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GRANDMA'S DRESS, OR WHAT'S NEW FOR OPTIMAL GROWTH. 

by Ro l f R. Mantel, Univers i dad de San Andrés, Apri l 1993. 

A B S T R A C T 

The recent reviva ! of interest in optimal growt h theory 
jus tifi es the a nalys i s of mo re flexible descriptions of 
preference over time and their implications for optima! growth, 
in contrast with sorne of the newer investigations which attribut e 
differing growth paths to technological factors. 

S i nce t ·he pi oneer i ng work by Ramsey, t he us ua 1 procedure 
- ex haus ti v e 1 y e x a mi ned by Cass and Koopmans a nd app 1 i ed in a 
number of other studies - consis t ed in maximizing a (di scoun ted 
or not) integral of instan taneous u ti lit ies . Suc h an optimality 
cr ite rion implies that preferences are independent over ti me. 

For discrete time, using an nssumption of limi ted non ­
compl eme nt ari ty over time, in 1960 Koopmans s howed that t here 
ex i st welfare functions for which the rate of time preference is 
variable. Using s uch a cr it erion Bea l s and Koopmans s howed in 
1969 that the lon g r un optlmnl cap i ta l path may depend on initial 
wea l th, so that not a li of the conclusions of o p tima l growth 
theory with a constant rate of time preference hold. 

Equiv a l e nt res ult s for the case of continuous time ha.ve bee n 
reached by t he present au t ho r. The nna 1 ys is by t he au t ho r of a 
particular case in which the resulting we lfare function can be 
exp li c itly represented asan int egra l illustrates the qua litative 
behavior of optirna l growth paths, there s hown to be similar to 
that described by Beals nnd Kooprnans. This particular utility 
function i s similar to on e derived by Uzawa, who dueto different 
assumptions obtains optima ! paths which in the lon g r un are 
in dependen t · o f in i t i a 1, we a 1 t h . 

A mor e thorough ann lys i s s hows that a s uit ab l e limiting 
process allows on e to def ine a utility function for cont inuous 
time with a variab l e rate of time preference which cannot be 
represented in closed fo r m. The present invcstigation applies 
such preferences to optima! growt h , with resul ts s imilar to those 
obtained for the discre te time case . In particular - when the 
rate of time preference i s a ll owed to vnry - a count ry may decide 
not to under t ake the ef fo rt of economic development when it s 
initi a l capit a l e ndowme nt i s be low sorne crit ica ! l eve l, whereas 
if it were above that l eve l it would be willing to sacrifice its 
present generation for the well - being of t he future ones. It i s 
impos s ibl e t o obtain s uch a result with a const a nt rate of time 
preference in the case o f a s impl e neoc lassica l technology. 
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O. Introduct ion. 

by Rolf R. Mantel 
Unive rsidad de San Andrés 

Apri 1 1993 

My grandmother used to say that when a dress becomes out of 
fashion one should just keep i t in a trunk for 20 years, time 
after which one surely would be nble to wear it again. 

When in June 1992 Robert Barro visited Argentina and gave a 
thought provoking talk on inter - country comparisons of growth 
rates due to differing effects of accumulated human capital 
[Barro and Sala- i - Martin, 19921, I made some comments referring 
to work done in the 60's, when such differences were attributed 
to the interaction of preferences with existing resources rather 
than technological factors. He asked me how it felt to see the 
recent revival of interest in growth theory. My answer was that 
"it feels wonderful", and cit e d the foregoing paragraph on 
grandma's dress. It is the purpose of the present study to 
present sorne of the results which might provide such an 
alternative explanation. 

For a long time, since the times of the pioneering work by 
Ramsey [1928], the usual procedure in the field of optimal growth 
theory - exhaustively examined by Cass [1965] and Koopmans [19651 
and applied in a large number of earlier and later studies ­
consisted in maximizing a welfare function represented by a sum 
or integral of instantaneous utilities of the consumption rates 
at different times of programs extending toan unlimited planning 
horizon. The sum was either undiscounted as in Ramsey's case 
- that author thought any discounting of future generations was 
not defensible on ethical grounds - or discounted using . a 
constant rate of time preference. Such an optimality criterion 
implies that preferences are independent over time. 

Nowadays more realistic criteria are available. In his 

1A preliminary version of the present investigation has been 
presented at the Latin American Regional Meeting of The 
Econometric Society, Mexico City, September 1992. The author 
gratefully acknowledges the comments and suggestions received 
during that meetings especially from Marc Nerlove, and those from 
Wi 11 iam Easterly, Klaus Schmidt - Hebbel and two anonymous 
referees, ali having contributed grently toward the improvement 
of the text. Of course any remaining errors are not their fault. 
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Grandma's dress ~ or what's new for optimal growth. 

painstaking analysis of stationary utility Koopmans [1960). 
presented a class of them for the case of discrete time periods ; 
he used an assumption of limited non-complementarity over time, 
and showed that there exist welfare functions for which the pure 
rate of time preference is variable , depending on the consumption 
rate . La ter work has shown that such ut i 1 i ty funct ions exhibí t 
t he guas i-card ina l proper ty of t ime-perspect i ve· [ Koopmans. 
Diamond1 and Williamson 1964] -concept which means that as 
consumption programa are postponed by inserting coincident 
initial sections their welfare levels tend to equalize - . It was 
also shown that some but not all of the previous conclusions of 
optima! growth theory based on a constant rate of time preference 
hold when a member of this class of utility functions is us ed as 
a welfare criterion [Beals and Koopmaris 1969, · Iwai !'972). · In 
particular, optima! development programa may now depe nd on 
initial conditions. 

Equ i valent results for the case of continuous time have been 
reached by the present author [Mantel, 1967 a, 1967 b] but have 
not been . widely circulated except for the analysis of a 
particular case in which the resulting welfare function can be 
expl ici t ly represented as an integral [Mantel 1967c]. · The 
integrand in this version has the usual form of an instantaneous 
utility function of the current consumptibn rate~ 'di s counted by a 
factor which in its exponent has the negative integral of ali 
past discount rates; the d·istinguishing feature is that each of 
these rates depends : on the consumption rate curr~nt ~t the · time 
in which the discount rate is to be applied. It was then shown 
that the limiting capital-labor ratio of an 6ptimal pro.ram 'in a 
neoclassical economy may depend on initial capital and labor 
endowments. 

