal of Economic Theory 81(2) 

(August 1998): 252-271. 

[21] Head, Allen and Shouyong Shi. "A Fundamental Theory of Exchange 

Rates and Direct Currency Tracles.» unpublished manuscript, 2000. 

[22] Head> Allen ancl Alok Kumar. "Price-posting> price clispersion, and in

flation in a random matching model.» unpuplished manuscript> 2001. 

[23] Hosios, Arthur_iJ. "On the Efficiency of Matching and Related Models 

of Search and Unemployment ." Review of Economic Stud·ies 57 (April 

1990): 279-298. 

52 

• 

• • •• • • • • • • • • • • • • • • • • • • • • • • • • • • • • 
~ • • • • • • • • • • • • • • • • 

• • 1 
l -'•._ ¡ 



• • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • 

[24] Kiyotaki, Nobuhird and Randall Wright. ''On Money as a Medium of 
' ' ' 

Exchange." J ournal of Political Econorny 97( 4) (August 1989): 927-954: 

[25] Kiyotaki, Nobuhiro and Ranclall Wright. "A Contribution to the Ptire 

Theory of Money." Journal of Economic Theory 53(2) (April 1991): 

215-235 . 

[26] Kiyotaki, Nobuhiro and Randall Wright. "A Search-Theoretic Approach 

to Monetary Economics." American Economic Review 83 (3) (March 

1993): 63-77 . 

[27] Kocherlakota, Narayana. "Money is Memory." Jqurnal of Economic 

Theory 81(2) (August 1998): 232-251. 

[28] Li, Víctor. "The O ptimal Taxation of Fia't Money in Search Equilib

rium," International Economíc Review 36(4) (November 1995): 927-42 . 

[29] Li, Yiting and Randall Wright. "Government 1\-a.nsaction Policy, Media . 

of Exchange, and Prices." Journal. of Economic Theory 81(2) (Aug-y.st 
1 

1998): 290-313 . 

[30] Lucas, Robert -E., Jr. "Equilibrium in a Pure Currency Economy." In 
1 

Models of Monetary Economies, edited by John H. Kareke and Neil 

Wallace. Minneapolis: Federal Reserve Bank of Minneapolis . 

[31) Matsuyama, Kiminori, Nobuhiro Kiyotaki and Ahihiro Matsui. "Toward 

a Theory of International Currency." Review of Economic-Studies 60(2) 

(April 1993): 283-307 . 

53 

• 



[32] Moen, Espen R. ·"Competitive Search Equilibrimn,» Joumal of Political 

Economy 105 ( 1997): 385-411. 

: [33] Molico, Miguel. "The Distribution of Money and Prices in Search Eqlú

libriurn. » unpublished manuscript, 1999. 

[34] Rauch, Bernard. "A Divisible Search Model of Fiat -Money: A Com

ment.» Econometrica 68(1) (January 2000): 149-156. 

[35] Shi, Shouyong. "Money and Prices: A Model of Search and Bargaining.» 

Journal of Economic Theory 67(2) (Dfcen1ber 1995): 467-496. 

[36] Shi, Shouyong. "A Divisible Search Moclel of Fiat Money." Econometrica 

64(1) (January 19°97): 75-102. 

[37] Shi, Shouyong. "Search for a Moneta.ry Propagation Mechanism.» Jour

nal of Econom"'ic Theory 81(2) (August 1998): 314-352. 

[38] Shi, Shouyong. "Search, Inflation and Capital Accumulation." Joumal 

of Monetary Economics 44(1) (August 1999): 81-103. 

[39] Sh.imer, RDbert. "Contracts in l<'rictional Labor Markets,,, mi meo, 

Princeton University, 1995. 

[40) Stokey, Nancy and Lucas, Robert E. Jr. Recursive Methods in Ec01¡wmic 

Dynamics. Cambridge: Harvard University Press, 1989. 

[41] Taber, Alexander, and Neil Wallace. "A Matching Model with. Bounded 
1 

Holdings of Indivisible Money.» International Econornic Review 40( 4) 

(November 1999): 961-984. 

54 

1 1 

• 

• • • • • • • • • • • • • • • • • • •• • • • • • • • • • • • • • • 
~ • • • • • •• • • • • • • • • • 



• • . -
• • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • •• • • • • • • • • • • • • 

[42] Trejas, Alberto, ancl Randall Wright. "Search, Bargaining, Money and 

Prices." Journal of Political Economy 103(1) (February 1995): 118-141. 

[43] Velde, Francois, Warren Weber and Randall Wright. "A Model of Com-
' 

modity Money, with Applications to, Gresham>s Law arid the Debase-

ment Puzzle." Review of Economic Dynamics 2 (1999): 291-323 . 

[44] Walsh, Carl E. Monetary Theory and Pplicy. MIT Press, -1998 . 

(45] Wallace Neil. "Short Run and Long Run Effects of Changes in Money in 

a Random Matching Model." Jo1tmal of Polidical Economy 105 (2000): 

1293-1307 . 

(46] Wallace, Neil. "l(nowledge of Individu~ Histories and Optimal Payment 

Arrangements. » Federal Reserve B ank of Mim1eapolis Quarterly Review, 

24 (3) (Summer 2000): 11-21. 

[47] Wallace, Neil . "Whither Monetary Economics?" Intemational Eco

nomic Review 42 (November 2001): 847-870 . 

[48] Williamson, Steve, and Randall Wright. "Barter and Monetary Ex

change under r rivate Information ." American Econotnic Review 84(1) 

(March 1994): 104-123 . 

1 

[49] Zhou, Ruilin. «Ourrency Exchange in a Random Matching Model. " 

Review of Economic Studies 64(2) (April 1997): 289-310 . 

55 

• 



[50) Zhou, Ruilin. ''Individual and Aggregate' Real Balances in a Random-
' 

• 1 

Matching Mo~lel." Intcrnational Economic Rcview 40( 4) (November , 
1999): 1009-1038. 

• 

5G 

• • , . 
• • • • • • • • • • • •• • • • • • • • • • • • • • • • • • • • . ; 
• • • • • • • • • • • • • . , . . 'i 