A similar explicit representation has been used by Uzawa 
[1968]. Nevertheless he arrives at optimal paths which · in the 
long run are" indeperident of initial wealth·. This is due tó 'his 
particular assumption on the way in which the rate of time 
preference depends on 'the rate of consumption. He con'siders a 
positive relation, so that higher levels of consumption 
correspond to highe·r rates of time preference. This is not a 
realistic assumption. As Blanchard and Fischer [1991) point out, 
this "is not particularly attractive as a de s tription · of 
preferences and is not recommended for ~eneral u~e"; Ir~ ing 
Fisher, the father . of the creature, explains in his Theorj of 
Interest [1930, pg 247) that "near the mínimum of ·sub~istence ... 
to give up . one iota of this year's income in exchange ·for · any 
amount .. promised for next year would mean too great a privation in 
the present . .. . his rate of time preference will gradually 
decrease that is, the larger the income, other things 
remaining the same, the smaller the degree of impatience." 
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Grandma's dress ; or what's new for optimal growth. 

The results for growth theory obtained in Mantel {1967 e] on 
the contrary illustrate the use of a simplified form of such a 
welfare function taking into account Fisher's form for the pure 
rate of time preference; the qualitative behavior . of optimal 
growth paths is there seen to be similar to that described in 
Beals and Koopmans [1969] and Iwai [1972] for discrete time, who 
also observed the multiplicity of asymptotic growth paths, with 
long run situations depending on the initial endowments. 

Such a behavior provides an altern~tive explanation of the 
differing growth rates of different countries than that provided 
by Barro and Sala-i-Martin {1992]. Rather than those differences 
originating in technological factors such as human capital or non 
convexities, here they are dueto preferences. Thus it can be 
seen that these may also lead to a "poverty trap" even in the 
case of a well behaved neoclassical technology. 

In the present article it will be shown that the same 
techniques of dynamic optimization applied in the previous study 
allow the analysis of a more complex preference structure, in 
which the welfare function cannot be written down in closed form, 
more in line with the two studies by Beals and Koopmans and Iwai 
mentioned above. Assuming time to be continuous rather than 
subd ivided into discrete periods allows a simpler description of 
the optima! paths, since in that case the more powerful methods 
of the theory of opt imal control processes are avai lable. The 
advantage of the continuous time approach would stand out even 
more clearly in the cases in which the solutions approach the 
boundaries of the constraint sets -for example when there are 
time intervals in which consurnption drops to zero- for then the 
behavior of the system in the discrete time case can easi ly 
become chaotic. In the continuous time case the paths approach 
the boundaries in essentially the same way no matter how far they 
are initiat'ly from them; this is not true in the discrete time 
case . 

Consumption programs are defined in section 1, where the 
structure of preference over time that will be used is presented 
with a list of postulates and a summary discussion of their 
economic significance. Section 2 describes the usual neoclassical 
technology and the set of feasible programs. It also defines 
discount factors and prices associated with feasible programs. 
Section J derives the conditions that must be satisfied by 
programs which stay within the restrictions imposed by the 
technology and resources described in section 2 and are optimal 
for the preferences of section 1. Section 4 presents the results 
of the investigation for the theory of economic growth . 
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In the main text only the results will be g iven, with some 
indi ca tion as to their proofs. More detailed proofs are left for 
the Appendi x . 

t. Preference over time. 

The pr e sent section presents bri e fly the .. sti:ucture of 
preference over time to be used in the seque l. A moi;-e thorough 
ana lys is has bee n carried out previously [Mante l, 1967 a , 1970], 
whe re the gap be tween the two approaches - continuous vs. 
discrete time - has been bridged , by showing that a . suitable 
limiting process a llows on e to def ine a utility f.µn~tion for 
continuous time with a var i a bl e rate of time preference. The main 
resu I t i s that the ass umpt ions of sta t ionar i ty and l imi ted non ­
complementar i ty over time imply that the prospective utility o f a 
consumpt ion program ex t end i ng f rom t he pres en t to t h~ un 1 imi t ed 
future, can b e e valuat ed as the initial v a lue of the s olution of 
a differential e quat ion, relating the marg ina l increase in 
prospective utility due to the advancing of the.program, to the 
leve l of tha t utility and to the instantaneous· utility of the 
commodity bundl e thereby discarded . 

The proper ty of time perspect ive can then be st,a ted ver y 
simply as the condition that for sorne representation of the 
prefere nces the rate of time preferenc e be posi~ive. 

A ( Ume- )path or program is a real - value d funct ion z ( t), 
where the non - nega tive argument t represents time. Admissibl e 
programs are bounded and measur a bl e . A section -~f a pa th i s it s 
restriction to s orne time duration., the int erval betwe e n two 
instant s O ~ s < t, a nd wi 11 be de noted by z , so that the left 

o t 

subscript a lways indi ca t es the beginning date, the right 
sub s e r i p t . t h e e n d i n g da t e . I n e as e t = +<» · t he r i g h t sub s e r i p t 
will b e omitted and on e writes z ; such a section with no e ridin g 

o 

dat e wi 11 be cal led the tai 1 of the complete path 
0
z start ing at 

the present dat e t = O. 

path 
0
z can by it se lf be 

by dropping the ini t ial 
z ' ( t ) = z ( s+ t ) f o r a l l 
wi 11 be ca 11 e d z. 

Of course the tail z of an admissible 
11 

transformed into an a dmi ssi ble path 
0
z ' , 

sect ion and ad varlc ing the tail s o that 
t ~ O. The set of all adrnissible paths 

Parenthesis indicat e concatenation of paths. Por example, z o 

= ( z , ' 
r o 

a tai 1 

z ") denotes a 
V .. 

of z " tha t o 1 

path constructed f r om a secti~n of 
0

z ' and 

is to say, z ( t ) =z' (t+r ) for ·o<t<s- r, and 
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z ( t) =z "( t - ( s- r)+v) for t>s-r. A I'epetiting path z = ( z ) with o o o 

period s>o and with pattern z is defined recursively by the o o 

formula 
0

z (
0

z
0

, 
0
z) and consists of the pattern repeated 

indefinitely, i .e . 
0

z = (
0

z
0

, 
0
z,,, ... ). Similarly, for a g iven 

level z, a consttint path z = (z) has z(t) = z for all instants, 
o 

and can be interpreted as a repeating puth with a pattern of 
infinitesimally short duration. 

A consumption path 
0

x is an ins tance of an ndmissible path. 

The set of admissible consumption programs X consists of those 
admissible paths for which the consumption rate is never 
negative, so that x(t) ~ O for all t A welfare function 
- prospective utility in Koopmans' terminology - is a real valued 
function W defined on the set X of consumption programs. The 
immediate or instantaneous utility of a consumption rate e is the 
value of the real valued function u ut e, defined to equal the 
prospective utility of the program offering that consumption at 
ali times, i.e., 

u( e) W( ( e) ) . 
o 

The welfare function satisfies the following postulates, 
which are an adaptat ion of those 1 isted by Koopmans ( 1960] for 
the case in which time is subdivided into discrete periods. 

Pl. (Sensitivity). 

which agree with 
W( x) > W( y). 

o P. 

There 

each 

exist 

other 

two 

from 

admissible 

sorne time 

programs 

on, such 

This postulate means that for those two programs, there 
exists a rnoment s such that their tai ls agree, so thnt the 
inequalíty in the statement of the sensitivity postulate implies 
the following chain of relations, 

W( 
0 
X) D W( X , X ) = W( X , y) > W( 

0
y , y) 

O •• O ■ n 11n 

It serves the purpose of cxclutling the uninteresting case in 
which all consumption programs are equivalent to each other, 
which then trivially would ali be optima!. 

P2. (Limited non- complementarity over time). For all time 
durations s, and for all programs x, y e X, and ali consumption 
ra tes b, e, 

5 
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W( ( b) , X) .t W( 
0 

( e) , X) 
O a o a o 

implies IV( ( b) , .Y) ~ W( ( e ) , y) . o o o o o o 

That is, the ordering of two initially constant progrnms 
with the same tail is not affected if their common tail is 
replaced by another one, as long as after the replacement both 
programs still have equal ending sections. 

·The limited non- complementarity postulate is the central 
assumption which allows writing the welfare function in terms of 
a di.fferential equation. 

The condition that the comparison be limited to programs 
which are initially constant is essential; without it, the 
present and the next postulates would imply that the utility 
function can be taken to be additive, expressed asan integral of 
instantaneous utilities, discounted at a constant rate, as will 
be shown after th~ statement of the next postulate. 

PJ. (Stationarity) . For all time durations s, and all programs 

0
X, 

0
y E X, 

W( X ) ~ W( 
0
x , .Y) 

o o 
i f , and on l y i f, W( x) ~ W( y) . 

8 8 

St~tionariiy m~ans that the ordering of two programs with a 
common initfal 'segment - note that the initial . segment of 
duration • of the f'irst ·program is precisely that of the second 
program., that is to say x in both cases; if the left hand side ·º 8 . • 

of the 
W( X, x) 

O e e 

first inequality is written in the equivalent form 
t h is i n i t i a 1 e qua l i't y i s pe r ha p s mor e o b v i o u s - is t he 

same as that · of the two prograrns advanced by th~ time duration . of 
the common segrnent, i.e. is the same as the ordering of the two 
t·ails if ~hey were to start now. The purpose of this postulate is 
not its realism; one might nrgue that future generations have 
differént tastes, so that the -evaluotion of a program from their 
pe r s pe c t i ve i s no t e qua I t o t· he pres en t gen e r a t i o n ' s e va l u a t i o n 
of the same program from today's perspective if it were to start 
today. The r~~son for requir1ng this postulate to be satisfied is 
to isolate the pure time preference effect from changes in 
tastes, 1n the . belief that given sufficient freedom in the choice 
of preferences any developm~nt p~th may be jbslified. This would 
then provide no p~oof that development ~aths beh~ve -differently 
in the long run solely on the grounds of différént initial 
endowments in response to a variable rate of time preference. 

6 
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For a sketch of the proof of the assertion that· the 
foregoing postulates imply a constant rate of time preference, 
assume temporarily that postulate 2 were strengthened as follows. 

P2'. (Strong limited non- complemcntarity over time). For ali time 
durations s, and for all programs x , y e X, and ali initial 
consumpt ion segments b , e , o o o IJ 

W( b , X ) ~ IY( e , X ) 
0 O 9 0 O O 

implies W( b , .Y) ~ W( e , y) . 
Oee Oso 

Then, in the first place, one should observe that this means 
that the ordering of the initial sections do not depend on the 
tails. Next, by an application of this postulate one would obtain 
that the inequality 

W( e , b , x) ~ W( 
0 
e , b ' 

2 
, 

8 
x ) 

O o e 2o 2e o a e o 

implies 

W( e , b , .V) ~ W( e , b ' , y) 
O o s 2e 2e O o o o 2 So 

which by the stationarity postulate, by dropping the first 
sect ion, impl ies 

W( b , x) ~ I'/( b' , K) 
u 2e 2o o 11 :1 S s 

which in turn, again by the stationarity postulate, by adding n 
different first section, implies 

W( e ' , b , y) ~ W( e ' , b ' , y) 
O e e 2o 2o O o a o 2 So 

showing ·-~hat the ordering of the second section is independent of 
the first section and of the tail. Finally, the stationarity 
postulat e by itself means that the ordering of the tails is 
independent of the first two sections. Having thus shown that the 
three sections are independent, a result by Debreu [1954] then 
asserts that there exists an additive representation for the 
welfare function. Because of stationarity all terms of the 
resulting sum stand in a constant relation to each other, so that 
the discount factors correspond to a constant rate· of time 
preference. 

-P4. (Extreme pr ogr ams) . There exist x, x E X such that for ali o- o 

7 



Grandma's dress, or what's new for optim~l- growth. 

W n W( X) :s: W( X) :S: W( X) e W - o- o o 

The welfare of admissibl e consumption programs is bounded. 

It has been shown [Mantel. 1967a, 1970] that under suitable 
continuity assumptions these postulates imply the existence of nn 
aggregator function F(x,W), whose arguments are the rate of 
consumption x and the welfnre level IV which is strictly 
decreasing in its first argument, and - if the representation of 
preferences is chosen appropriately - is strictly increasing in 
i ts second argument. The aggregator funct ion has the , property 
that the welfare of a progrnm can be evaluated by solving the 
following differential equation 

. 
W( t ) = F( X ( t ) , W( t ) ) ( l. 1) 

with bounded end condition 

.W ~ IV( t) ~ W 

fo r i t s i n i t i a l va l u e W( o ) . T he so l u t i o n i s g i ven by a we 1 fa re 
path 

0
W such that W( t) = W(tx) for almost al 1 t. Note that the 

snme symbo l W 
solution of the 
time t, and as 
argument is x, 

t 

is ·used with two different meanings: as 
differential equa.tion when its argument is 

the prospective utility or welfar~ when 
the tail of the program starting at time 

the 
the 
the 

t. 

Usually no distinction will be mnd e since their values are equal 
almost everywhere. 

The interpretation of differential equation (1.1) is as 
follows. The prospective utility of the consumption program 
starting at time t is W(t) The program offers a consumption 
rafe x( t) at that time. The aggregator function F() uses this 
information to indicate that if those two quantities are known, 
ndvancing the program by discarding· the consunípt ion of the f irst 
instants after the current time t achieves an increase in . 
prospective utility at the rate W(t) 

Por the purposes of the maximization of welfare to be 
carried out in the next section, it wil l be assumed ' that the 
following ~onditions hold for the aggregator function. 

8 



Orandma's dress , or whnt's new for optimnl growth. 

P5. (Utility aggregator). The utility- aggregator function . 

a. continuous and twice continuously differentiable for x> O, 
b. convex for a 1 1 X, w. strictly so in x for a 1 1 w, 
c . F < o, and F X( O, W) = ~ for al 1 w, 

X 

d. 1/f. ~ FW .t E: > O for sorne constant e • 

e . For a 11 X ~ O there exists W such that F( X, W) = o . 

It is easily verified that such an aggregator function produces a 
utility function which satisfies the postulates. The leve! curves 
of a function satisfying Postulate PS are shown in Figure l. 

Figure 1 about here 

In terms of the aggregator F, one can define the 
instantaneous utility function as the so lution u(x) of the 
identity F(x,u(x)) aO. This is so since a constant program is not 
affected by advancing it, hence u(x) =W( (x)) so • that o 

• 
W( ( x ) ) = VI( ( x) ) fo r a 11 t , a n d t hu s W( ( x) ) a O. 

o t t 

has 

For uniformly bounded admissible consumption programs 
0
x one 

W( x) = o 
1 i m W( o; T, W( T) ) 

T-+ro 

where W(t; T, W(T)) is a solution of the differential equation 
(1.1) with any end condition satisfying 

Jr ~ W( T) ~ W • 

We shall give FW( .) the nnme of instantaneous rate of time 

preference. As will be seen it acts as a discount rate . Note that 
i t is inde pendent of the representat ion of preferences only for 
constant programs; in the general case its value depends on the 
utility sca l e. For constant programs, we define the pure rate of 
time preference as r(x) o Fw( x, u(x)) 

9 



Grandma's dress, or what's new for optimal . growth. 

2. The t e chnology a nd feasibility. 

The technology wil1 be described by a simple neoclnssical 
nggregate production function with the following properties. 

P6. ( Technology ) . The production function f: IR+ --. IR is 

a. continuous, twice continuously differentiable for k >O, 
b . f(O) = O ; f'(O) > O; f"(k)<O 
c. There ex1sts a k > O such that f(k )= O m m 

Here it is assumed t hat there exists only one good, used 
both for consumption and for accumulntion. The symbol k stands 
for the cBpital - lBbor ratio, f(.) for the output - l abor ratio 
- the latter net of maintenance and other costs, including the 
investment necessary for keeping the capital - labor ratio 
constant - . The second assumpt ion is standard, nnd states that 
capital is an indispensable input and that output per capita is 
an initially increasing and concave function of capital per 
capita. The last line can be justified in an economy with a 
growing labor force, where it is conceivab l e that as l abor 
becomes scarce it wi'Jl be impossible to produce enough to sustain 
the capital - labor ratio . In the sequel no reference will · be made 
to the rate of growth of labor, which wi 11 be assumed to be 
constant. All relevant variables will be expressed in per capita 
terms. 

Figure 2 shows the graph of a function satisfying Postulate 
P6 on the production function. 

Figure 2 about here 

Denote the hig-hest sustainab l e - "go,lden rule" - consumption 

rate by .x, the corresponding l evel of capital by k, so that both 

quantities are positive and f'(k) =O; x = f (k) . 

A capit!J.1 p4th is an admissib l e path 
0
k; it is feasible for 

Bn initial capitBl stock k if k(o) = k and o .s s ·.s t implies 

t . 

k(s) e - t> (t - s ) .s k(t) .s k(s) + J f(k(v)) dv, 

o 

10 



Grandma's dress, or what' s new for optimal growth. 

whe re O < ó < co represents the rate of capital deterioration 
- depreciation plus the growt h rate of labor - , the highest rate 
at which capital can be used up. Thus a feasible capital path is 
differentiable almost everywhere in the sense of Lebesgue and 
satisfies the corresponding differential inequalities 

. 
- ó k(t) .:S: k(t) .s; f(k(t)). 

The associated consumption path 
0

x satisfies 

. 
x( t) = f( k( t) ) - k( t) , ( 2. 1 ) 

so t ha t O ~ x( t) ~ f( k( t)) + ó k( t) . 

To simplify the exposition, the analysis will be restricted 
to those situations in which the initial capital stock is 
productive, i.e. O < k(o) < k

111
• In that case feasibility implies 

O < k( t) < k
111 

for al 1 t. Consequently the capital path - as wel 1 

as the consumption path - is uniformly bounded. The problem to be 
sol ved now consist in determining the optima! feasible capital, 
consumption nnd welfare prograrns. 

The analysis will be simplified by decomposing the 
maximization process into severa! elementary steps. With any 
feasible program one associates certain tentative implicit prices 
for the consumption good and the use of the same as capital good; 
these prices can then be used to compare different programs. In 
the end, for the optima! program, they turn out to equal the dual 
or co-st nte variables of the maximization problem. 

Define 
prices, p, 

the (psychological) discount 
q, associated with a feasible 

follows. The discount factor is 

A(t) ne 

t 

-J Fw(x(s), W(s)) ds 

o 

factor, A, and 
path (

0
W, 

0
x, 

0
k) 

the 
as 

( 2. 2) 

This expression uses the instantaneous rate of time preference FW 

11 



Grandma's dress, or what's new for opt1mal growth . 

as a discount rate to evaluate the relative merit of events at­
t ime t as s e en from the pre sent time o. 

For the consumption good, take the discounted increase in 
welfare due to a marginal increase in consumption, i.e. 

p ( t ) !!I A ( t ) ( - F X ( X ( t ) , W( t ) ) ] . ( 2. 3) 

Por the renta l price of the use of capital take the value ~f 
its marginal product at consumption prices, 

q( t) IS p( t) f'(k( t)) • ( 2. 4) 

These definitions allow the following results to be 
obtained. 

Proposition 1. If (
0

W, 
0
x, 

0
k) and (

0
W, 

0
x, 

0
k) are feasible, 

then 
(J) 

W( 
0 

X) - W( 
0 

X) .:S: J p ( t ) ( X ( t ) - X ( t ) ) d t 

o 

This proposition - a result similar to Koopmans' (1965) 
_proposition (F) for a constant rate of time preference - states 
that the d_ifference between the welfare levels or prospect·fve 
ut i 1 i t ies of two consumpt ion paths - the lef t hand s ide o( · the 
inequality - does not exceed the present or discounted ·_ value of 
the difference of the two consumption streams - the right hand 
side - , where these two infinite consumption programa are 
evaluated at - the discounted prices of the consumption good 
associated with the second path. 

The nex t propos i t ion compares t he consumpt ion programs wi t h 
the corresponding capital programs. 

Proposition 2. If (
0

W, 
0
x, 

0
k) and (

0
W, 

0
x, 

0
k) are fensible with 

the same initial capital, then 

1 2 
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(1) (X) 

J p(t) (x(t) - x(t)) dt ~ J (q(t) + p(t)) (k(t) - k(t)) dt + 

o o 

+ Jimp(t)k,(t) 
t~ 

This proposition - comparable to Koopmans' (1965) proposit_ion (G) 
for a constant rate of time preference - states that, evo luat ed 
at the implicit prices of the second path, the present 
(di scount ed ) value of the difference of the two consumption paths 
- the l eft hand side of the inequality - does not exceed the 
d i f fer en ce in t he pres en t va 1 u e o f t he t wo cap i ta 1 ser v i ces 

(eva luat ed at the price for the use of capital services q) plus 
.... 

capital gains (due to changes in the price of the assets p) 
- these two concepta are represented by the terms under the 
integral sign on the right hand side - , plus the scrap value of 
the final capital stock of the second path - the last term, the 
limit of the value of the cap ital stock as time tends to 
infiriity - . 

J. Optimality. 

The two propositions of the previous section lead 
immediately to the conditions- that must be satisfied by optima} 
programs. Linking the two inequalities in propositions 1 and 2 
together - the right hand side of the first is the l eft hand side 
of the second - the sufficiency of the condition in the next 
proposition shou ld be obvious, whereas the necessity follows from 
the rnaximum principie of optima! control theory. A mor e intuitive 
argument is given be low. · 

Propos i t ion 3. 
sufficiently large, 
-- \ 

of the given path 

satisfy 

If the rate of capital deterioration ó is 
necessary and suff icient for the opt imal i ty 

" " " 
(

0
W, 

0
x, 

0
k) is that its implicit prices 

• 
" 

q( t) + p( t) = o for t ~ o ' ( 3 • 1 ) 

and that the transversa lity condition Jim p( t) k( t) = O hold. 
t -KO 

· ·· "' Equation (3.1) can be rephrased as saying that the, 
discounted price of the consumption good shou ld fall ata rate 

13 
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equal to the rental price of the capital services it provides. 
Not e that thi s result i s in line with Koopmans' [19ij5] 
proposition (H) for a constant rate of ti~e preference. 

A heuri s tic argument, s imilar to the Keynes - Ramsey- Koopmans 
argument - first pr esent ed by Ramsey (1928), who attributes it to 
Keynes for the case of a zerQ rate of time prefer~ nce, and later 
by Koopmans [ 1965] for a constant rate of time preference - is as 
follows. At any time t , increasing consumption by a fraction E . 
of the investment rate, k, during a short time interval r¡ means . 
an increase in consumption of Ax = e k. This produces a gain in 
welfare equal to 

. . 
AW =A( W( x) - W( x)) = - r¡ 6W = - r¡ !1F = - r¡ Fx Ax = - r¡ Fx. e k 

o T} 

and a loss - due to postponement of capital accumulatlon by a . 
fraction e of the time period r¡ - equal to e r¡ W. The net· ·gain is 

• • 
t her e fo re - ( F x k + W) r¡ E a n d s h o u 1 d no t b !3 I? os i t i ve i f t he 

capital path is optimal. Since r; can have any sign, it follows 
t hat · 

. . 
W + F k = O 

X 
(3.2) 

The f oregoi n g ar gumen t can be shor tened cons i derab 1 y, and 
perhaps mad~. mor e intuitive, if one chooses the time unit to 
correspond · to a very short interval, say a second or a fraction 
the reof. One can then increase the consu·mption rate during the 
second beginning at time t by cutting investment to zero, thereby . 
earning a welfare bene fit of - Fx k. The new capital stock will 

now be reached a second 1 ate r, so t ha t t he consumpt ion program 
will have to be postponed by a second ata welfare cost given by . 
W. Atan optimum the net benefit is zero, so that equation (3 .2 ) 
is again sat~sfi ed. 

Multiplying this equation by the discount factor ·l and using . . 
the definiti_on (2.3) of the price pone the obtains - l W + p k = 
O , or replacing· the time - derivatives from e quations (1.1) and 

14 
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(2.1), - A F + p (f(k) - x) = O. Computing the derivative with . 
respect to time t of this identity and reordering the terms gives 

. . . . . 
- (A Fx + p) X - o. Fw + A) w + (q + p) k = o. 

The first two terms drop out because of the definitions of p 
in ( 2.3 ) and A in ( 2.2). Thus if the investment rute is not zero, 
the equality ( 3.1 ) follows. 

Note thnt the zero net welfare benefit condition can be 
written as 

p / A = -Fx = W / k = H 
which shows that the undiscounted price of the consumption good 
measures the welfare effect of a marginal addition to the capital 
stock. 

Proposition 4. For any initial capital stock O~ k(o) < km there 

exists nn optima ! path. 

The purpose of this resu l t is to confirm that one is not 
making statements about non- existing items. 

Proposition 5. The welfare l cve l s of optima! programs are an 
increasing function of the initiol capital k 

T ha t i s t o s a y t ha t W( x) i n c re as es w i t h k ( o ) • T h i s e o n f i r m s 
o 

the intuition that more resources are better. 

Define ti" capital path to be strict l .v monotone if 
constant or either always strictly increasing or else 
strictly decreasing. Then one has 

Proposition 6. Optima! capita l pnths are strictly monotone. 

it is 
alwnys 

In other words, under the present assumptions, optimality 
excludes bulges or cycles in capita l programs. In this the 
present analysis does not differ qualitatively from the standard 
result obtained with a constant rate of time preference. 

Proposition 7. Optima! capital paths are strictly increasing 
(decreosing, constant ) if the marginal product of the initial 
cnpita l stock exceeds (is l ess than, equa l s) the pure rate of 
time preference corresponding to a constant capital path equa l to 

15 
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that initial capital stock, that is, if 

f'(k) > ( <, = l rlf(kll ( 3 . 3 ) 

This result is also true if the rute of time preference is 
constant. The difference resides in thnt if the pure rate of time 
preference is constant then there is only one capital - labor ratio 
with a marginal product equal to it, whereas if it i s decreasing 
there may be severa! so lutions to the equality in relations 
(3.3). This central result of the present investigation is 
summarized in the next proposition. · 

Figure 3 graphs the marginal product of capital and the pure 
rate of time preference corresponding to stationary programs. As 
drawn they cross at two points giving rise to three stationary 
solutions, one being the origin. The arrows show that point A 
corresponds to an unstabl e situation, whereas point B and the 
originare stable. 

Figure 3 about here 

Proposition 8. lf the initial capital stock is very large, the 
optima! path will be strictly decreasing. If r(O) < f'(O) and the 
initial capital stock is very low the path will be stri .ctly 
increasing, else it will decrease toward zero. For intermediate 
initial capital stocks, there may be several intervals for which 
the path rises or for which it falls, separated by constant -pnths 
along which the pure rate of time preference equals the marginal 
product of capital. 

Figure 4 shows the capital paths corresponding to the 
marginal product of capital and the rute of time preference 
schedules of Figure J. The monotonicity property of Pfoposition 6 
is illustrated, nnd it can be seen how the constant equilibrium 
paths separate those that are always increasing or always 
decreasing. 

Figure 4 about here 

4. Conclusion. 

16 
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The present investigation started with setting out a welfare ­
function for a planner wishing to design an optima! ~rowth 
program for a neo e J ass i ca 1 economy. "The proof of t he cake is in 
the eating", which in the case of an economist in the position to 
advise the planner means that it is advisable to try out severa l 
criteria for optima! growth so as to ascertain the effects these 
have on the shape of the resulting optima! programs. It is 
difficult to nsk the planners for their preferences, so it will 
be simpler to deduce them from their choice among optimal paths 
obtained from different optimality criteria. 

The steps fol lowed in the previous sections can be 
summarized as follows. 

In the first p l ace, postulates for a certain structure of 
preferences over time have been presented, suitable for the 
app li cation of the usual resu lt s of dynamic optimization when 
time is continuous and the planning horizon extends to the 
unlimited future . 

The central idea is that this structure should be 

a ) not so simp le as to reduce the welfare function to one 
with a constant pure rate of time preference, but 

b) simp l e enough to be amenable to analysis, using the large 
body of results pertaining to optima! contro l theory. 

In the second place, this class of welfare functioris has 
been used to determine an optimum in an economy described by a 
simple neoclassical constant returns to sca l e production 
function, and so to show the differences and similarities -of the 
qualitative behavior of the resulting optima ! traject'ori'es of 
capital accumulation. 

The resi.ilts that have been obtained show that on the one 
hand there are similarities with the case of a constant rate of 
time preference, ,in that the capital paths are one of three 
types, 

a) constant for all time, in case that initially the pure 
rate of time preference coincides with the marginal productivity 
of capita l; 

b) strictly increasing, accumulating capital by consuming 
less than is produced, ·approaching a long run capital-labor ratio 
asymptotically in case· the · pure rate of time preference fa ll s 
initially short of the marginal productivity of capital; 

c ) strict 1y decreasing, decumulating capital by consuming 

17 
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more than is _produced, again approaching a long r un capital-labor 
ratio · asymp,t,oticaily, in case the pure rate of time preference 
exceeds int'tially the marginal productivity of capital. 

,. 
On . Jhf other hand there · are important differences. 

•){). 

a) .. In t .he case of a constant rate of time preference th e re 
exists a uni~~e capital - labor ra tio to which ~11 capital programs 
tend in th·e fóng 'run independ e ntly of the initial enclowmen't_ , of 
the economy. In other words, poor societies will restrict their 
consumption to accumulate capital until the long run capital­
labor ratio is reached, whereas rich societies will eat up their 
capital until that same long run capital - labor ratio J~ · nttained. 

b) In the case of a variable rote of time preference, - if 
it is falling _ as proposed by Irving Fisher - as opposed to a 
constant ._rate of time preference - or increasing, as proposed by 
Uzawa - - there may exist a multiplicity of long run relative 
endowmen t s. Th is meaos t ha t t he deve 1 opmen t pa t h of an economy 
depends on its initial endowments; society is not willing to 
disregard its past. 

It seems quite reasonable tp find . situations in ~hich there 
are at least two different capital-labor ratios at which the pure 
rate ,of tim~. preference equals the mar.ginal product - of' -capital . 
In such a case., a ·very poor society ma.y decide that the --~.ff.ort to 
nccumulate cnpÚal is too high, that the be nefits will . take too 
long . to be rcaped, .. and thus embark in a high consumption progrnm 
.l~~ding to a low - perhaps zero - long run capital - lab'o,r rat.io. 
On the other hand, a somewhat richer society with an _ d l',liÚal 
capital endowment exceeding sorne critica! amount, may • .have 
sufficient incentives to decide to undertake the effort., , to 
tighten their belts by consuming less, to accumulate and reach a 
long run cap, _tal - labor ratio that is higher than the present one. 

More than two coincidences between the pure rate of t .ime 
preference and the marginal product of capital are possible but 
do not seem to be plausible. 

Future research on the • subject analyzed in the present 
article might proGeed along different lines. 

One possibility is to relax the postulates on the preference 
structure. The limi.ted non-complementarity over .. time does not 
seem (q ,be t'remerídously ,-appeal ing, if one considers t .ha .t taking 
p(ans,,''.\t=;~~orys. ma:y : ~ric_rease one \~.,1preferen_ces for bu_yin_g. a ·,PÍ_f\flº· 
The stat:-1pnar._1Jy, postulate does ·not take 1nto . account . that. _future 
gen e r a t 'i o·n s m i g h t ha ve d i f f e re n t p r e f e r e n ce s , be i t d u e t o a 
different nppreci.ation of the present consumption goods, or due 
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to their possibility of 
commodities, or, in general, 
environments. 

enjoying 
to their 

presently 
pertaining 

non - exist ing . 
to different 

Other possibi lit ies re fer ·to the avenues opened up by the 
"new" growth theory, taking into account externalities, non 
convexities, human capital. learning by doing or instead of 
doing, etc., in order to explain differences in growth rntes by 
means of technologicnl fnctors on top of preferences. 

A third road would apply the ideas set 
equilibrium growth, assigning the preference 
advocated to individuals instead of governments. 

forth here to 
structures here 

Other possibilities include the analysis of the effeats of 
uncertainty on optimal growth, oran investigation of the ~olicy 
prescriptions that could be derived from the conside'ratións of 
models based on different preference structures. 

All these developments exceed our modest intentions to 
provide an alternative explanation to differing growth rates thnn 
those provided by technological factors. Here it only has been 
pointed out that one possibility is that countries . gr.ow at 
different asymptotic rates because, given the technology, their 
initial endowments provide the incentives to do so. 

When the rate of time preference is allowed to vary, a 
country may decide not to undertake the effort of economic 
development when its initial capital endowment is below sorne 
critical level, whereas if it were above that level 'it would be 
willing to sacrifice its present generation for the well - being of 
the future ones. It is impossible to obtain such a result with a 
constant rate of time preference in the case of a simple 
neoclassical ,.technology. 

19 



/\ 
1 

~ 

Figure 1 
Aggregator function F(x,W) 

X --> 
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.Production function f(k) 
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Figure 3 
MPKand RTP 
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Figure 4 
Capital programs k(t) 

t -> 
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A P P E N D I X 

At. Bounds on W. 

For any constant capital path 
o 

( k) with k s. K !! fllllX {k(o), 

km} and any admissible path k one has from the differential 
o 

equation (1.1) , because of the convexity of the nggregator 
A " A A 

function F, settiri·g w !11 U (X) 1 X !! f( k), f' !! f' ( k) , 
A 

r !! F 11 w FW( X, W)' Fx 11 F)x ., IV) • and dropping .' t he argument t' 
that 

• 
W k F ( X - X ) + r ( W - W) 

X 

Multiplying by A, one obtains 
d"'"' A." "'"' 

aT Pd W- W) ] = A [ W - r ( W- W) J ~ A F x ( x- x) = - p ( x- x) 

so that integrating between o and ro, noting that the prices tend 
to O as t -~ ro, yields 

,_¡ 

W(o) - w = [ W( o) - WJ - X{I),)) [ W( ro) - WJ 
ro 

J 
,.. 

s. p (x - x) dt 

o 
ro 

s. I 
•· A . 

p ( f ' { k - k) - k) dt 

o 
ro . 
J " A 

= ( q + p) ( k - k) dt + p( o) ( k( o) - k) 

o 
ro 

A 

; >J = - F[(f'- X ( k - k) dt + (/c(o) - k) l 
X 

o 
ro 

S fnce k( t) s. K; k O; J A dt 1 has . .!!. = .... ' one 

o r 
ro 

" " ;) J' ~ W( o) - w + F [ k( o) - k] s. - F(f'- ( k - k) dt 
X X 

o 
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~ - F 
X 

f' -,.,- - 1 
r 

K. 

In particular, if ·k = k(o) one obtains 

W( o) - W ~ - F 
X 

f, --r 
1 K, 

so that when k = k(o) and f' = r the inequality W(o) ~ W follows . 
On the other hand, for an optima! path the inequality · changes 

" 
direction, hence W(o) = W. This means that if the pure rate of 
time preference corresponding to a consumption rate equal to the 
output obtained from the initial capital endowment eguals the 
marginal productivity of that same capital stock, then it is 
optima! to invest nothing forever, maintaining the initial 
capital endowment intact. 

A2. Maximal principie. 

Define 1p(x,f,W) 111 F(x,W) + Fx(x,W) (f - x) i.e. the 

negative of the undiscounted Hamiltonian, maximized at - F = p/i 
X 

with respect to x • Tlién >. ip = >. F - p (f - ·x), so that at an 
optimum - dropping the arguments of the functions - one has 

d d 
711 

(>. tp) = 711 [>. F - p (f - x)] 

. . . . . . . 
= >. ( F X X + F w W) + >. w - p k - p ( f ' k - X ) 

.. :: 
. . . . . 

p .. Fx + p) X+ (A Fw + A) w - (p + p f') k 

= o ' 
becau~e the definitions of the discount factor, prices, and 
proposition 3 imply that al 1 expressions within parenthesis _ are 
zero. From the maximal principie it ·is known that >. 1P = O for all 
t 

AJ. Proofs of the propositions in the text. 

Proof of proposition 1. Since · . 
" 

,.. ... . 
w - w = F( x, . W) , - F(x, W) ~ Fx(x - x) + Fw(W_ - W) 
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one has 
d 

A A 

711 [X ( w - W)] ~ i F ( X - x) = - p (x - x) 
X 

Integ rating between o and ro, since W nnd W are bounded in [.!f, W] 
whereas the discount factor ~ ~ e- et tends to zero, the result 
follows. o 

Proof of proposition 2. 
. . 

A 

p (x - x) = p [ f - f - k + k] . . A 

s p [ f ' ( k - k) - ( k - k) ] . . A 

= q (k - k) - p ( k - k) 

since f is concave and p > o lntegrating, 

(1) ro . 
J dt s J . A 

p (x - x) [ q ( k - k) - p ( k - k)] dt 

o o 
ro . 

sJ [q ( k - k) 
A 

+ p ( k - k) ] dt -

o 
ro . 
J 

A A 

= [ q ( k - k) + p ( k - k) ] dt + 

o 

p ( k - k) [ ' 

1 i m p( t) k( t) 
t-KO 

The other terms drop out because k(o) = k(o), wherens p( t) ~ O and 
k ( t ) ~ a f o r ·g 1 1 t o 

Proof of proposition J. Sufficiency: From propositions l. and 2., 
togetl:ier with (3,1), _we have for any alternative feasible path 
with the sume initial ,k that 

ro ro 

W( 
0 

X) - W( 
0 

X ) .s; J p ( X - X ) d t .s; J 
o o 

. 
A 

( q + p) ( k - k) dt = O 

Necessit,v. Pontryngin's mnximum principie implies the 
existence of two adjoint or dual functions X, p: R+ -+ R such 

.. ' ,, . 
that at any instant the Hamiltonian lf(W,k,x,X,p) m - X F(x,W) +· 
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-~ (f(k) - x) is maximal with respect to the control variable x, so . 
.that >.. Fx(x,W) + p = O. Furthermore, one also has the 

. . 
differential equations aH/ok = p f'(k) = - p, aH/aw = - >.. Fw = - L 

Setting X(o) = 1, the second one of these gives the vnlue for X 
assumed before; the first one, with the definition of q, gives 
the required result. 

As for the transversality condition, the assumptions on the 
utility- aggregator function imply thnt r(O) s 1/f., whereas ·r'(O) 
= +ro. Thus low levels of consumption imply that r < f' and 
capita l will be accumulated, so that consumption will increase 
setting a ceiling to the current price of the consumption good , 

p/>.. = - F. Since >.. ~ e- r;t and k is bounded, the result follows o 
X 

Proof of proposition 4. Our nssumptions guarantee that Theorem 4, 
pg. 259, in Lee and Markus [1967] on the existerice of optima! 
controls with magnitude constraints , is applicable. o 

Proof of proposition 5. Let k be an optimal capital 
o 

pa t h wi t h 

initial capital k
0 

= k(o), and let k
0 

> k
0 

• Let x(t) = x(t) + <X 

. 
, for sorne constant a> O, and solve the differential equation k . 

" 
- f ( k) - X ' k( o) = k 

o 

. 
Then k - k s f' ( k - k) - ( x - x) can 

be integrated to yield 
t 

-J f' ds 

showing that if <X is sufficiently large 
" 

eventually fall below that for k. Let T be 

t 

-« I 
o 

the 

the 

s 

-J f, dr 

o 
e ds 

path for k 

ti me at which 

stocks are equal; then one has IV( x, x) > IV( x) o 
O T T O 

wi 11 

both 

Proof of proposition 6. In the Appendix it is shown that if 
r(f(k(o))) = f'(k(o)) then the optima! capital path is constant . . 
Thus suppose the path is not constant. Since at the optimum X IV = 

. . . 
p k. if at any time k = O then also W= o, so that x(t) = f(k(t)) 
and IV(t) = u(x(t)) and the tail of the capital path will be 
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constant thereafter. Thus if a path starts de - (in- )creasing it­
cannot in - (de - )crease later on. Furthermore, if the path is 
constant during sorne interval, it must have been constant from 
the beginning, due to the uniqueness of the solutions to 
differential equations. o 

Proof of proposition ·1. In the Appendix, section Al. the 

followin g bound wa s established , where k is a constant path with o 
t _he same capital stock as the initial capital of the path · k, 

·º . 
ro 

W( o ) . - w 1- - F X ( f ' - ; ) J ~ ( k - k) d t 
\. 

o 
If the capital path is strictly increasing, the integral will be 
positive; if it is optima!, the left hand side will be positive. 

Thus one 
strictly 
A A 

A ,._ 

concludes that f' > r Similarly, if the path is 
de treasing the integral will be negative, so that 

f' < r . □ 

Proof of proposition 8. These assertions follow from Proposition 
,._ ,._ A 

7. The first takes into account that r > O and f' 1- O. for k 
large. When r(O) s f'(O) = +ro, by continuity, these two functions 
are eqµal at s.ome point; ¡,n, other cases they may not cross, so 
that capital ~ill decumulaie tor ever. Multiple ~r~ssirigs of the 
corresponding , graP.hs will produce the different intervals, with 
paths approaching · the éonstant paths which · a 're "stable'' - when 

r - f' increases with k - and bending away from constant paths 

which are "unstable" - when r - f' decreases with k - . o 
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